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1. INTRODUCTION

Let P be a complex polynomial of degreewith all its roots, z1, 2, ..., z, inside the unit
circle. Let its derivative P’ have rootsuy, ws, ..., w,_. Define,
Ip(z) = min |z —wl, I(P)= max Ip().
Then Sendov’s Conjecture (séé [1]) states thatfor 2,
I(P) <1.

In other words, every root P has a critical point at a distance of no more thdrom it. That
the distance is best possible is seen by taking, for instanég;) = =" — 1.

Sendov’s conjecture is true far< n < 8, (seel[1]). Itis also true iP(0) = 0 for all n > 8.
Also, Goodman, Rahman and Ratti proved_in [3] thatjf = 1 for somej € {1,2,...,n} then
there exists a critical point;, such thaqwk — %ﬂ\ < 1 which implies/(z;) < 1. The validity
of Sendov’s conjecture for the roots on the unit circle strongly suggests that the property should
hold for roots sufficiently close to the unit circle. V. Vajaitu and A. Zaharescu proved (see [6])
that this is indeed true, but their proof did not provide numerical estimates of any sort. Chijiwa
used their proof outline and provided an estimate for the required closeness of the roots to the
unit circle. He specifically proved the following:

Theorem(Chijiwa). Let P be a complex polynomial of degree> 4 with all zeros in the closed
unit disk. Leta be a zero op. If |a| > 1 — ¢, where,

1
©2n94n’
Then there exists a critical point such that,

w—a] <1—c,(1 —al)

En

where,
if n=0 (mod4)

n3_if pn=1 (mod4)

(‘) Cn = .
6 if pn=2 (mod4)

x% if n=3 (mod4).

In this paper we will follow a similar line of proof as given by Chijiwa for the above theorem,
but we will make certain modification and strengthen inequalities at various places in the proof
to significantly improve:,,.

The following is our result:

Theorem A. Let P be a complex polynomial of degree> 8 with all zeros in the closed unit
disk. Leta be a zero op such thata| > 1 — ¢, where,

%
" ni2lnn’
Then there exists a critical point such that,

jw —af <1 —cy(1—a)
wherec, is given by().
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In this paper we assume the contrary that no critical point is close to the wad then we
obtain a contradiction. We will prepare a series of lemmas before proving the main theorem.
Lemmd ] is used to prove Lemip 2, which states that the critical points of the polynomial are
close to the origin. It is the most crucial lemma in the entire paper. This lemma is first used to
prove Lemma}4, which states that the roots of the polynomial are respectively closentththe
roots of unity. Lemma]4, along with Lemma 5, is used to prove Lefma 6. Lgmma 6 is first
used to estimate the modulus of the sum of critical points (Lefrjma 7). Lérhma 6 is also used to
improve Lemma |4, providing a better estimate for the respective closeness of the roots to the
n-th roots of unity (Lemm@|8). And then Leming 7 and Lenfima 8 are used to improve Lemma
itself (Lemmd P). Then the proofs of Lemnas |7, 8 ahd 9 are mimicked with new estimates to
improve each of these lemmas, giving us Lemingg 1D, 11 @nd 12. Then we move to the main
proof where we work with a series of inequalities to get contradictions to the valugs of

Note on calculations: In the penultimate step of any calculation, the desired estimate will be
presented in the forma- - [n*1n(n)¥ *, where]- - - | will be an expression involving well-defined
constant values. This expression will then be calculated accurately up to five decimal points
(taking either floor or ceiling according to the direction of the inequality) and then presented in
the final step.

2. LEMMAS

Without loss of generality, let := z; and leta be real and positive. Defire:= 1 —a. Hence
e < &,. Note that for alln > 8,0 < ¢, < 0.25.
Let us assume the contrapositive: Suppose that fgr-alll, 2, ...,n — 1,

() lwj —al >1—cy(l—a)=1—cpe.

Our first lemma provides a lower bound far ﬁ For its proof, we need the following
Lemma:

Lemma A (Kumar and Shenoy [5])Let p(z) be a polynomial with all its: zeros inside the
closed unit disk. Let be one of its zeros. If the disk— a| < 2rsin = contains a zero gf then
the disk|z — a| < r contains a zero of'.

Now we will state and prove Lemnja 1. We will closely follow the proof of Lemma 1 given
in [2]. This lemma will be used to prove Lemnjds 2 and 3.

Lemmal. Forj=1,2,...n—1:

Re

>1—t1€
CL—U}J'

where,
t1 := 0.05947n3.

Proof. We will use the following identity, (see Equation (2.3) [in [1]),

n—1 1 . n 1
;a—wk_ ;a—zk'

Thusforj € {1,2,...,n — 1} we have,

1 . 1 1
1.1 Re =2 Re — Re .
( ) a — w;j <Z2 a—zk> ; a — Wy,

k=
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Hence we need a lower bound fae ﬁ and an upper bound fdte ﬁ For the latter, we
can use[{) to get,

1 1 n n
Re < — 1_|_ Cn€ S 1+L
a — wyg a— Wy 1—o¢c,e 1—oc,e 1—oc,e,
0.25¢ 0.25
<14+ —— =< <1+ 0.25001¢.
S T T025s o 1025 gl - T :

Now we will estimateRe ﬁ We will use the following identity (see (2.5) inl[1]),

For anyz € C andx € R such that: # 0 andz # =,

1 r—Rez 202 —21xRez |z—z2*+2*—|z]* 1 |2]? — 2?
xr—z |r—2z? 2r|r — z|? 2z|r — z|? 2r  2x|r — z|?
Thus, fork = 2, ..., n,
1 1 |2e]? —a® 1 1 — a?
Re = - _— —
a—z, 20 2ala—z? " 2 2ala — z)?
I 14+a 1-a 1 2—¢ €

> - — . = - — . .
2 20 Jla—z2 2 2(1—¢) |a— z/?

Sincela — wy| > 1 — c,e > 1 — ¢z, using the contrapositive of Lemnid A we det—

zx| > 2(1 — cue,)sin T, We can further estimatein = using its convexity and the fact that

sin & < sin ¢ forn > 8 > 6 to get,

T 6 3
-

T sin% T
n 2n

(1.2) sin— > —= - — =
n 5 n

Hence|a — z| > 2(1 — cnen)%. Futhermore, note thaf, < 0.25, n > 8 ande,, < g5 SO we
get,

ol ol

2

R 1 > 1 2 - 571 n
e - . 15
a—zx 2 2(1—e,) 4-9-(1—cuen)?
1 2 —¢g n?
— . g
=27 2(1—es) 36(1—0.2555)2
90
_1_ 2_8123;(1]8 ) 1 3 ne
2 201 - gous) 36(1—0.25502)
1
>3- 0.02778n%.

