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1. INTRODUCTION

Let f : I € R — R be a convex function defined on the intervabf real numbers and
a,b € I with a < b. The inequality

(L.1) s (a;b) < bia / F@)de < f(a>;rf(b)

is well known in the literature as Hermite-Hadamard’s inequality [4].

The most well-known inequalities related to the integral mean of a convex funtaoa the
Hermite Hadamard inequalities or its weighted versions, the so-called Hermite-Hadamard-Fejér
inequalities.

In [3], Fejér established the following Fejér inequality which is the weighted generalization
of Hermite-Hadamard inequalitft . 1)):

Theorem 1.1.Let f : [a,b] — R be convex function. Then the inequality

(1.2) f(“;b)/ dm</ flx <M );f()/Gg(x)dx

holds, whergy : [a, b] — R is nonnegative,integrable and symmetrigao+ b) /2.

For some results which generalize, improve, and extend the inequdliti¢sand (1.2) see
[5,16,16,18].

We recall the following inequality and special functions which are known as Beta and hyper-
geometric function respectively

_ I (‘T> I (y) _ ! T— y—1
ﬁ(l‘,y)—w—/o't 1(1—t) dt, ZL’,y>07
1
2F1 ((Z, b, C; Z) = m/o tb_l (1 — t)cjbil (1 — Zt)ia dt,

c > b>0,]z] <1(seell3].
Lemma 1.2. [15,20] For0 < a < 1and0 < a < b we have
la® — 0% < (b—a)”.

Following definitions and mathematical preliminaries of fractional calculus theory are used
further in this paper.

Definition 1.1. [13]. Let f € L [a, b]. The Riemann-Liouville integralg?, f and.J;" f of oder
a > 0 with a > 0 are defined by

Jeuf@) = s | @07 p(0d >0
and .
o f(z) = ﬁ / (t—2)" Flt)dt, @ < b

o

respectively, wher€(«) is the Gamma function defined by«) :/ “te~ldtandJY, f(x) =

0

Jo-f(x) = f(=).
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Because of the wide application of Hermite-Hadamard type inequalities and fractional inte-
grals, many researchers extend their studies to Hermite-Hadamard type inequalities involving
fractional integrals not limited to integer integrals. Recently, more and more Hermite-Hadamard
inequalities involving fractional integrals have been obtained for different classes of functions;
seel[2/ 7,8, 17,19, 20].

Definition 1.2. [11]. Let/ C (0,00) be a real interval. A functiorf : I — R is said to be
harmonicallys-convex, if

xry s s
f(m) <tfy)+A—1t) f(z)

forall z,y € I ,t € [0,1] and for some fixed € (0, 1].

In [10], Iscan gave definition of harmonically convex functions and established following
Hermite-Hadamard type inequality for harmonically convex functions as follows:

Definition 1.3. Let I c R\ {0} be a real interval. A functiorf : I — R is said to be
harmonically convex, if

Ty
. — | < 1-—
13) Moy ) st +0-07@
for all z,y € I andt € [0,1]. If the inequality in(L.3) is reversed, therf is said to be
harmonically concave.

Theorem 1.3.[10]. Letf : I € R\ {0} — R be a harmonically convex function andb € I
witha < . If f € L [a, b] then the following inequalities hold:

a a b xZ a

In [9], iscan and Wu represented Hermite-Hadamard’s inequalities for harmonically convex
functions in fractional integral forms as follows:

Theorem 1.4.Let f : I C (0,00) — R be a function such that € L [a,b], wherea,b € I
with a < b. If f is a harmonically convex function da, b], then the following inequalities for
fractional integrals hold:

ws) ; (azibb) - F(a2+ 1) (b(iba)a { +J%aj;+((ffoohf3)((11//bi) }
¢ L0170

witha > 0 andh(z) = 1/x.
In [14] Latif et. al. gave the following definition:

Definition 1.4. A functiong : [a,b] C R\ {0} — R is said to be harmonically symmetric with

respect t®ab/a + b if
1

In [1] Chan and Wu represented Hermite-Hadamard-Fejer inequality for harmonically convex
functions as follows:

holds for allz € |a, b].
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Theorem 1.5.Let f : I C R\ {0} — R be a harmonically convex function andb € I with
a<b. If feLla,bandg : [a,b] C R\ {0} — R is nonnegative, integrable and harmonically
symmetric with respect ttub/a + b, then
/‘f
:132

