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1. I NTRODUCTION

The piezoelectric materials are characterized by the combination of mechanical and electrical
proprieties. The mechanical stress is generated when the electrical potential is applied and
conversely the electric potential is created when the mechanical stress is present. We consider
here an electro viscoelastic material. A general models for electro elastic problems can be found
in [5, 9]. The contact problem for the electro viscoelastic material was considered in [3, 10, 11].
For all these references the formulation was assumed to be electrically insulated.

In this paper we study a contact between electro viscoelastic body and a deformable conduc-
tive foundation. Our interest is to describe the evolution of the deformation of the body and
of the electric potential on the time interval[0, T ]. This contact is modelled with normal com-
pliance, we suppose that the acceleration of the system is not negligible so that the process is
dynamic. Dynamic contact problems with normal compliance were considered in [1, 6, 7] and
in the references therein.

Our aim in this paper is to extend some of the results obtained in paper [8], when the electric
conditions are almost perfect. The study serves two purposes, the first one is to obtain varia-
tional formulation of the problem with regularized condition on the electric field, in a part of
the boundary (see [8]) and to prove the existence and uniqueness of weak solutions. The second
one is to study the convergence of those solutions to unique solutions of the variational problem
with almost perfect electrical contact. This step answers some questions left open in the preced-
ing paper [8]. In this part we make a passage to the limit in a regularized problem, under some
a priori estimates and some compactness result for evolutionary problems.Therefore, in Section
2 the piezoelectric problem is stated together with two variational formulations; in Section3
we state the existence and uniqueness result of the regularized problemPR (Theorem 3.1). The
proof is based on the theory of evolution equations with monotone operators and a fixed point
arguments. In Section4 we state our main existence and uniqueness result of weak solutions
for the piezoelectric problem (Theorem 4.1). The proof is based on the a priori estimates of reg-
ularized solutions, followed by a passage to the limit whenδ → 0, this is under a consideration
of some compactness results.

2. PROBLEM STATEMENT AND NOTATIONS

We assume that the body occupies the bounded domainΩ, and assume that the boundaryΓ of
Ω is Lipschitz continuous and partitioned into three disjoint measurable open partsΓ1, Γ2, Γ3,
and a partitionΓ1tΓ2 into open partsΓa andΓb. We assume thatmeasΓ2 > 0 andmeasΓa > 0.
The body is clamped onΓ1, therefore the displacement field vanishes there. A volume force of
densityf0 acts inΩ×(0, T ) and surface traction of densityf2 acts inΓ2×(0, T ). The body may
arrive in contact onΓ3 × (0, T ) with an obstacle, we assume that the contact is frictionless and
it is modelled with normal compliance. The electric effects leads to the appearance of charges
of densityq0. The process is to be assumed electrically static.

We denote bySd the space of second order of symmetric tensors onRd (d = 1, 2, 3) and by
(·) and|·| respectively the scalar product and the Euclidean norm inSd (resp inRd).

u.v = uivi |u| = (u.u)
1
2 ∀u,v ∈ Rd, i = 1, · · · d.

σ.τ = σijτ ij |τ | = (τ .τ)
1
2 ∀σ, τ ∈ Sd, i = 1, · · · d, j = 1, · · · d.
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Here and bellow the indicesi, j run between1 and d and the summation convention over
repeated indices is adopted. LetΩ ⊂ Rd, we shall use the notation

H = {u = (ui) | ui ∈ L2(Ω)} = (L2(Ω))
d ,

W = {D ∈ H | divD ∈ L2(Ω)} ,

H =
{

σ = (σ)ij | σij = σji ∈ L2(Ω)
}

,

H1 = {u = (ui) | ε (u) ∈ H} ,
H1 = {σ ∈ H | Divσ ∈ H} ,

with ε : H → H andDiv : H → H are respectively operators of deformation and divergence
defined by :

ε (u) = (εij (u)) , εij (u) =
1

2
(uij + uji) andDivσ = (σij,j) ,

The tensorsE = (eijk) and its transposeE∗ = (ekij) satisfy the equality

Eσ · v = σ·E∗v,
where the index that follows a comma indicates a partial derivative with respect to the corre-
sponding component of the independent variable. We assume that the mass densityρ satisfy

ρ ∈ L∞ (Ω) and there existsρ∗ > 0 such thatρ(x) ≥ ρ∗, a.e. inΩ,

then the spaceH is Hilbert space endowed with a new inner product,

(u,v)H =

∫
Ω

ρuivi dx.

The spaceH,H,H1 andH1 are Hilbert spaces endowed with the inner products given by

(σ, τ )H =

∫
Ω

σijτ ij dx,

(u,v)H1
= (u,v)H + (ε (u) , ε (v))H ,

(σ, τ )H1
= (σ, τ )H + (Divσ, Divτ )H .

the associated norms on these spaces respectively are|·|H , |·|H, |·|H1 and |·|H1. SinceΓ is
assumed be Lipschitz continuous then the unit outward normal vectorν is defined a.e., for
every vectorv∈ H1, we use the notationv for the trace ofv on Γ and we denote byvν and
vτ the normal and tangential components ofv on Γ, given byvν =v·ν andvτ =v−vνν. For
regular stress fieldσ (sayC1), the application of its trace toν is the Cauchy stress vectorσν.
We define the normal and tangential components ofσ by σν = (σν) · ν andστ =σν − σνν,
and recall that the Green’s formula holds

(2.1) (σ, ε (v))H + (Divσ,v)H =

∫
Γ

σν · v, ∀v ∈ H1.