Substituting back i (I]1) we obtain,

1 - 1 1
R =2 R -3 R
ea—wj (Z ea—zk> gﬁ; ea—wk

k=2

1
> 2(n —1) (5 - 0.027787125) — (n—2) (1 + 0.25001¢)

> (n—1) —2(n —1)0.02778n% — (n — 2) — (n — 2)0.25001¢
=1-2(n—1)0.02778n% — (n — 2)0.25001¢
> 1—2-0.02778n — 0.25001ne
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0.25001
=1- [2-0.02778+ > } nie
n

125001
21—{2-0.02778—#0 500} 3

82 ne
>1—0.05947Tn%s = 1 — t4¢.

Equation [0 essentially says that no critical point of the polynomial is near theao®he
next lemma states that, in such a case, all the critical points must be close to the origin. This
lemma will be used heavily in other lemmas and in the main proof.

We will closely follow the proof of Lemma in [2].

Lemma2.Forj=1,2,...n—1:

lwj| < tav/e,
where,
ty =13+ tQ\/a < 03463471\/%
with,
by im 14— < 0.06143n°,
1—tie,

t 1
ty = L 1o, +1) < 0.3463n/n.
1-— t1€n 1-— tlﬁn

Proof. Forj =1,2,...,n — 1, defineh; € R by:

1 1
:= Re

a—h; a — w,

We will first find upper and lower bounds fér;. By LemmaBL# > 1 — t;¢, and since
1 —tie >1—1te, > 0we get,
1

2.1 —h; < ————
(2.1) 0<a J<1—t15

1 3]
— h;>a— =(1—¢)— |1
J “ 1 —t1€ ( 6) ( + 1 —t1€€>

tl tl
( +1—t1€>6_ ( +1—t1€n)8 2

On the other hand, for the upper boundigrnwe have,
1 1 1

= Re <

a—h; a — wj a — w

Hencel — c,e < a — h; which gives,

1
1—cue

hj<a—(1—ce)=1—e—14ce=—(1—-cy)e.
Combining both the upper and lower boundsigrwe obtain,
(22) — 1l < hj < —(]. — Cn)E < 0.

We now claim that the points;, « andh; form a right-angled triangle in the complex plane,
and hence by Pythagoras theorem we should get,

[wj — hil* + la — wyf* = Ja — hy[*.
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We can prove this by observing the transformation= # as in Figure 1 of{[2], or we can
also achieve it through the following algebraic manipulations. Note that,

wj — P +la —w]? = |a — hy|?
<= 2Jw;|* — 2hjRe w; — 2aRe w; = —2ah;
<= |w;|* — (a + h;)Re w; +ahj =0
<= (Im w;)* + (Re w;)* — (a + hj)Re w; + ah; =0
< (Im w;)*> + (Re w; — a)(Re w; — h;) = 0.
So proving thatv;, h; anda form a right-angled triangle is equivalent to showing that,
(2.3) (a — Re w;)(Re w; — h;) = (Im w;)*.

To prove the last equation, note that— = Re —— implies,
J J

1 a — Re w la — w;|?
_ hj=a—
a—h; |a—w;? a — Re w;
la — w;?
— hj—Rewj:a—Rewj—ﬁerj
= (hj — Rew;)(a — Rew;) = (a — Re w;)* — |a — w;|?
= (hj — Rew;)(a — Rew;) = (Re w;)? — |w;|?
— (hj — Rew;)(a — Re w;) = —(Im w;)*.
Hencew;, h; anda indeed form a right-angled triangle.

We will estimatejw,| using the Pythagoras theorem,
wj — hyl* + |a — w;* = |a — by?
By the lower bound o — w;| due to ) and the upper bound dn — h;| by (2.1) we get,

1

2 2
jwj = hy" + (1= cpe)” < -ty

Thus we have,

Using the above and the bound bpgiven by [2.2) we finally obtain,

|wj| < [hy] + Jw; — hy| < | —tee] +t3v/e = tre + 37/ < (t2/En + 13)VE = tav/e.
(Note that the above estimate holds even in the degenerate case-0of;.)

Let us estimate the constants using Lenjifina 1 and basic inequalities,

t1 0.05947n3 3 1 0.05947
<n

<1 —
1 —tie, * 1 —0.05947n3 - 2 — n3 * 1 —0.05947 - -2

niZlnn n9lnn
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sl 0.05947
= 8 T 1-0.05947 -

t1
(1—t1€n ) (1—t1€n+cn)
0.05947n3
(1 0.05947-90 + 1) (1 _0.05947-90 + 025>

] < 0.06143n3.
89 1n8

Also,

<
n%1lnn n%1lnn
1 0.05947 0.25\
W +1 | — 030490 T )"
1 0.05947 0.25\ ,
- (m T 1) (1 — 00500700 33 >n < 0.11992n°.
89In8 891n8

Taking square-root,
ts < 0.3463n/n.

Last,
V90
ty =t + ta/e, < 0.3463n+/n + 0.06143n° . ———
néy/Iln(n)
06143v/90 |
= O.3463+—0 06143v50 n\/n
I n*vnlnn |
[ 0.06143v/90 |
< 10.3463 + ——————| nyv/n < 0.34634n/n.
I 84/8In8 | v Vi
[

Lemma@ provides an estimate far;| with a factor of,/c. However, if we consider the real
parts of the critical points rather than the moduli then we can find an estimate with a factor of
e. The next lemma provides this improved estimate. For the proof we will closely follow the
proof of Lemma 3 in[[2].

Lemma3.Forj=1,2,...n—1:
—toe < Rew; < ts¢,

where,
ts := 0.11998n3.