(1.6) f(fi%) /ab gx(f)dx
+f()/ 9(®)

- 2 2

IN

In [12] Iscan and Kunt represented Hermite—Hadamard-Fejér type inequality for harmoni-
cally convex functions in fractional integral forms and established following identity as follows:

Theorem 1.6.Letf : [a, b] — R be harmonically convex function with< band f € L [a, b]. If
g : [a,b] — R is nonnegative, integrable and harmonically symmetric with respextita: + b,
then the following inequalities for fractional integrals hold:

.7 F(255) Ui taom /o) + J5u(aom (171
< s U o) (1/a) + i (Fo0 ) (1/0)]

< M [Jisy (g0 h) (1/a) + 3, (g o h) (1/b)]

witha > 0 andh(z) = 1/z,z € [3,1].

Lemma 1.7.[12]. Letf : I C (0,00) — R be a differentiable function oii° such that
f' € Lla,b], wherea,b € I anda < b. If g : [a,b] — R is integrable and harmonically
symmetric with respect tub/a + b, then the following equality for fractional integrals hold:

M [Jf9s (goh) (1/a) + J3),_ (g o h) (1/b)]

— [Tt (fgoh) (1/a) + I3, (fg o h) (1/0)]
_ 5[ Ji (E=9)"" (goh) (5)ds
Ha) [ (s =1 (goh) (s)ds

witha > 0 andh(z) = 1/z, 2 € [3,1].

(1.8)

(f o h) (t)dt

In this paper, we obtained some new inequalities connected with the right-hand side of
Hermite-Hadamard-Fejér type integral inequality for harmonicalbonvex function in frac-
tional integrals.

2. MAIN RESULTS
Throughout this section, we takg|| . = sup;c(, [9(7)], for the continuous functiop :
la,b] — R.

Theorem 2.1.Let f : I C (0,00) — R be a differentiable function oi° such thatf’ <
L a,b], wherea,b € I anda < b. If |f| is harmonicallys-convex ona,b|, g : [a,b] — R is
continuous and harmonically symmetric with respe@dby/a+b , then the following inequality
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for fractional integrals hold:
L0 e, (g0 h) (1/a) + Jg,_ (g0 h) (1/0)]
—[ s (Fg0h) (1/a) + T, (fgoh) (1/0)

||g||§o(3b +<bl>— ) (ba—ba) C1 (a) If (@) + C2 (@) | )]

(2.1)

where

LR (2 at+s+21— %)
Ch (o) = w F1(204+1a—|—3—|—21— )

b
B(a+ls+1) . b—a

m 2 F1 (2 a+s+1;a—|—s+2;1_%)
Cy (a) = OetLod ) B (2,5 + Lo+ s +2;1— 9)
+2LM 2 I (2,S+1;—a+s+2;%(1—

)

with0 < a < 1andh(z) = 1/z, z € [3,1].

Proof. From Lemma 1]7 we have

L0 [, (g0 b) (1a) + Ty, (g0 h) (1/0)]
[ B (Fg o h) (1/a) + 55, (Fg h) (1/0)

1 : ﬁ (% —s)a_ (goh)(s)ds
< F—/

a—1
— f# (5= 1) (go h) (s)ds
Sinceg is harmonically symmetric with respect fab/a + b, using Definitio[ 1.4 we have
g(% )—g(—( 5o, foralla € [3,1].

2.3 / (2-) " (gon) (s)as - / : (- %) (g0 h) (s)ds

(2.2)

|(foh) (t)|dt

) ; ds . te[}.55]
T g |59 e (9)]ds L te [550]
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If we use(2.3)) in (2.2), we have

L2 10 [, (g0 1) (1a) + Ty, (g0 ) (1/0)]
[ o (Fg 1) (1/a) + J55,_ (Fg o h) (1/0)