Let the Hilbert spacesLp(0, T ;H) andW 1,p(0, T ;V ) 1 ≤ p ≤ +∞,

Lp(0, T ;H) = {u | u : ]0, T [ → H} ,(2.2)

W 1,p(0, T ;V ) =

{
u ∈ Lp(0, T ;V ), u̇ =

du(t)

dt
∈ Lp(0, T ;V )

}
.(2.3)

Here and every where in this paper the dot above the derivative is with respect to the time
variable. The spacesC(0, T ;X) andC1(0, T ;X) are respectively continuous and differentiable
continuous functions from[0, T ] intoX with a respective norms :

|f |C(0,T ;X) = max
t∈[0,T ]

|f |X and |f |C1(0,T ;X) = max
t∈[0,T ]

|f |X + max
t∈[0,T ]

∣∣∣ḟ ∣∣∣
X

.
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The physical model for the process is as follows :
Problem P. Find a displacement fieldu : Ω × [0, T ] → Rd, an electric potentialϕ :

Ω× [0, T ] → R, an electric displacement field, such that

(2.4) σ = Aε(u̇) + Gε(u)− E∗∇ϕ in Ω× (0, T ) ,

(2.5) D = Eε(u)− γ∇ϕ in Ω× (0, T ) ,

(2.6) ρü=Div σ + f 0 in Ω× (0, T ) ,

(2.7) div D = q0 in Ω×× (0, T ) ,

(2.8) u = 0, on Γ1 × (0, T ) ,

(2.9) σν = f 2 onΓ2 × (0, T ) ,

(2.10) σν = − p (uν − g) , uτ = 0 onΓ3 × (0, T ) ,

(2.11) ϕ = 0 onΓa × (0, T ) ,

(2.12) D·ν = qb onΓb × (0, T ) ,

(2.13) D·ν = kχ[0,+∞) (uν − g)φL (ϕ− ϕ0) onΓ3 × (0, T ) ,

(2.14) u(0) = u0, u̇(0) = v0, in Ω.

χ[0,+∞) is the characteristic function of the interval[0,+∞) defined by

χ[0,+∞)(r) =

{
0 if r < 0,
1 if r ≥ 0.

In the equations (2.4)-(2.7) and below and in order to simplify the notation, we do not indi-
cate explicitly the dependence of various functions on the variablesx ∈ Ω ∪ Γ andt ∈ [0, T ].
The general viscoelastic constitutive law with electric effects is given by (2.4), whereA is a
non-linear viscosity function depending on the strain tensorε (u̇), G is a non-linear elasticity
dependsε (u). The stress is depends on electric field−∇ϕ. The relation (2.5) is the elec-
tric displacement it is a linear function of strain and electric field. The equations (2.6) and
(2.7) are the equilibrium equations, in equation (2.6) we suppose the process is dynamic with a
mass densityρ. Here the conditions (2.8) and (2.9) are the displacement and traction boundary
conditions, respectively condition (2.10) represents frictionless contact condition with normal
compliance. Herep is prescribed function such thatp (r) = 0 whenr ≤ 0, g is the initial gap
and the conditionuν − g ≥ 0 represents the penetration of body in the foundation, which is
assumed to be conductive. The expressions (2.11) and (2.12) are boundary conditions on elec-
tric potentialϕ and displacement fieldD onΓa andΓb. On part of the boundaryΓ3, and during
the process of contact the normal of electric displacement field is assumed to be proportional
to the difference between the potential of foundationϕ0 and the body’s surface potential, given
by condition (2.13). The functionφL is introduced to control the boundedness ofϕ − ϕ0, see
[8]. Finally, (2.14) is the initial condition on displacement and the velocity field. To present
variational formulation of the above problem, we need additional notations. Let us consider the
subspaces ofH1 andH1 defined by

V = {v ∈ H1 | v = 0, in Γ1} ,

W =
{
ξ ∈ H1 | ξ = 0, in Γa

}
,
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we recall sincemeasΓ1 > 0 andmeasΓa > 0, Korn’s and Friederichs-Poincare inequalities
hold, thus there exist respectively a constantCK > 0 andcF > 0 which depends respectively
only onΓ1,Γa andΩ such that

|ε (v)|H1
≥ cK |v|H1

, ∀v ∈ V ,

|∇ξ|H ≥ c
F
|ξ|H1 , ∀ξ ∈ W ,

for u, v ∈ V we have(u,v)V = (ε (u) , ε (v))H1
and∀ϕ, ξ ∈ W , (ϕ, ξ)W = (∇ϕ,∇ξ)H , and

we have|u|V = (u,u)
1/2
V , |ϕ|V = (ϕ, ϕ)

1/2
W , therefore(V, |·|V ) and(W, |·|W ) are real Hilbert

spaces. Moreover, by Sobolev trace theorem, there exist a constantsc0, c̃0 depending only onΩ
andΓ1,Γa such that

|ξ|L2(Γa) ≤ c0 |ξ|W , ∀ξ ∈ W,(2.15)

|v|L2(Γ1)d ≤ c̃0 |v|V , ∀v ∈ V .(2.16)

Let noteV ′ andW ′ the dual spaces ofV andW , so we have continuous and dense embed-
dingsV ⊂ H ⊂ V ′ rep (W ⊂ L2 (Ω) ⊂ W ′). To study problemP we must make some
assumptions.The viscosity operatorA and the elasticity oneG satisfy the conditions

(2.17)



a)A : Ω× Sd → Sd,
b) there existsLA > 0 such that
|A (x, ε1)−A (x, ε2)| ≤ LA |ε1 − ε2| ∀ε1, ε2 ∈ Sd, , a.e.x ∈ Ω,
c) there existsmA > 0 such that
(A (x, ε1)−A (x, ε2)) · (ε1 − ε2) ≥ mA |ε1 − ε2|2 ,
∀ε1, ε2 ∈ Sd, a.e.x ∈ Ω,
d) the mapping7−→ A (x, ε) is Lebesgue measurable onΩ,
e) the mappingx 7−→ A (x,0) belongs toH.