Proof. We first claim thalRe w; > h;. Indeed, from[(2.3) we recall that,
(a — Re w;)(Re wj — hy) = (Im w;)*.
From Lemma P we get,
a—Rew; > (1—¢)—|wj| >1—¢e—ts/e > 1— (g, + tan/En)

90 /90
11— —— .34634 —
- <n12lnn + (0.34634n/n) nb+/ lnn>
90 90
>1— | ———— +(0.34634) ————
- (8121118 + >84\/§\/ ln8>
(3.1) > 0.9998 > 0.
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Sincea — Re w; > 0 and(Im w;)* > 0, it follows thatRe w; — h; > 0. Thus the bound on
h; as per[(2.R) gives us the following bound Ba w;,

Rew; > hj > —tse.
On the other hand, for the upper boundiw;, we will use [2.8) again,
(Re w; — hj)(a — Re wy) = (Im w;)? < |w;]?* < tie.
Using the estimate far — Re w, from (3.1),
(Re w; — h;)(0.9998) < tie.
From (2.2), we note that; < 0,
tie 0 (0.34634n+/n)%e

Re w; < h,;
CWi <M+ 59008 <Y T 0.9008
0.346342
= WTL:SE < 011998n35 = t5€.

|
Remark 3.1. Forj =1,2,...,n — 1, we have,
(3.2) |Re w;| < tse
Proof. Since—tye < Re < tse and—t, < 0 < t5, we have,
|Re w;| < max{| — ta¢|, [tse|}.
(3.2) then follows from the observation that,
ta < 0.06143n° < 0.11998n° = t;.
|

Lemmg 2 dictates that the critical points are close to the origin. This suggests that the roots
of the polynomial should be respectively close to thth roots of unity. Lemmal4 quantifies
this idea. Moreover, in this lemma we will make key improvements in some of the estimations
given by Chijiwa in [2]. But to prove it we first we need the following lemma:

Lemma B (Miller [4]). Let f be a polynomial of degree. Letp € C. If f’(p) # 0 then there

exists a zera, of f such thatlp — 2| < m ’% )

For the next lemma, we need additional notation. Define= exp <2(“%> for r =
1,2,...,n.

Lemma 4. Forr = 1,2,...,n there exists:,. € {1,2,...,n} such that,
|§7’ - Zkr| < t6\/g7

where,
te := 0.69434n%\/n.

Proof. Write:

n—2

P(2) =nz""" + Z n(—1)7 ;"1

§=0
where,
4.1) S; = Z Wy Wy« * Wy, -

1<y <2 <. <v;<n—1
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Then we have,

n—j

P(z) = )+ 2" +Z

We need to estimatB(¢,) andP’(€,) to use LemmE]B.

Si(€ — am)

P(¢,) = P(¢,) - P(a) £—a+2

n—1
(4.2) =1-(1-g)"+) (-1 S;(En77 — (1 — &)™)
j=1

n—1
— [P(§)| <1 —(1—¢) \+Z

(& =)

Using Bernoulli's Inequality we get—ne < (1 —¢)”. We also note thgt| = 1 and|1 —¢| < 1
hence we have,

n—1 n—1
n n
(4.3) |P(§r)|§|n8|+ZnTj|Sj|.(1+1):ng—l—ZZn_]
j=1 j=1

By (4.1) and the estimate dmw;| by Lemmg 2 we get the following,
—1 ]
@.4) EIEND SR B s [WVE D

1<v1 <v2<...<v;<n—1

Substituting back in (4] 3),

n—1 i 2 /n i
|P( ]<n5—|—2z ( )(t4\/g) —n€+22(j>(t4\/g)
:n€+2[(1—|—t4\/_) —1— (tsv/2)"] <nme+2[(1+ts/e)" —1].

Sincel + = < exp(z) we get,
|P(£,)] < ne + 2 [exp(nts/e) — 1] .
We will estimateexp(nts/c) — 1. Note that,

V90 - 0. 34634\/_ 1 1 0.00158
nSv/Inn 83,/8v/In8 N n

! is positive and increasing far > 0. Hence we have,

(4.5)  t4\/E < ty/E, < 0.34634n/n -

exp(nm)

The functiong(z) =

0.00158 0.00158) — 1
g(taV/E) < g ( > _ o ) =1 1 000s.
n

0.00158
Thus we get,

|P(£,)] < ne +2 [exp(ntsv/e) — 1] = ne + 2 [g(tav/E)ntav/2]
< ne +2-1.0008 - nty\/e < ny/e /e + 2.0016nt /e

V90
< —1—— .n/E+2.0016 - 0.34634n%\/nr/c
n%v1nn Ve Ve
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90
— V90 +2.0016 - 0.34634] n*/nye

| n7y/nvInn

V90
_87\/5\/ In&
(4.6) < 0.69324n%\/n+/.

Now let us estimate”’(¢,). Lemmal2 gives us, — w;| > 1 — |w;| > 1 — t4y/c for
7=1,..,n—1. S0 we get,

<

+2.0016 - 0.34634] n*/nye

n—1 n—1 n—1
(PN =n]Tle —wl=n ] (6] = lwl) > n [ (1 - tavE) = n(1 —tav/2)" .
j=1 j=1 j=1

Sincel — t41/c > 1 — t4/2, > 0, we can use Bernoulli's inequality to get,

P& > n(l = (n = Dtav/E) > n(1 — ntsy/2)

>n|1—n-0.34634nvn - i
nbv/ 1nn
>n|1—0.34634 - & > (0.99842n.
83/8v/In8

Thus, by Lemma B there exists a zefg of P such that,

P 0.69324n2
oo — & <n| 2| . n/nye
P(E) 0.99842n
~0.69324

n?y/nye < 0.69434n%/ny/e = tg/e.

T 0.99842
|

Remark 4.1. We can relabel the roots @f so that forr = 1,2, ..., n,
|2 = &, <tev/e

Proof. We want to show that no roat; can be close to two different roots of unity. This is
equivalent to saying that all the rooig ,» = 1, ..., n are distinct. To see this we note that,

V90
|z, — &,| < 0.69434n%\/n\/z, = 0.69434 -
n3y/nvInn
V90 1 3
<0.69434 - ————— - — < =,
82y/8y/In8 n n

We recall the lower bound asin = given by [1.2), namely that for > 8 > 6, sin = > % We
thus havedz;, — ¢, | < sin 7. Note that the distance between any two roots of ugitgnds, is
given by,

m

> 2sin —.
n

i — k
2sin —(] )
n

|§j - fk’ -

Thus then disks|z — &,| <sinZ,r = 1,2, ...,n are disjoint and hence there must/bdistinct

rootszy, , zk,, ---, 2k, , ONe in each disk.
1
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The next lemma will be used in some of the succeeding lemmas. We will considerably
improve upon Lemma 5 of [2].

Lemmab. Forn > 8§,

=1 n

Proof. We make two cases based on the parityhof Suppose first that is odd, i.e. n =
2m + 1,m € N. Then we have,

n—1 . m . m .