1 f‘éﬁf (ft gt
F

b

(s %) goh ’ds)‘ ,(t)|dt]
L (J | =2 e ny ()] ds) [(f o b ()] e
% i ffif <ft +5—t(s_%)a oy >|( t)}dt }
L) |+ fg, (f1+; (s = 3) T ds) (o ny (o) ar

r a+b

[ e A O RO R
FOC) +f%< 111 t( _%)a_lds>tl2|f/(%)|dt

IN

£

Settingt = “H0-4 ‘anddt = (L2) du gives

f(a)+f [me (goh)(1/a)+ I}, (goh) (1/b)]
[ e (S92 R) 0J0) 5 S5 (1) <1/b>]

ab

gl ab(b — a) <b—a> S S | P s |
1 uo— u ! Qa

T(o+ 1) ab + ) uleMQ(f(ube )| du

(2.4)

Since|f’| is harmonicallys-convex onfa, b], we have

ab
ub+ (1 —u)a

If we use(2.5)) in (2.4), we have

(2.5) f( )| < u[f (@)l + (1 —u)* [ ()]

HASIO gy, (g0 h) (1/a) + T, (g0 h) (1/5)]

2.6
(2.6) [UH(fgoh)(l/a)—i—Jf‘/a (fgoh) (1/5)]

_ lgllwabb—a) (b-a
- [a+1) ab
b+(1—u)a)?
+ ))
fo ub+1 w)a) z (1 —u) du

| fO (u1 u)” —u? u®du ] |f/< )| _
> + fQ ub+(1 u)a b (—mya? WA
1 u®— u
+ f (ub+( l1 u)a (1 o u) du

] |7 (b)]
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Calculating following integrals by Lemnja 1.2, we have

D (1—w)® —u Dt — (1 —uw)®
(2.7) /0 (ub+(1—u)a)2u du—i—/é( udu

B Do — (1 —w)® Py 2 (1—u)* —u” oy
B /0 (ub+ (1 — u)a)? d +2/0 (ub + (1 — w)a)? I

e e e ) e
: / <“a(1+_<1U)—a;;b>2d“ ) / (u(1+_(1u : Z;bfd“ +o 01 (%buj (<11__u§);a)2du
= /01 (1—w)* b (1 —u (1 _ %>>2du

[omrert (- (-g)

e () ()

LGP (2, a+s+21—9)

= | A LR e+ ats+21- %)
Ot Lt ) o (2,00 + Lot s 4 2; 9)

25-2(a1b)? "bta
= Ci (o)
and similarly we get
% — @ _ o 1 o o a
(2.8) / 1w —u 2(1—u)5du+/ w-(1-v (1 —u)*du
o (ub+ (1 —w)a) 1 (ub+ (1 —u)a)

IN

/1 ua+s 2du_/l us (1_u>04 2du
0o (ua+ (1—u)bd) o (ua+(1—u)bd)
1 Vowr (1 —u)™
2Jo (3a+ (1-3)0)

= /0 u*top? (1—u<1—%>)_2du
—/Olus(l—u)ab2 (1—u<1—%))_2du

3 [0 (-5 ()

LR (2,at s+ Lats+21- )
5)

du

= BletLot) L (2,5 + La s+ 21—
ol B0t ) R (2,54 1 a4+ s+ 21 (1

i)
= CQ (Oé)

If we use(2.7)) and([2.8) in (2.6]), we have(2.1]). This completes the prooi
Corollary 2.2. In Theoren 2]1;
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() If we takecx = 1 we have the following Hermite-Hadamard-Fejer inequality for harmon-
ically s-convex functions which is related the right-hand sidé1of):

‘f();rf( / /f x2 ‘

< M[01<1>|f'<a>|+cg<1>|f'<bm,

(2) If we takeg () = 1 we have following Hermite-Hadamard type inequality for harmoni-
cally s-convex function in fractional integral forms which is related the right-hand siqe.5j:

fla)+f() Tla+1) ( bfba)a{ +J5%‘j;+({foohzz>(<11//bc)b> H

2 2
————[CL (@) | (@) + Ca () | (B)],

(3) If we takerr = 1 andg (z) = 1 we have the following Hermite-Hadamard type inequality
for harmonicallys-convex function which is related the right-hand side{iof]):

< =D iy ) @) + ()17 B,

fla b_a/f .