(2.18)



a)G : Ω× Sd × R → Sd,
b) there existsLG > 0 such that
|G (x, ε1)− G (x, ε2)| ≤ LG |ε1 − ε2| ,
∀ε1, ε2 ∈ Sd, a.e.x ∈ Ω, such that
c) the mappingx 7−→ G (x, ε) is Lebesgue measurable onΩ, ∀ε ∈ Sd,
d) the mappingx 7−→ G (x,0, 0) belongs toH.

The permeability tensorγ satisfy

(2.19)

 a)E : Ω× Sd → Rd,
b) E (x, ζ) =

(
eijk(x)ζjk

)
, ∀ζ =

(
ζ ij

)
∈ Sd a.e.x ∈ Ω,

c) eijk = eikj ∈ L∞ (Ω)

(2.20)


a)γ : Ω× Rd → Rd,
b) γ (x,E) =

(
γij(x)Ej

)
, ∀E = (Ei) ∈ Rda.e.x ∈ Ω,

c) γik = γji ∈ L∞ (Ω) ,
d) there existsmγ > 0 such thatγij(x)EiEj ≥ mγ ‖E‖2 ,
∀E = (Ei) ∈ Rda.e.x ∈ Ω.
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We also assume that the normal compliance functionp satisfies

(2.21)


a)p : Γ3 × R → R+,
b) there existsLp > such that|p(x, r1)− p(x, r2)| ≤ Lp |r1 − r2| ,
∀r1, r2 ∈ R, a.e.x ∈ Γ,
c) the mappingx 7−→ p(x, r) is Lebesgue mesurable inΓ3, ∀r ∈ R,
d) r ≤ 0, p(x, r) = 0, a.e.x ∈ Γ3.

As example of normal compliance functions which satisfy (2.21), we may considerp(x, r) =
cr+, wherec > 0 andr+ = max {0, r}. This condition (2.21) means that the reaction of the
obstacle is proportional to the penetration(uν)+. The gap functiong and the initial potentialϕ0

satisfy

(2.22) g ∈ L2(Γ3), g ≥ 0 a.e. onΓ3,

(2.23) ϕ0 ∈ L2(Γ3),

We suppose that there exist a large positive constantL higher than any peak voltage in system
such thatϕ − ϕ0 is bounded byL. This condition do not pose any practical problem for the
applicability of system, and allows us to introduced a functionφL defined by

(2.24) φL(s)

 −L if s < −L,
s if − L < s < L,
L if s > L.

This truncation is necessary for the solvability of the variational formulation of the problem.
Note thatφL is Lipshitz and monotone. We have the following assumptions

(2.25) u0 ∈ V , v0 ∈ H.

The body forces and surfaces traction and free charges densities have the regularity, with1 ≤
p ≤ ∞

f 0 ∈ L2
(
0, T ;L2 (Ω)d

)
,(2.26)

f 2 ∈ L2
(
0, T ;L2 (Γ2)

d
)

,(2.27)

(2.28) q0 ∈ W 1,p
(
0, T ;L2 (Ω)

)
,

(2.29) qb ∈ W 1,p
(
0, T ;L2 (Γb)

)
.

We define the elementf(t) ∈ V ′ by

(2.30) (f(t),v)V ′,V = (f 0(t),v)H + (f 2(t),v)L2(Γ2)d , ∀v ∈ V , a.e.t ∈ (0, T ) ,

and by using Riesz’s representation theorem we define un elementq(t) ∈ W by

(2.31) (q(t), ξ)W = − (q0(t), ξ)L2(Ω) − (qb(t), ξ)L2(Γb)
, ∀ξ ∈ W , t ∈ (0, T ) ,

we can see that conditions (2.27), (2.26) (2.28) and (2.29) imply that the dataf ∈ W 1,p (0, T ;V ′),
q ∈ W 1,p (0, T ;W ). Let j : V × V → R the functional defined by

(2.32) j(u,v) =

∫
Γ3

p(uν − g)vν da, ∀u,v ∈ V ,
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l : V ×W → W by

(l (u, ϕ) , ξ) =

∫
Γ3

χ(0,+∞[ (uν − g)φL (ϕ− ϕ0) ξ da,(2.33)

∀u ∈ V , ∀ξ,ϕ ∈ W.
By conditions (2.21), (2.22), (2.23) and (2.24), the integrals in (2.32) and in (2.33) are well

defined. If{u, ϕ} are regular functions satisfying (2.4)-(2.14), this imply thatu(t) ∈ V , ϕ(t) ∈
W and keeping in mind the relations (2.1), (2.32), (2.33), we deduce the variational formulation
of problemP, notedPV .