Vs g T g
E csc—:2E csc—:QCsc——i-Zg CcsSC —.
j=1 j=1 Jj=2

Sincecsc x is positive and decreasing far € (O, 2} we can approximate the sum by an
integral,

n_l g T o xw

E csc—<2¢sc—+2/ csc —dx
— n n n
j:

1

T 3 T
<2csc—+2/ csc —dx
n 1 n

%
<1+QCSCZ—|—2/ cscx—ﬂda:.
n 1 n

If n =2m,m € Nthen we have,
2 g T T o g
csc— =csc— + 2csc— + 2 csc —
jz:; n 2 n JZ:; n

m—1
<1+2cscz+2/ cscﬁdx
n 1 n

3
<1+2CSCZ+2/ Cscx—ﬂd:p.
n 1 n

So in both cases we have,

n—1 . n
T T 2 T
ZCSC‘]—<1+2080—+2/ csc—dx
n 1

- n
Jj=1

CSC 2 + cot 2—

2
:1+2CSCZ——n1
n

T csc—%—cot7r

1+0
CSC§+COt%

2
:1+2CSCE——n1n
n T

2
:1+2CSCE+—an(CSCE+COtE>.

n n
Let us estimate the terms involved. Note that[By](1c)~ = —1= < % for n > 8 > 6. On the
other hand, !
s s 1 s n 2n
csc — + cot — = — [1+cos—}<—[1+1}z—<n.
n n o sin> n 3 3
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Sinceln(z) is monotonically increasing far > 0 we have,

T T
In (csc — + cot —) < Inn.
n

n
Thus,
2n  2n 2
csc—<1—|——+—1nn— + — | nlnn
3 nlnn  3lnn 7w
1 2 2
<
< {811&8 + 3Ing + } nlnn < 1.01734nlnn.
|

The next lemma will be used to improve some of our previous estimates.
We will strengthen various inequalities of Lemma 6 fram [2].

Lemma6. Forr=1,2,....,n

fH —n| < tV/E,

J#r

where,

t; = 0.35872n*y/nlnn.
Proof. Letr € {1,....,n}. LetH(z) := 2" — 1 = (2 — §,)H,.(2). ThenH'(2) = H.(2) + (z —
¢, )H!(z), which |mpI|es thatd’(¢,) = né" ' = H,.(€,). Let P(2) = (2 — 2,)Q,(2). Define,

=1Q:(&) = Ho(&) = ] ](& = 2) —ng™|.

J#T
Sincel¢, | = 1, we havek = ¢, TT,...(&, — ) = n&| = 16, TT; (&, — ;) — nl, which is in
fact the expression we want to bound.
Note that,
fr —Zj 5 A
@) =TIt — o) = e [LE =2 = e T |1+ =2

j#r gEr T J#r o

LetA; := ?’:zj_ for j = r. Then we can write,

Q&) =H (&) [J(1+4))
i#r

= Q.(&) — H:(&,) = H,(&,) [H (1+4;) - 1]

j#r

= Q&) — Ho(&,) = [H () [T 1+ 4)) -
JFr

—n Heln(l—i-Aj) 1l =p, ‘ez#r In(14+4;) _ 1| '

J#r
Sincele? — 1| < el*l — 1 (consider the power series) we get,

(6.1) — K<n [e\zﬁér In(1+85) | _ 1} < [eZislm@aDl _q]
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Let us estimate the term above. By Lemma 4 (1.2) we obtain,

62 |a=|2 e
&= &1 [2sin 2
23111; 6
L 0.69434n2\/11 - /2 v
< VRV M Gogzant . Y0
6 6 nSv/Inn

- 0.69434 V90 _ 0.69434 /90
- 6 n?y/nVInn — 6 82,/8v/In8

From the power series of logarithm, we observe thafl + A;) | < —In(1 — |A,|). Consider

< 0.00421.

the functionu(z) := # This function is positive and increasing enc (0,1). Hence
we have,

u(|A]) < u(0.00421) < 1.00212.
Thus we get,

In(1+Aj)| < —In(1—14,]) < 1.00212|4].

Lety := > . . [In(1+ A;)[. Then summing up the above over 1,2,...,n and using[(62)
we get,
1.00212¢ 1
v <1.00212) |A;| < 0V

; 2 ; in =

J#r g#r S 2
We already have an estimate for the summation due to Lemma 5. Furthermore, using the esti-
mate forts from Lemmd 4 we get,

_ 100212 0.69434n%y/n /2
v

(r=j)m

(6.4) : - 1.01734nlnn < 0.35394n%/nlnn /2
< 0.35394n%/mlnn /2, = 0.35394 - M0 V90 _ o, VIS VI0
n?y/n 82./8

< 0.02675.

In the above chain of inequalities, we used the fact ﬂ-jl%ltis monotonically decreasing for
n >8> e, hencelt < In8,
The functiong(z) := % is positive and increasing far > 0. So we get,
g(v) < ¢g(0.02675) = 1.0135
— exp(y) — 1 < 1.0135~.
Substituting back i (6]1), then using the estimateyfgiven by [6.4) we obtain,
K < nlexp(y) — 1] < n-1.0135y < n - 1.0135 - 0.35394n°/nlnn /e
— K = \@H(gj — z;) —n| < 0.35872n"V/nlnn /e < tr\/z.
i#r
|

Corollary 6.1. By taking the real and imaginary parts@Qf[ [, ,,(§; — z;) — n respectively we
get,

n —tr\/e < Re <§r H(fg - Zj)) <n+tr/e,

j#r
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—t7y/e < Im (@ H(fg - Zj)) < trV/e.

j#r
Also,
J#T
Remark 6.1. Some estimations:
V90
n —ti/e > n — t\/2, >n — 0.35872n*/ninn -
e > 7 Vn N
2 | . 2 |
{1 0.3587 2\/_\/ L0 I 0.35872v/90v/1n8 )~ 0.97989n.
n*y/n 82v/8
V90
4
n—trv/e <n+try/e, <n+0.35872n%/nlnn - Y
2 l 2 l
<lig 0.35872v/90v 1nn ne< |14 0.358721/90v/1n8 - 1097110,
i £V8

The next lemma provides an estimate f8y| (see equatior (4.1)). This lemma will be used
to improve many of our previous estimates.
We will closely follow the proof of Lemma 7 in [2].

Lemma 7. We have,

|S1| < t9€7
where,
t 2nts)?
to = (n — 1)\/75% + (8—1_3—2715) < 0.04682(n — 1)n®Inn,
with,

ts = 0.26304n°lnn.
Proof. Note that forr € {1,2,...,n}:

gr — Zr _ P<§r>
gr 57" Hj;ér(gr - ’Zj) .