Theorem 2.3.Letf : I C (0,00) — R be a differentiable function off such thatf’ € L [a, b],
wherea,b € I anda < b. If |[f'|?,q > 1, is harmonicallys-convex ora, b}, g : [a,b] — R is
continuous and harmonically symmetric with respedty/a+b , then the following inequality
for fractional integrals hold:

(2.9)

L0 [, (g0 h) (1a) + Ty, (g0 h) (1/0)]
[me (fgoh) (1/a) + T3, (Fgo h) (1/b)]

< ||9||120(zb£b1)—a) (ba_ba)a
o )
)

el @[ (S )]

1
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where
2(a+b)"
03<a)2ﬁ2ﬂ(20‘+1a+3>b+)'
b—2
Cia) = UMK (et Larse)

25—1(044—1) (a+2)

(wm oFL (2,0 +s+lia+s+2;1—9)
Cs (o) = w oFL (2,5 + Lo+ s +2;1— 9 ,
2;1—5(“*“*1) F(2,s+ Lat+s+21(1-9))

b2
Cs(a) = i 2F1 (2 Lot 21— )
5 2P (2 a+ La+21-4) +Cy(a)

-2

m 2F1(2,17Oé—|—5+2,1—

i)
Bt ) R (2, a4+ La+ s+ 21— 9) +Cy(a)

Bothetl) Sy (2,5 + La+5+2;1— %) ]

07 (Oé) =

Cs(a) = v
(@) — iy oF (2ats+Lats+21-2) +Cs(a)

f=n

with0 < a < 1andh(z) = 1/z, z € [3,1].

Proof. Using ([2.4]), power mean inequality and the harmonicalgonvexity of| f’|?, it follows
that

L0 [y, (g o h) (1/a) + 5, (g0 h) (1/0)]
[Jf/b+ (fgoh) (1/a) + I3, (fgoh) (1/0)]

(1-w)® f/(ub+(ab o )

— 1 e
Hgl‘oo&baj_a) <b_a’)a fo2 (ub+(1—u)a)

— 1 w*—(1—u) a
Ma+1) ab —|— fQ ub+(1 —a)? ‘f/(ub—i-(lb—u)a)

du
du

(1— u) —u

1—1
lgll, ab (b — a) (b—a) (fo e du)
- ['(a+1) ab L o(—wu ab
e (fo wra—wa? | Gariza)
1—1
1 u (1w u)® q
<f (ub+ (1—u) a,)2 du)
Y
du)

L G ) / ab
X (f% (ub+(1—u)a) f (ub—i—( u)a )
AJMAA \ol. 12, No. 1, Art. 10, pp. 1-16, 2015 AIJMAA
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(2.10)

191l

ab (b —a)

IMDAT iSCAN, MEHMET KUNT

b—a

Fa+1)

( 3 _(1—u)®—u® uw)*—u®
0 (ub+(1— ua)

(IO ub+(1 wa) du)l
2 [ul f/(@))7 + (1= w) |f(0)|") du)

1—1
1 w*—(1—u)® q
+ (f ! (ub+(1fu)a>2d“)

ab
1
q

1
q

(] e @)+ (1 ) 70 )
9]l ab (b —a) (b—a)"
Mla+1) ab
_ 1 )
(1—u)*—u q
(fo (ub+(1—w) a)2du> )
A B asadr@r
> +f02 (1(;)4—“1 —u)a)? z (L—u)"dulf'(b)[
1-1
1 w*—(1-w)® q
* (f% (ub(1- u)a>2d”> 1
ggﬁﬁéaﬁr wdu |f'(a)|° q
u*—(1—u
L _'_f (ub—i-(l u)a (1_u) du’f/( )‘

Calculating following integrals by Lemnja 1.2, we have

(1—u)® —u”

(2.11) /Oé (

ub+ (1 —u)a)®

o

u’du

du

: (1—u)®—
(2.12)/0 (ub+(1—u

Ja)*

AIJMAA Vol. 12, No. 1, Art. 10, pp. 1-16, 2015

/% (1—2w)
o (ub+ (1 —u)a)’

i aew

N 2/0 (%04 (1—%)a )2d

ot b—a

= 2(a+0) i v (1_U(b—|—a

B 2(a+0)"? N N

- (a+1) 2F1(2 + 15 +2’b+)
= Cg(a)