Problem PV . Find a displacement fieldu : Ω × [0, T ] → Rd, and an electric potential
ϕ : Ω× [0, T ] → R such that

(2.34)
(ü(t),v)V ′,V + (Aε(u̇(t)), ε(v))H + (Gε(u(t)), ε(v))H +
(E∗∇ϕ(t), ε(v))H + j (u(t),v) = (f(t),v)V ′,V , ∀v ∈ V , a.e.t ∈ (0, T ) ,

(2.35)
(γ∇ϕ(t),∇ξ)H − (Eε(u(t),∇ξ)H + (l (u(t), ϕ(t)) , ξ)W = (q(t), ξ)W ,

∀ξ ∈ W , a.e.t ∈ (0, T ) ,

(2.36) u(0) = u0, u̇(0) = v0.

For the solvability ofPV , we consider the truncation of the functionχ(0,+∞[ notedψδ and its
defined by

(2.37) ψδ(r) =

 0 if r < 0,
k r

δ
if 0 ≤ r ≤ δ,

k if r ≥ δ,

δ is a small parameter which will tend to zero in the sequel. We can see thatψδ : Γ3×R → R+,
an increasing function which satisfies that

(2.38)
|ψδ(u1)− ψδ(u2)| ≤ k |u1 − u2|

∀u1,u2 ∈ R, a.e.x ∈ Γ3,

Moreover, we assume thatψδ satisfies

a) the mappingx 7−→ ψδ(x, r) is Lebesgue measurable onΓ3,∀r ∈ R,
b) for r ≤ 0, ψδ(x, r) = 0 a.e.x ∈ Γ3.

Replacingχ(0,+∞[ by the smooth functionψδ leads us to replacing the functionl in PV by a
functionhδ defined fromV ×W → W and

(hδ (u, ϕ) , ξ) =

∫
Γ3

ψδ (uν − g)φL (ϕ− ϕ0) ξ da,(2.39)

∀u ∈ V , ∀ξ, ϕ ∈ W , a.e.t ∈ (0, T ) .

We introduce now a regularized problemPR.
Problem PR. Find a displacement fielduδ : Ω × [0, T ] → Rd and an electric potential

ϕδ : Ω× [0, T ] → R, such that

(2.40)
(üδ(t),v)V ′,V + (Aε(u̇δ(t)), ε(v))H + (Gε(uδ(t)), ε(v))H
+ (E∗∇ϕδ(t), ε(v))H + j (uδ(t),v) = (f(t),v)V ′,V , ∀v ∈ V , a.e.t ∈ (0, T ) ,

(2.41)
(γ∇ϕδ(t),∇ξ)H − (Eε(uδ(t),∇ξ)H + (hδ (uδ(t), ϕδ(t)) , ξ)W = (q(t), ξ)W

∀ξ ∈ W , a.e.t ∈ (0, T ) ,

(2.42) uδ(0) = u0, u̇δ(0) = v0,
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To simplify the notation we take in the first studyuδ = u andϕδ = ϕ, and we prove that are
weak solutions of problemPR.

3. AN EXISTENCE AND UNIQUENESS RESULT FOR THE REGULARIZED PROBLEM

Theorem 3.1. Assume that the conditions (2.17), (2.39) hold. Then there exists a unique solu-
tion of the problemPR. Moreover the solution satisfies

(3.1) u ∈ W 1,2(0, T ;V ) ∩ C1([0, T ] ;H), ü ∈ L2(0, T ;V ′), ϕ ∈ W 1,2(0, T ;W ).

The proof of Theorem 3.1 will be carried on in several steps. It is based on results of evo-
lution equations with monotone operators, Banach’s fixed point theorem and the two following
classical results on parabolic equations, see [2].

Theorem 3.2. LetV andH be a real Hilbert spaces satisfyingV ⊂ H ⊂ V ′, with continuous
and dense injection, and letA : V → V ′ be a hemicontinuous monotone operator which
satisfies

∃α0 > 0, α1 ∈ R such that(Au, u)V ′,V ≥ α0 |u|2V + α1,∀u ∈ V,
Then a givenu0 ∈ H andf ∈ L2(0, T ;V ′), there exist a unique functionu which satisfies

u ∈ L2(0, T ;V ) ∩ C (0, T ;H) , u̇ ∈ L2(0, T ;V ′),

(3.2) u̇(t) + Au(t) = f(t), a.e.t ∈ (0, T ) ,

(3.3) u(0) = u0.

We assume first, that assumptions (2.17)-(2.29) hold and letη ∈ L2(0, T ;V ′), we consider
the following problems.

ProblemP1
η . Find a displacement fielduη : Ω× [0, T ] → Rd such that

(üη(t),v)H + (Aε(u̇η(t)), ε(v))H + (η(t), ε(v))H = (f(t),v) ,(3.4)

∀v ∈ V , a.e.t ∈ (0, T ) ,

(3.5) uη(0) = u0, u̇η(0) = v0,

ProblemP2
η Find an electric potentialϕ : Ω× [0, T ] → R such that

(3.6)

(
γ∇ϕη(t),∇ξ

)
H − (Eε(uη(t),∇ξ)H +

(
hδ

(
uη(t), ϕη(t)

)
, ξ

)
W

= (q(t), ξ)W ,
∀ξ ∈ W , a.e. on(0, T ) ,

Lemma 3.3. there exists a unique solution to the problemPη
1 . Moreover it satisfies

(3.7) uη ∈ W 1,2(0, T ;V ) ∩ C1([0, T ] ;H), üη ∈ L2(0, T ;V ′).