Using (4.2) to expres®(¢,.),
o rr] IEUEDIEFC N CAR R
g'r' € H];&r( - zj) n— ]‘ "

(7.1) -+§: _' g (1—5wﬂ1.

n—J

Thus we have,
57‘ — Zr o T1 T2

D W W

(7.2)
where,

To= =26 = (1=,
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n—1
. nS; , .
Tyi=1—(1—e)" + Y (—1) 2 (e — (1 — )",
. n—17
7j=2
A= -2, r=1.2,.n
J#T
Taking real parts we have,
— 2 T T
RefT—Z:Re_l_FRe_Z

£, Ar Ar
SinceRe gdé;” =1—-Re(2¢,)>1—2E,>0,

T

T T T T
Re)\—i+Re/\—ij:>Re/\—i2—Re)\—i
T |T|
I S
:>Re)\r_ N
ReTl-Re)\T+ImT1~Im/\T> |T5|
A2 — A

The Corollary and Remark to Lemmp 6 guarantee usRkat, > 0, so we can write,
|T2| . |)\r| + Im T1 -Im )\r

7.3 Re T, > —
(7:3) ¢h= Re )\,
Let us estimatém 77,
n n—1 n—1 n
. < = — . — — - - 2.
(7.4) |Im 71| < |T| n_1\51| 138 (1—¢) |<n_1|51] 2

Using Lemmzﬂz fors; = 3201 w; we get,

2n|S 2
nn'_ 11| - fl(n — 1)ty = 2nty\/e < 0.69268n%\/ny/e.

Now let us estimatéls|,

T 1= (=2 + Y =15 &~ = (1 =2)""|
j=2 J
it Don n—1 i
<ns+;m|5j|-2<ns+2;n_j< ; )(t4\/2)
n—1
=ne+2) (Zl) (tav/E)y =mne + 2 [(1 + ta/E)" — 1 — ntan/E — (ta/2)"]
j=2

<ne+2[(1+t/e)" — 1 — ntav/e] < ne+ 2 [exp(ntsv/e) — 1 — nty/e] .
The functionf (z) = 228117 j5 nositive and increasing an> 0. Thus by [4.5) we get,

FltaE) < f <0.00158

= exp(nty/z) — 1 — nty/e < 0.50027nt]e.

) < 0.50027

So we have,
Ty| < ne +2-0.50027n*t3e < ne + 2 - 0.50027n2(0.34634n+/n)%e
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1
— [F +2-0.50027 - 0.346342} n°e

S
Using (7.%), the above inequality, and the Corollary and Remafk of 6 to estimate the terms in
equation[(7.3) we get,

1
(7.6) < [— +2-0.50027 - 0.346342} n’e < 0.12027n°¢.

Rele— -’szy)\T|+ImT11m)\T > _ ‘TQ‘(n+t7\/E)+ImT1t7\/g
I Re A, n —t;\/e
o [012027n% - 1.02711n + 0.69268n*\/ny/z - 0.35872n" V/nlnn /&
- 0.97289n
~ [0.12027 - 1.02711n% + 0.69268 - 0.35872n° Inne
] 0.97289
[l 4 0.69268 - 0.35872 61
T 0.97289 e
012022102711 4 () 69268 - 0.35872]
> — 8In8 n’lnne
0.97289

> —0.26304n8 Inne = —tge.
Note that,
(7.7) 0<tse+ReTy

nsS _ e

:t8€+Re _n——ll(f:} 1—(1—5) 1):|

1 — n—1
::t85—+rn( 2 Re 51 + " Re [—nglff_l}

n—1 n—1

n(l — 8>n_1 n n—1 n n—1

e+ T Res, — Re Sy Reée™ '+ " Im S - Im &,

n—1 n—1 n—1

Since¢” ! = £, we can write,

1 — n—1
O<t8€+uResl— n
n—1 n—1

ReSl-Refr—%ImSl-Imfr

1 — n—1
<+ M R s+ Re S| - [Re &, — —"Tm S, - Tm €.
n—1 n—1 n—1

Since(1 —e)* < 1and|Re &, | <1,
n

0 <tse + —|Re Si| + ——|Re Sy| Im S, -Im¢,.
n—1 n—1

n—1
Note thatRe 5 = Z;‘;ll Re w;. From Remarl we get,
(7.8) |Re Si| < (n — 1)tse

- 0<t8€+2

nil(n—l)tg)s—%lm&'lm@

< tge + 2ntse — Lllm S1 - Im fr.
n —
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Thus,
n—1

ImS;-Im¢, < (ts + 2nts)e.

n
Chooser such thatm S; andIm £, have the same sign, so we get,

—1
Im S| - [Im &,| < =

- (ts + 2nts)e

(n —1)(ts + 2nts) < (n—1)(ts + 2nt5)€.

- |IH1 S1| < 20r—1)m <

nsin nsin 22

sin 2 5

Forn > 8 we havesin 2% > == .

s
8

= %5 hence we get,

n

(TL — 1)(t8 + 2nt5)a

7.9 Im 51| <

Using (7.8),

151 < v/(Re S1)2 + (Im $;)2 < (n — 1)6\/1% +

Let us estimate,,

ts + 2nts)?
tgz(n—l)\/t§+—<8+32n 5)

(tg + 2nt5)2

_———
32 0°

0.26304n81nn + 2n - 0.11998n3)?
32

0.11998n3)2  (0.26304 + 2n - ©119980%)
:(n—l)nﬁlnn\/( ) ( " )

nSlnn
n'2ln(n)? 32

<(n- 1)\/(0.11998n3)2 y

0.11998%  (0.26304 + 2 - _ng%)?
= -1 61 n2lnn
(n — 1)n°Inn \/nﬁln(n)2 4 —

I (3) T 32
< 0.04682(n — 1)n®Inn.

0.119982 0.26304 4 2 - %:11998 2
< (n—1)n°In \/ ( S7Ing )

In the next lemma we will improve Lemma 4 which provided an estimate for the closeness of
the roots of the polynomial to the nth roots of unity. We will closely follow the proof of Lemma
8in [2].

Lemmas8. Forr=1,2,...,n,
2 — &, < tioe,
where,
tio = 0.09718n°Inn.
Proof. As per [7.2) in the proof of Lemnjg 7, for= 1,2, ..., n, we get,
|T1| + | Ty < 2|8 | + | T2

gr Hj;ér(fr - zj) - 57’ Hj#r(gr - Zj) |

ZT‘_gr

&,

<

|Z7" - €T| =
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Using Lemmg 7 and (7].6) and the Corollary and Remark of LefMma 7 to estimate the above
terms, we get,

21-0.04682(n — 1)n®Inne + 0.12027n%

0.97289n
6 2-0.04682 4 232027
=n’lnne L3
0.97289
2.0.04682 + & 12027}

’ZT - 57«’ <

821n8

0.97289
< 0.09718n8Inne = tyoe.