/é (1= 2u)" u’du
— o (wh+(1-ua)
1w (l-w)" "
N 25+1/0 (gb+(1—g)a)2d

(a+b)~> [ N b—a
= T/o (1—v)v (1_U(b—|—a

(a+b)”

FTa+ Dty 2 (Batlat

= 04(0./)

)

)

3 bra)

AJMAA
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(1 —u)* —u” s
(2.13) / (Wbt (1 a)a? (1 —w)’du

uots B 1 us (1 o u)a y
/0 (wa+ (1= a2 ™ /0 (aa+ (1= b
u (1 —u)*
2s+1 /0 +(1- -)b)Qdu

+
|: (a+s+1 2F1(204—{—3—{-1 a4+ s+ 2; 1—%)
Cs (

a+1s+1) oF (2,5 + La+ts+2;1—9)
dosbirll By (254 Liats+2} (1 9)

— (1 —u)” u® — (1 —u)” (1—u)* —u”

(214 )2 W+ (1—wa)y " /0 (ub+(1—u) )2du+/0 (bt (1= w)a

=

< (a+1) 2F1 (27170“{'2 1 - Z)
B (QH) oF (2,0 +1La+21—-¢) +Cs(a)
= Cs ()
Do — (1 —w)®
(2.15) / sudu
1 (ub+ (1 —u)a)

Lo — (1 —u)® 2 (1—
= / Y ( u) 2u‘(”alu—i-/ ( u)” — su’du
0 ( 0 (

ub+ (1 —u)a)
szl(z,l,()é+S+2 1—%)
Bt ) B (2, a4+ Lats+21—9) +Cya)

= C7(a)

IN

u® — (1 —u)”
(ub + (1 — u)a)?
1 o 1_ « 1 1_ a_ a
—/ v u>2<1—u)sdu+/2 (=) L (1—u)du
o (ub+(1—wu)a) o (ub+ (1 —wa)

G LR (2,5 + Lot s +21- )
—aty o (2 a4 s+Lats+21—4) +Cs5(a)

= Cg (Oé)

(2.16) (1—u)’du

o
>,

IN

If we use(2.11|— 2.16) in (2.10]), we have(2.9).This completes the prooi

Corollary 2.4. In Theoreni 2]3;

AIJMAA Vol. 12, No. 1, Art. 10, pp. 1-16, 2015 AJMAA
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() If we takecx = 1 we have the following Hermite-Hadamard-Fejer inequality for harmon-
ically s-convex functions which is related the right-hand sid:

‘f @)+ f (b / ) g — / 1G5 () ‘
o ol G C;é“){(+05(<>>|J|cf'<)y|lq>}l |
Lol )

(2) If we takeg () = 1 we have following Hermite-Hadamard type inequality for harmoni-
cally s-convex function in fractional integral forms which is related the right-hand siqe.5j:

g () (5t )

o <a>{<fé§?;>'{}@?2§q)ﬁ
N R (G

(3) If we takev = 1 andg (z) = 1 we have the following Hermite-Hadamard type inequality
for s-harmonically convex function which is related the right-hand sid aff):

‘f(@);f b—a/f

Q=

woa] @[ )
- 2 1- (1 (

We can state another inequality fpr> 1 as follows:

Theorem 2.5.Letf : I C (0,00) — R be a differentiable function off such thatf’ € L [a, ],
wherea,b € I anda < b. If |f'|?,q > 1, is harmonicallys-convex ora, b], g : [a,b] — R is
continuous and harmonically symmetric with respe@dby/a+b , then the following inequality
for fractional integrals hold:

L0 [, (g0 h) (1a) + Ty, (g0 h) (1/0)]
[me (fgoh) (1/a) + T3, (Fgo h) (1/b)]

< ||9||120(zb£b1)— a) (ba_ba)a

1
1 [If (a)| 74241 - 1)|f’<b>|qr

(2.17)

25+1(s+1)
X 1
» 2 1) £ @) F 1) | ¢

+Cfp (@) {( 2)s+1(s+1)

AIJMAA Vol. 12, No. 1, Art. 10, pp. 1-16, 2015 AJMAA
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where

a+b\ * 1
C — £ (2p, 1: 9. ,
o () ( 5 ) 2(@p+1)2 1<po‘p+ ;ap + b+a)
1

Cho (@) = b_QPW 2 F1 (2177 L ap+2; % (1 - %)) ’

with0 < a <1,h(z) =1/z,z € [{,2] andl/p+1/q = 1.