If u1, u2 are two solutions of the problemPη
1 corresponding to the dataη1, η2 ∈ L2(0, T ;V ′),

then there exist a constantc > 0 such that

(3.8) |u1(t)−u2(t)|2V ≤
1

mA

[∫ t

0

|η1(s)−η2(s)|
2
H ds

]
.

Proof. It is easy to see that the operatorA : V → V defined by

(3.9) (Au,u)V,V = (Aε(u(t)), ε(v))H ,

is monotone and continuous (by conditions (2.17)) We recall thatf − η ∈ L2(0, T ;V ′) and
v0 ∈ H, (see the conditions (2.30), (3.5)). We recall now Theorem 3.2, there exist a unique
functionvη which satisfies

(3.10) vη ∈ L2(0, T ;V ) ∩ C([0, T ] ;H), v̇η ∈ L2(0, T ;V ′),
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(3.11) v̇η(t) + Avη(t) = f(t), a.e.t ∈ (0, T ) ,

(3.12) vη(0) = v0.

Let uη : [0, T ] → V be a function satisfying

(3.13) uη(t) =

∫ t

0

vη(s) ds+ u0.

Sincevη ∈ C([0, T ] ;H), thenuη is well defined, it is clear that using (3.9), (3.10), (3.11),
(3.12), and (3.13), we deduce thatuη is a unique solution of problemP1

η , with the regularity
(3.7). Let η1, η2 ∈ L2(0, T ;V ′) for which we have respectivelyu1, u2, are solutions of
problemsP1

ηi
, i = 1, 2. Keeping in mind that (2.17) and thatu1, u2 ∈ W 1,2 (0, T ;V ) and

we notev1, v2 defined by (3.13). So we deduce that

mA

∫ t

0

|v1(s)− v2(s)|2V ds ≤
∫ t

0

|η1(s)− η2(s)|
2
H′ ds,

which implies

|u1(t)− u2(t)|2V ≤
1

mA

∫ t

0

|η1(s)− η2(s)|
2
H′ ds.

For existence and uniqueness of solution of the problemP2
η , it is based on monotonicity of

the operatorA, the bounds|ψδ(uν − g)| ≤ k and |φL(ϕ− ϕ0)| ≤ L and the trace inequality
(2.15).

Lemma 3.4. There exists a unique solution

(3.14) ϕη ∈ W 1,2(0, T ;W ),

of problemP2
η . If ϕ1, ϕ2 are two solutions of the problemP2

η corresponding to the dataη1and
η2 ∈ L2(0, T ;V ′), then there exist a constantc > 0 such that

(3.15) |ϕ1(t)−ϕ2(t)|W ≤ c |u1(t)−u2(t)|V .

Proof. Let define the operatorA(t) : W → W , for t ∈ [0, T ], by

Aη(t)ϕ(t), ξW = (γ∇ϕ(t),∇ξ)H − (Eε(uη(t),∇ξ)H
+ (hδ (uη(t), ϕ(t)) , ξ)W , ∀ξ ∈ W .

Let ϕ1, ϕ2 ∈ W , sinceγ satisfies (2.20), the functionφL is monotone andψδ ≥ 0, this implies

(Aη(t)ϕ1 − Aη(t)ϕ2, ϕ1 − ϕ2)W ≥ mγ |ϕ1 − ϕ2|
2
W .

Thus the operatorAη(t) is strongly monotone. Now by Conditions (2.20) and (2.15),we have

(Aη(t)ϕ1 − Aη(t)ϕ2, ξ)W ≤ c |ϕ1 − ϕ2|W |ξ|W ,

this implies thatAη(t) is Lipshitz continuous. The equationAη(t)ϕ(t) = q(t), has a unique
solutionϕη(t) ∈ W , for q(t) ∈ W . The functionϕη(t) is then the unique solution of the
problemP2

η . It is a classical result of evolutionary elliptic problems see for example [4].
Let now prove thatϕη ∈ W 1,2(0, T ;W ), let t1, t2 ∈ [0, T ] andϕη(t1) = ϕ1, ϕη(t2) = ϕ2,

uη(t1) = u1, uη(t2) = u2, q(t1) = q1, q(t2) = q2, recall that the functionψδ is positive and
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φL is monotone. Then we deduce from conditions (2.20), (2.15), (2.16), (2.19), (2.38), and the
bounds of the functionsψδ, φL, that

mγ |ϕ1 − ϕ2|
2
W +

∫
Γ3

ψδ (u2ν − g) [φL (ϕ1 − ϕ0)− φL (ϕ2 − ϕ0)] (ϕ1 − ϕ2)

≤ [cE |u1 − u2|V + |q1 − q2|W ] |ϕ1 − ϕ2|W

+

∫
Γ3

|ψδ (u1ν − g)− ψδ (u2ν − g)| |φL (ϕ1 − ϕ0)| |ϕ1 − ϕ2| da,

≤ [(cE + Lkc0c̄0) |u1 − u2|V + |q1 − q2|W ] |ϕ1 − ϕ2|W ,

which implies that

(3.16) |ϕ1 − ϕ2|W ≤ c [|u1 − u2|V + |q1 − q2|W ] .