< nﬁlnna{

In the next lemma we will improve Lemnjg 6. We will follow the same proof as that of
Lemmd 6, but we use the estimates from Lemina 8.

Lemma9. Forr=1,2,...,n,

f H —n| < 1€,

J#T

where,
t11 = 0.04945n%In(n)?.

Proof. Letr € {1,...,n}. We replacég/c by t10¢ in (6.3) to get,

(9.1) PN e
‘2 sin —(7'_73”
t10€ ntien _ N 6 90
< —-0.09718n"Inn -
~ 2sin 7 6 ~ 6 e AT
() 09718 90 0. 09718 90
< 0.00005.
6 n5 - 6 &
The functionu(x) := %;z) is positive and increasing far € (0, 1). Hence we have,
u(|A;]) < u(0.00005) < 1.00003.
Thus we get,
9.2) IIn(1+A;)| <—In(1—-|A,|) <1.00003|4;.

Recall from LemmﬂG that = >, [In(1+ A;)[. Summing up the above ovgr=1,2,.
and using[(9]1),

1.00003¢ |
7 < 1.00003 YA, < ey

i 2 A [sin e
Using the estimates from Lemrpp 8 and Lenjrpa 5 we get,
0.09718n°1
(9.3) < 1.00003 - 2” B 1.01734n1nn < 0.04944nIn (n)? e
901 901 8
< 0.04944n7In(n)2e, = 0.04944 - =" < 0.04944 - = < 0.00029.

n5
In the above, we again used the fact tﬁi@t is strictly decreasing for > 8.
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exp(x

The functiong(z) := I)‘l is positive and increasing far > 0. So we have,

g(7) < ¢(0.00029) = 1.00015
— exp(y) — 1 < 1.00015.
Substituting back i (6]1), then using our estimateyférom (9.3) we get,
K < nlexp(y) — 1] < 1.00015ny < 1.00015n - 0.04944n"In(n)*e < 0.04945n°In (n)?e,
= K=& [ - 2) — n| <0.04945n°In(n)*e = t1ie.
i
I

Corollary 9.1. By taking the real and imaginary partsQff [; #(5 ; — zj) — n respectively we
get,

n —t1e < Re <£7“H<§J' — zj)> <n+tne,

J#T

—t11e < Im (gr H(f] — Zj)> < tq1€.
J#T
Also,

<n-+t€E.

&, H(fg - %j)

J#r

n—tns <

Remark 9.1. Some estimations:

90 0.04945 - 901
n —te > n —tye, >n — 0.04945n%In (n)? = [1 — nn} n

ni2lnn nd

[ 0.04945 - 901n8
> |1-

< ] n > 0.99971n.

n 4 te < n+tyue, <n+0.049451n%1n(n)?

90 [ 0.04945 - 901nn]
= |1+ n

ni2lnn nd

{ 0.04945 - 90In8
< |1+
85
At this point we will divert from the proof outline given inl[2]. We can further improve the
estimates in Lemmjd 7, Lemrpa 8 and Lenjma 9 by running the proofs of these lemmas with the

new estimates. The next three Lemmas will be respectively identical to the last three, except for
the use of better estimates.

] n < 1.00029n.

Lemma 10 (Improvement of Lemmp] 7)We have,

|S1] < tise,
where,
tha + 2nt5)2
tis = (n — 1)<s\/t$2 + (124;—2”5) < 0.02727(n — 1)n°,
with,

t15 = 0.12387n°.
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Proof. We will mimic the proof of Lemm&]|7. Using Lemma 7 to improye {7.4),

2n|5 | _ 2ntge  2n-0.04682(n — 1)n’lnne
n—1 n—1 n—1

As in Lemma[J, we intend to use Equatign (7.3) to estinfatel;. We will use the above
inequality to estimatém 7). We will use the estimate fdF, from Lemmd ¥, namely (76). And
we will use the Corollary and Remark of Lemirla 9 as well. So-fer{1,2, ...,n} we get,

Re T > — -|T2| ' |)‘r| tIm7;-Im )\7’ > _ |T2|(7’L + tllfn) +Im7 - t11€n
- Re A, n —t11&,
< [0.12027n° - 1.000297 + 0.09364n" Inne - 0.04945n8In (n)2e,
0.99971n

[0.12027 - 1.00029n° + 0.09364 - 0.04945n'51In (n)?* - ﬁ}
g

= 0.09364n" Inne.

|IH1 T1| <

niZlnn
i 0.99971n
B [0.12027 - 1.00029n° + 0.09364 - 0.04945 - 901n (n)2n2 -
0.99971

[0.12027 - 1.00029 + 0.09364 - 0.04945 - 2™ )
0.99971

[0.12027 - 1.00029 + 0.09364 - 0.04945 - 201n(8)2]
> 8 n58
= 0.99971

> —0.12387n°e = —t19e.
We can now follow the proof of Lemmd 7 froh (7.7) o (7.9) in the same way except for
replacingts with ¢1,. We then get,
(TL — 1)(t12 + 27”Lt5)€

42

|Im Sl| <

Using (78),
(tlg + 2nt5)2

‘Sl| < \/(Re Sl>2 + (Im 51)2 < (Tl - 1)8\/1% + T = t13€.

Let us estimate, s,

1o + 2nts)?
t13=(71—1)\/t§+—( 2 39 5)

(0.12387n5 + 2n - 0.11998n3)?2
32

<(n- 1)\/(0.11998n3)2 n

n3\2
(n— 1>n5\/(0.11998n3)2 N (0.12387 + 2n - S-HI8n)
nto 32

0.119982 0.12387 + 2 . 0:11998 2
=(n— 1)7”05\/ T ( )
nt 32

0.119982 (0.12387 +2. 0.11998)2
< -1 5 T
< (n—1n \/ g T o
< 002727(n — 1)715.
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|
Lemma 11 (Improvement of Lemmp]8)For r = 1,2, ..., n,
|2 — & | < tuae,

where,
t14 = 0.0696n°.

Proof. We will mimic the proof of Lemma|8. Due t¢ (7.2), for= 1,2, ..., n we get,
2 — &, T | + |13 < 2018y | + | T
S &6 —2)| |6 TLw(E — )

Using Lemm& I0[(7]6) and the Corollary and Remark of Lefnma 9 to estimate the various terms
above we get,

<

|Z7‘ - €T| -

21.0.02727(n — 1)n’e + 0.12027n%
n—1
r— Sr <
o 0.99971n
~ [2-0.02727 4 2120207
- 0.99971 2
2.0.02727 4 912027
< 2 5
B 0.99971
< 0.0696n°c = t4¢.

|
Lemma 12 (Improvement of Lemmg|9)For r = 1,2, ..., n,

&r H(gg —zj)—n

i

< ti5€,

where,
t15 = 0.03542n" lnn .