Proof. Using (2.4), Holder’s inequality and the harmonicalkrconvexity of |f'|%, it follows

that

) +0) [Jla/H (goh)(1/a)+ J5),_(goh) (l/b)}

(2.18)
— [iius (g0 h) (1/a) + J55, (Fg o 1) (1/0)]
a i (1—u)*—u® ab
~ lglocab(®—a) (b—a) i s o f Gt )| du
- 1 u*—(1—u) ab
T(a+1) ab + [} oo, ‘f’(ubH )| du
B 1
o 1—u)*—u*)P P
c loleoa) (3-0) (J6 ftdn)”
- Na+1 ab a 4
( ) X <f02 ub+(1bfu)a> du)
1
1 [ue— (1= o\ 7
+ <f% (ub+(1—w)a)?? du) .
1 a q q
X (f% (i) du)
1
o [(A—u)*—us]? »
_ llleab(o—a) (b—a (o Spipmdu)
- Fa+1) ab

x (g w1 F @)+ (L= )’ [f/(O) du)”
() )
< (L lf @I+ (1= w) | f ) du)"

_ HQHQOE(?E:);)G) (b;ba)a

| /; (R AT e \f’(b)rT
o (ub+ (1—u)a)® 2 (s 1)

_/1 ([ua —(1=w) du)i [(25+1 @) |f’(b)|q]é

ub + (1 — u)a)* 25+ (s +1)
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Calculating following integrals by Lemnja 1.2, we have

2 [(1—w)® —ue” 1 (1—2u)
(2'19)/0 Wbt (1w = /0 (wh+ (1 —wa)? "

1 1 1 — ap
- 5/ u( U)u 2pdu
1 /! a+b\ b—a\]l *
= = ap 1—
() oG]

~ [(a+b 2P 1
B 2 2(ap+1)

X oF] (2p,ap+ 1;ap + 2; b+a)
= Cy(a)

Similarly, we have

(1 —u)"?
(2.20) / e

IN

/1 (2u —1)* "

1 (ub+ (1 —u)a)®

= /é (1—2u)™ du
o (ua+ (1 —u)b)*

B 1 1 (1_U)ap ;
B 2/0 (ga+(1—2)b)2pd

2

_ %/01(1 ) (1 . % (1 _ %))ZPdv

1
= Ve @ 1) 2P (2p, Liap+255 (1-¢))

== Clo (Oé)

If we use(2.19)) and(2.20)) in (2.18)), we have(2.17)). This completes the proog

Corollary 2.6. In Theoreny 25;
(1) If we taken: = 1 we have the following Hermite-Hadamard-Fejer inequality for harmon-

ically s-convex functions which is related the right-hand sid¢ld)):

‘f(a);f(b) Lb9£§>dx_/abf<fig<x>dx]

1
vy [ @I )l |
ol -t | G0 [P

- 2 7 1) @l o) ]
+Cfo (1) {( 2>s+1(s+1) ]
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(2) If we takeg (z) = 1 we have following Hermite-Hadamard type inequality for harmoni-
cally s-convex function in fractional integral forms which is related the right-hand side.5j:

f(a) + f(b) F(Oé+1)( ab )a{ Va— (f 0 h) (1/0) }

2 2 b—a bt (foh)(1/a)
1
v (@) "+ (2 1 -1 I ()] | @
< ab (b — CL) C’gp (Oé) |: 251 (541)
- 2 ; )i @ o]
+Cfy (@) [( 2)s+1(s+1) ]

(3) If we taker = 1 andg (z) = 1 we have the following Hermite-Hadamard type inequality
for harmonicallys-convex function which is related the right-hand sideiof]):
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[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

‘f<a>-2+f<b>_bciba/abf§>dx‘

1
1 /(a)|? s+1_ / q|q
cr (1) Pf( |2+ (201 1) | £ (b)) r

ab (b — a) 27 s+
- 2 1 25FL_1) | /(@) |9+ £/ (b)[4 z
rep () |
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