Sinceqi ∈ W 1,2 (0, T ;W ) andui ∈ W 1,2(0, T ;V ), i = 1, 2, then we haveϕη ∈ W 1,2(0, T ;W ).
We show next that we have the estimation (3.15). Letη1, η2 ∈ L2(0, T ;V ′) andϕ1, ϕ2, are
respectively solutions of problemsP2

ηi
, i = 1, 2, andu1, u2, are solutions of problemsP1

ηi
,

i = 1, 2. With similar arguments we deduce that

|ϕ1 − ϕ2|W ≤ 1

mγ

(cE + kLc0c̄0) |u1 − u2|V .

Let now define the operatorΛ : L2 (0, T ;V ′) → L2 (0, T ;V ′) by

(3.17) (Λη(t), v)V ′,V =
(
G (ε(uη), ε(v))H + j(uη,v) + (E∗∇ϕη, ε(v)

)
H ,

whereuη, ϕη are respectively the unique solutions of problemsP1
η andP2

η .We have the follow-
ing result.

Theorem 3.5.The operatorΛ has a unique fixed point

η∗ ∈ L2 (0, T ;V ′) .

Proof. Let t ∈ [0, T ], ηi ∈ L2 (0, T ;V ′), i = 1, 2, and use the notationuηi
= ui andϕηi

= ϕi,
i = 1, 2. We apply proprieties (2.18 (b)), (2.19), (2.21) we deduce that

|Λη1,−Λη2|V ′ ≤ c [|u1 − u2|V + |ϕ1 − ϕ2|W ] .

This yields to

|Λ (η1)− Λ (η2)|L2(0,T ;V ′) ≤ c
[
|u1 − u2|L2(0,T,V ) + |ϕ1 − ϕ2|L2(0,T ;W )

]
.

Apply now the inequalities (3.8), (3.15), we deduce

|Λη1 − Λη2|L2(0,T ;V ′) ≤ Tc
[
|η1−η2|L2(0,T ;V ′)

]
,

reiterating the estimationn times yields

(3.18) |Λnη1 − Λnη2|L2(0,T ;V ′) ≤
(Tc)n

n!
|η1−η2|L2(0,T ;V ′)

this implies that the operatorΛ is a contraction onL2(0, T ;V ′). By Banach’s fixed point theo-
rem,Λ has a unique fixed pointη∗ ∈ L2 (0, T ;V ′).

We come back to the proof of Theorem 3.1
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Proof. Existence. Let η∗ ∈ L2 (0, T ;V ′) a fixed point ofΛ and
(
uη∗ ;ϕη∗

)
be the solution of

problemsP1
η∗ andP2

η∗. Then using (2.40), (2.41) and (3.17), keeping in mind thatΛ (η∗) = η∗,
we deduce that

(
uη∗ ;ϕη∗

)
is the solution of the regularized problemPR. The regularity (3.1) is

provided by Lemma 3.3 and Lemma 3.4.
Uniqueness.the uniqueness of the Theorem 3.1 is the consequence of the uniqueness of the

fixed point of the operatorΛ given by (3.17). For more details see [11].

4. AN EXISTENCE AND UNIQUENESS RESULT OF THE PROBLEM PV

Theorem 4.1. Assume that the conditions (2.17), (2.39) hold. Then there exists a unique solu-
tion of the problemPV . Moreover the solution satisfies

(4.1) u ∈ W 1,2(0, T ;V ) ∩ C1([0, T ] ;H), ü ∈ L2(0, T ;V ), ϕ ∈ W 1,2(0, T ;W ).

Recall that the unique solution of the regularized problemPR, means that there exists a
unique sequencesuδ andϕδ solutions for (2.40) and (2.41), with the initial conditions (2.42)
and with regularity (3.1). To deduce that there exists a unique solution notedu andϕ for
equations (2.34), (2.35) with (2.36), we pass to the limit whenδ → 0, in the problemPR,
taking in consideration some a priori estimations on the sequencesuδ andϕδ, the proprieties of
A, G, j, φ, h and some compactness results of evolutionary problems.

4.1. A priori estimates.

4.1.1. Estimates on a sequenceϕδ. Let replaceξ = ϕδ(t) in (2.41)

(γ∇ϕδ(t),∇ϕδ(t))H − (Eε(uδ(t),∇ϕδ(t))H
+

∫
Γ3
ψδ (uν(t)− g)φL (ϕδ(t)− ϕ0)ϕδ(t) da = (q(t), ϕδ(t))W ,

take into account (2.20), (2.19), (2.24), (2.31) and (2.37), then we have this estimate

|ϕδ(t)|
2
W ≤ [c |uδ(t)|V + |q(t)|W ] |ϕδ(t)|W ,

then

(4.2) |ϕδ|L2(0,T ;W ) ≤ c |uδ|L2(0,T ;V ) + |q|L2(0,T ;W ) .

Here and abovec denotes a generic positive constant which may depend onA, G, j, φ, h , Ω,
Γ1, Γ2, Γa, Γb, Γ3 andT and whose value may changes from line to line.