Proof. Letr € {1,2,...,n}. We can replacé;+/c by t14¢ in (6.3) to get,

£ — %

57“_5_7

t14€

[25in 2

(12.1) 1A;] =

By (0.2),
IIn(1+ A;)| < 1.00003|A;].

Recall from LemmﬂG that =>_. . [In(1 + A;)[. Summing up the above ovgr=1,2,...,n
and using[(12]1) we get,

1.00003¢ |
7 < 1.00003 Y|4, < N

i 2 A [sin e
Using estimates from Lemma]l1 and Lenjma 5, we obtain,
0.0696n°
v < 1.00003 - TM -1.01734nlnn < 0.03541n°Inne.

Substituting back i (6]1) we finally get,
K < nfexp(y) — 1] < 1.00015n - v < 1.000157 - 0.03541n°Inne < 0.03542n" Inne
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e K: <t158.

3 H(é-] - Zj) -—n

J#r

Corollary 12.1. By taking the real and imaginary parts ©f[[,.,({; — 2;) — n respectively
we get,

n — ti15¢ < Re (frn(gj — Z])> < n+tise,

J#r
—t15¢ < Im (gr H(fj — Zj)) < T15€.
J#r
Also,
n — t15€ < 57" H(fj — Zj) <n-+ t15€.
i

Remark 12.1. Some estimations:

90 0.03542 - 90
n—tise > n — tize, > n — 0.03542n" lnn - n [1 — —]

ni2lnn - nb
0.03542 - 90

Zn[l— <6

} > 0.99998n.

n+tise < n+tisen < n+ 0.03542n" lnn -

90 " 0.03542 - 90
=N _—

nl2lnn nb

< 0.03542 - 90

<n|l+ T

Lemmas P B, 10, 11 and]12 will be used in the proof of the main theorem.

} < 1.00002n.

3. PROOF OF MAIN THEOREM

We will follow the outline of the proof given ir 2], but will will make key improvements in
some of the estimations.

Theorem A. Proof. Forr € {1,2,...,n} define:

3
nS. , .
Ti=1-(1-¢)"+ Z(—l)]nfjj(ﬁf_j — (1 =e)"),

T= Y (-1 - (- ),

Then by [(7.1) we have,
gr — Zr Tl/ + T2/

57" B 57” Hj;ér(gr - Zj) .
We can mimic the proof of Lemnja 7 frorn (7.2) fo ([7.3) to obtain the following inequality,

|T2/| ’ |§r Hj;ér(gr - Z])| + Im TI/ -Im (gr Hj;ér(gr - Z]))
Re (g'r H]#r(gr - Z]))

(A1) ReT| > —
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Note that,

Im [Si(677 = (1—2)" )]

n—j

|85 1 = (1 =)™

'n—j

n
\sly 24+ ——[5|-2+ |- 2
n—2
Using Lemma 10 to estlmat€1| and [4.%) to estimatgS,| and|Ss],
— |51+ — |52 + —= (53]
2n 2n (n—1 2n (n—1
< t thie + —— t
n—1136+n—2( 2 )4€+n—3( 3 )45¢g

2
< —n10.02727(n — 1)n’e + n(n — 1)(0.34634n+/n)?e
n—

[Im 77| <

—1)(n—-2
4ol ?z(" ) (0.34634n/)e /2
< 2-0.02727n% + n? - 0.34634%n3c
n? v/ 90
+ — - 0.34634°n*/ne - ——
3 Vi n%vInn

=2.0.02727n% + 0.34634%n°c + 0.346343 -

g
3V 1nn
[ 0.346342 0346343\/
= 12.0.02727 + ] be

n 3n4\/_ Vinn
i 0.34634> | 0.34634*/90 ] 5.

= 12-0.02727 +
8 3 84,/8v/1n8

< 0.06955n%¢.

Now, let us estimaté?,

n—1
] TL|S| n—j n—j
T < I >J|anj|5r I (1- e
j=4
n—1 n—1

n
= Zn_ -5}
Jj=3 J
n—1

e

J

=4

n

=2 { (1+tv/E)" — 1 — nty/z — <2> (t1v/2)? (n> (tav/e)* — (t4\/5)”]
(5) o= (31

w

[\
w
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Consider the function:

fa) = (I4+z)"=1—nz— (3)2* - ()= .

nixt

Note thatf is positive and increasing far > 0. Sincet /e < t4,/€, < %

f(t4\/5)<f<%) = (1+%)n_1_ﬁ_”("—1)_n(n—l)(n—z)

n 2n2 6n3
n nn—1) nn-—1)(n—2)
<e—1-———
¢ n 2n? 6m3
e (PN (o3 2
2 2n 6 6n 6n?
URIRS SIS O
—¢ 2 6 n  3n?
< 2 L 1+1+0<017662
e—2— — — —+— . )
2 6 8

Thus we have,
(14 tas/E)" — 1 — nts/e — (Z) (tay/2)? — (7;) (tav/E)? < 0.17662n* (ti/2)*.
Hence we get,

ITy| < 2-0.17662n"*t;e* < 2-0.17662n" - 0.34634*n’? < 0.00509n' 2.

Substituting back in (A]1), then using the Corollary and Remark of Lefnma 12 to estimate
Re T7,

Ret > _ | L& L (& = 2)| + T T T € T (6 — z»)]

I Re (&, I1;2r (& = 2))

o TS| - (n 4+ tise) + Im T - t151
| n — ti5€

- __'0.00509n?0g2.1.000027z4—0.06955n65-(103542n7h1n5i
i 0.99998n

. 1100509-1L00002n?0—%(L06955~(l03542n?2h1n] 2

| 0.99998

_ __‘Qﬁg%gﬁgﬁﬂg-+(106955-(103542} 1222
i 0.99998

. __'Qﬂﬁg%ﬁgﬁmz+(106955-(103542}Tf2h1n62

- 0.99998

> —n - 0.00251n' Inne?.
Lett, := 0.00251n!' Inn. Then we can write,

(A.2) Re T} > —ntiee”

AJMAA Vol. 11, No. 1, Art. 4, pp. 1-34, 2014 AJMAA


http://ajmaa.org

ON THE SENDOV CONJECTURE FOR AROOT CLOSE TO THEUNIT CIRCLE 25

On the other hand we have,

ReT; =Re |1—(1— g 1 n—j
eT) e €) +Z n—j (1—¢) )]
=Re |1 (1= +z 5 (e - )
n—j T
:1—(1—5)
3 .
; 1—¢g)"™ Re S; , Im S, .
+ 3 (~1)i! e S, — S iRe el - P iy e
=1 n=Jj n—7j n—J
Define:
Re S Im S 2r — 1
Forj—1,2,3, a; e 0% 4 n M5 po oy o g 20 DT
n—j n—j n

Thus, substituting in above:

3
ReT{=1—(1—-¢)"+ z:(—l)j_1 [n(l — )" Ja; — naj cos jO, — nb; sinj@r}

=1
< ne + Z(—l)j*l [n(l — )" Ja; — na; cos jf, — nb; sinj&r] )

We have, due td (A]2),
0 < ntige” + Re T}

3
<n <t1682 +ée+ Z(—]_)j_l [(1 — 5)"_jaj — aj COSjQr - bj sinj@&) .