4.1.2. Estimates on a sequenceuδ. Keeping in mind thatuδ ∈ W 1,2(0, T ;V ) and thatA (x,0) ∈
H, G (x,0, 0) ∈ H then replacev=vδ(t) = u̇δ(t) in (2.40)

(4.3)

d
dt
|vδ(t)|2H + (Aε(vδ(t))−A (x,0) , ε (vδ(t)))H

+ (A (x,0) , ε (vδ(t)))H + (Gε(uδ(t))− G (x,0) , ε (vδ(t)))H
+ (G (x,0, 0) , ε (vδ(t)))H + (E∗∇ϕδ(t), ε (vδ(t)))H + j (uδ(t),vδ(t))
= (f ,vδ(t))V ′ ,

For convenience callA (x,0) = A0, G (x,0) = G0, Recall properties (2.17), (2.18), (2.21), and
(2.16) then

d

dt
|vδ(t)|2H +mA |vδ(t)|2V

≤ (LG + Lpc̃0) |uδ(t)|V |vδ(t)|V
+

[
c |ϕδ(t)|W L2(Ω) + |f(t)|V ′ + |G0|H + |A0|H

]
|vδ(t)|V ,(4.4)
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let α ∈ R∗
+, since

d

dt
|vδ(t)|2H +mA |vδ(t)|2V

≤ (LG + Lpc̃0)
α

2
|uδ(t)|2V +

1

2α
(LG + Lpc̃0 + 1) |vδ(t)|2V

+
cα

2

[
|ϕδ(t)|

2
W + |f(t)|2V ′ + |G0|2H + |A0|2H

]
,(4.5)

chooseα < 2mA
(LG+Lpc̃0+1)

, and recall that

|ϕδ(t)|W ≤ c |uδ(t)|V + |q(t)|W .

We integrate from0 to t in (4.5), we have

|vδ(t)|2H + c |vδ|2L2(0,t;V ) ≤
[

1

2α
(LG + Lpc̃0) + c

]
|uδ|2L2(0,t;V )(4.6)

+ |f |2L2(0,T ;V ′) + T |G0|2H + T |A0|2H + |v0|2H .

Let f̃ = |f |2L2(0,T ;V ′) + T |G0|2H + T |A0|2H + |v0|2H , we deduce from (4.6)

(4.7) |vδ|2L2(0,t;V ) ≤ c |uδ|2L2(0,t;V ) + f̃ .

From (3.1), we have thatuδ ∈ C1(0, T.V ), then

uδ(t) =

∫ t

0

vδ(s)ds+ u0,

this implies that

(4.8) |uδ(t)|2V ≤ c
[
|vδ|2L2(0,t;V ) + |u0|2L2(0,T ;V )

]
.

From (4.7) and (4.8) we have

(4.9) |uδ(t)|2V ≤ |uδ|2L2(0,t;V ) + c

Apply Gronwall’s lemma to the function|uδ(t)|2V we have

(4.10) |uδ|L2(0,T ;V ) ≤ c.

From the estimate (4.10) ofuδ, we deduce those ofϕδ given respectively by (4.2),

(4.11) |ϕδ|L2(0,T ;W ) ≤ c,

we also deduce from the boundedness of(uδ) in L2(0, T ;V ) and (4.7) thatu̇δ is bounded on
L2(0, T ;V ),

(4.12) |u̇δ|2L2(0,T ;V ) ≤ c.

Now for the estimation of̈uδ in L2(0, T ;V ′), recall the equation

(üδ(t),v)V ′,V = A (ε(u̇δ(t)), ε(v))H − (Gε(uδ(t)), ε(v))H
− (E∗∇ϕδ(t), ε(v))H − j (uδ(t),v) + (f(t),v)V ′,V , ∀v ∈ V ,

then

|(üδ(t),v)|V ′,V ≤ [LA |u̇δ(t)|V + LG |uδ(t)|V +

cE |∇ϕδ (t)|H + Lp |uδ(t)|V + |f(t)|V ] |v|V ,

so we have that

(4.13) |üδ|L2(0;T,V ′) ≤ c.
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4.2. Passage to the limit (δ → 0). Before going to the limit, we give the following result of
compactness for evolutionary problems.

Lemma 4.2. LetX, Y andH a three Banach’s spaces such thatX ⊆ H ⊆ Y , the injection
X ↪→ H is compact. LetF a subset ofLp(0, T ;H), 1 ≤ p <∞ which satisfy

a)F is bounded inLp(0, T ;X),

b) dF
dt

=
{

df
dt
| f ∈ F

}
is bounded inL1(0, T ;Y ),

thenF is relatively compact inLp(0, T ;H) and γF the trace ofF is relatively compact in
Lp(0, T ;H) on the boundaryΓ.

For the proof see for example [12].
A convergence of the sequence(uδ).
To apply a Lemma 4.2, let takeX = Y = H = V andF = {uδ} thenX = V , H = H,

andY = V ′ for F = {uδ}, the conditions a) and b) are satisfied forp = 2. From (4.10),
(4.12)F = {uδ} is relatively compact inL2(0, T ;V ), andF = {uδ} is relatively compact in
L2(0, T ;H). this implies that there exist a subsequence noted(uδ) such that

(4.14) uδ → u, strongly inL2(0, T ;V ),

the convergence inL2(0, T ;V ) imply that

(4.15) uδ → u, strongly inL2(0, T ;H),

Therefore from (4.10), the relation (2.16) given on the trace ofuδ and Lemma 4.2 there exist a
subsequence{γuδ} such that

(4.16) γuδ → γu, strongly inL2(0, T ;L2(Γ3)),

and there exist a subsequence noted{uδ} such that

(4.17) uδ → u, strongly inL2(0, T ;H).

Now the estimate (4.13) implies that

(4.18) üδ ⇀ ü, weakly inL2(0, T ;V ′).

A convergence of the sequence(ϕδ).
From the estimation (4.11) we have

(4.19) ϕδ ⇀ ϕ, weakly inL2(0, T ;W ),

and from the embeddingW ⊂ L2(Ω) which is compact, we conclude that there exist a subse-
quence(ϕδ) which satisfies

(4.20) ϕδ → ϕ, strongly inL2(0, T ;L2(Ω)).

Proof of theorem 4.1.All the convergences above (4.14) allow us to pass to the limit in the
equations of the systemPR. From the weak convergence (4.18) inL2(0, T ;V ′) we have

(üδ,v)V ′,V → (ü,v)V ′,V , ∀v ∈ V , a.e.t ∈ (0, T ) .

The strong convergence of first derivativeu̇δ in L2(0, T ;H) with the assumption (2.17)(b) on
A leads to

(Aε(u̇δ(t)), ε (v))H → (Aε(u̇(t)), ε (v))H , ∀v ∈ V , a.e.t ∈ (0, T ) .

The strong convergence ofuδ respectively in the spacesL2(0, T ;V ) andL2(0, T ;H) (see (4.15)
with the property (2.18)(b) imply that

(Gε(uδ(t)), ε(v)H) → (Gε(u(t)), ε(v))H ,(4.21)

∀v ∈ V , a.e.t ∈ (0, T ) .(4.22)
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From the convergence (4.19) and the strong convergence ofuδ in L2(0, T ;H) with the assump-
tion onp (2.21)(b) we have

(E∗∇ϕδ(t), ε(v))H → (E∗∇ϕ(t), ε(v))H , ∀v ∈ V , a.e.t ∈ (0, T ) ,

and
j (uδ(t),v) → j (u(t),v) , ∀v ∈ V , a.e.t ∈ (0, T ) .

Therefore, we obtain the equation of displacement field of systemPV . Recall now the regular-
ized equation of the electric potential

(γ∇ϕδ(t),∇ξ)H − (Eε(uδ(t),∇ξ)H + (hδ (uδ(t), ϕδ(t)) , ξ)W = (q(t), ξ)W

∀ξ ∈ W , a.e. on(0, T ) ,

the convergence (4.19), (4.20), (4.14) allow us to pass to the limit on terms(γ∇ϕδ(t),∇ξ)H
and(Eε(uδ(t),∇ξ)H. Remind thathδ (uδ(t), ϕδ(t)) is

(hδ (uδ(t), ϕδ(t)) , ξ) =

∫
Γ3

ψδ (uδν(t)− g)φL (ϕδ(t)− ϕ0) ξ da.

First we have the strong convergence (4.16)

(4.23) uδν(t) → uν(t), strongly inL2(Γ3), a.e. on(0, T ) ,

secondly, we have for a pointwise valuer ∈ R+,

ψδ (r) → kχ[0,+∞[(r) whenδ → 0,

sinceψδ is Lipshitz continuous withψδ (0) = 0 we have

|ψδ (uν − g)|L2(Γ3) ≤ |uν − g|L2(Γ3) ,

now with the dominated convergence theorem, we deduce that

(4.24) ψδ (uν − g) → kχ[0,+∞[ (uν − g) , strongly inL2(Γ3).

We also have∣∣ψδ (uδν − g)− kχ[0,+∞[ (uν − g)
∣∣
L2(Γ3)

=
∣∣ψδ (uδν − g)− ψδ (uν − g) + ψδ (uν − g)− kχ[0,+∞[ (uν − g)

∣∣
L2(Γ3)

≤ |ψδ (uδν − g)− ψδ (uν − g)|L2(Γ3)

+
∣∣ψδ (uν − g)− kχ[0,+∞[ (uν − g)

∣∣
L2(Γ3)

≤ k |uδν − uν |L2(Γ3) +
∣∣ψδ (uν − g)− kχ[0,+∞[ (uν − g)

∣∣
L2(Γ3)

,

using (4.23), (4.24) and the convergences above, we obtain the strong convergence

ψδ (uδν − g) → kχ[0,+∞[ (uν − g) , strongly inL2(Γ3), a.e. in(0, T ) .

In another hand, since

|φL (ϕδ − ϕ0)− φL (ϕ− ϕ0)|L2(Γ3) ≤ cLφ |ϕδ − ϕ|L2(Γ3) ,

and from the strong convergence ofϕδ in L2(0, T ;W ), and trace Theorem (2.15), we have

φL (ϕδ − ϕ0) → φL (ϕ− ϕ0) , strongly inL2(Γ3), a.e. on(0, T ) .

We get now

ψδ (uδν − g)φL (ϕδ − ϕ0) → kχ[0,+∞[ (uν − g)φL (ϕ− ϕ0) , a.e. inΓ3,

and because of the boundedness of the functionsφL, ψδ and the dominated convergence theo-
rem, we get

ψδ (uδν − g)φL (ϕδ − ϕ0) → kχ[0,+∞[ (uν − g)φL (ϕ− ϕ0) , strongly inL2(Γ3),
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consequently, we have that

hδ (uδ, ϕδ) → l (u, ϕ) , a.e. on(0, T ) .

We conclude now, thatϕ is a solution of the electric potential equation (2.35) of the systemPV .
Before ending the existence of the solution to the problemPV , recall the strong convergence

of uδ to u in L2(0, T ;V ) and ofu̇δ to u̇ in L2(0, T ;H), allow us to obtain the initial conditions
u(0) = u0, u̇(0) = v0. It is clear that the uniqueness of solutionsu andϕ is a consequence
of the uniqueness of the limit. From the limit process, the solutionsu andϕ of the problem
PV have the same regularity of the sequencesuδ andϕδ. The proof of the Theorem 4.1 is
complete.
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