J=1

Dividing by n,

3
(A.3) 0 < tiee” +¢+ z:(—l)j_1 [(1—2)"7a; — a; cos j6, — b;sin jb,] .
j=1
From this point onwards the objective is to eliminate ¢hendb; through various substitu-
tions and estimates. First, we can immediately elimihat®, andb; by observing thatin x is
an odd function. Indeed, replacidgin (A.3) by 6,,,1_,, i.e. by2r — 6, we get,

3
(A.4) 0 < tige? + ¢+ Z(—l)j’1 [(1 —&)"a; — ajcos jO, + b; sinj@r} .

j=1
Adding the two inequalitie$ (A]3) anf (A.4) eliminates the sine terms,

0 < tige’ +¢e+ Z(—l)j’laj [(1—&)"7 —cosjb,].
j=1
Note thatl — ¢ < 1 and| cos x| < 1, SO we have,

0<tiee’+e+as[(l1—e)""—cos3b,] + Z(—l)j_laj [(1—¢&)" — cos jb,]
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2
< tige® + e+ lag| - [1+1] + Z(—l)j_laj [(1—e)" — cos jb,]
j=1

= tige” + &+ 2ag| + > _(=1)"'a; [(1— )" = 1) — (cos jb, — 1)]

j=1

= ti6e” + £+ 2ag| + > _(=1)a; [(1 = (1 —2)"7) = (1 — cos j6,)]

J=1

2 2
= t166” + € + 2|as| — Z(—l)jaj(l—cosjﬁr) +Z Yaj(1—(1—¢e)"7)
7=1

Lj=1 i

2
(AB) <t + e+ 2las| — Z(—l)jaj(l —cosjb.)| + V.

Lj=1 i
whereV := |a; (1 — (1 —&)" ') —ay(1 — (1 — )" 72)|. Let us estimate it,
V<la(1—(1—e)" ) +azl(1 - (1-¢)"7%)
< ai|(n — 1)e + |ag|(n — 2)e = (|Re S1| + |Re Ss) &
< (|Re Sl| + |SQ|) €.
Using Remark 3]1 to estimafBe S, |, then using[(4}4) to estimaté,|,

V< ((n — 1)ty + <n ) 1)tie) e=(n-1) <t5 + "T_zti) =3

Letti; = (n — 1) [ts + %52t%]. ThenV < ti7¢% Letus estimater,

n—2
tir=(n—1) [t5 + Tti]

<n [o 11998n° + 2(0 34634n/n) ]
, {0.11998 0.346342]

a n 2
0.11998  0.346342
< +
- 8 2
Substituting back in our initial inequality (A.5) we get,

} n® < 0.07498n°.

2
0 < tige® + & + 2|az| — [Z(—w‘aju — cos jo,)
Jj=1

+ t17€2

2

(A.6) =c— Z(—l)jaj(l —cosjO,)| + 2|as| + tiee® + tire’.
j=1
Let us estimatéus|,
Re Sg 1
|a3|—‘n_3 :n_3 Re Z W;W; W
1<i<j<k<n—1
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1
=3 Z (Re w; - Re w; - Re wy, — Re w; - Im w; - Im wy,
<j<k
—Re w; - Im wy, - Im w; — Re wy, - Im w; - Im wy)
1
<— > (Rew| - [Rewy| - [Re wg| + [Re w;] - [Im wy] - [Im wy|
=9 cicich<n—1
+|Re wj| - [Im wy| - |Im w;| + |Re wy| - |Im w;| - |Im w;|)
1
< Re w;| - |[Re w;| - |R: Re w;| - |w;] -
<= > (IRew| - [Re wy| - [Re wy| + [Re w;] - |wy] - [wyl

i<j<k
+IRe wj| - Jwg| - [wi| + [Re wg] - [ws] - [w;]) .
We will use Remark 3]1 and Lemrpa 2 to estimate the above terms,
las| < %_3 Z [t3e” + 3t5t3e%] = %_3 (n ; 1) [t3e” + 3t5t5e%]
i<j<k
(n—1)(n—2)
6

(0.11998n%)? -

< [t3e, + 3t5t3] €2

<

nl2lnn

+3- 0.11998n3(0.34634nﬁ)2] g2

0.119983n° -

+3-0.11998 - 0.34634%n° | £2
n2lnn

0.11998%n3 -

+3-0.11998 - 0.346342 | 2
n2lnn

0.119983 -

@lsm ®|300 ©|§w ®|§w

<
- 89In8&

Thus,2|az] < 2-0.0072n%? = 0.0144n3?. Lettg := 0.0144n5.

+3-0.11998 - 0.346342] e < 0.0072n8:2.

Let us collect all the? terms. Definetyq := t16 + t17 + t15. Then we have,
t1g = ti + t17 + t1s < 0.00251nM Inn + 0.07498n° + 0.0144n®

= {0.00251 + Oﬁgﬁig gfliﬂ n''lnn

< {0.00251 + 053?2‘28 + (;'30111484} n''lnn < 0.00253n"" Inn.
Thus, in [A.6) we can write,
(A.7) 0<e+a(l—-cosb,) —ay(l—cos20,) + tge.
Define:

mse :=nmod 2, my:=n mod 4
In (A7), putd, = 2= . =2 and thery, = 2* . 2=, Using basic trigonometric simplifications

T n n

we respectively get,

2
(A.8) 0<e+a [1 + cos M] — ay [1 — cos mﬂ} + t19e2,
n
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(A.9) O<€+a%1—$n@ﬂi—agb+amm—l+h¢
n

We will now find a suitable inequality to eliminate. We will do so by using our original
contrapositive assumptiori;. So we will now take a minor detour from the proof and then
return to equation$ (Al8) and (A.9) once we have an inequality to eliminate

By () we have,

1 —cpe <|wj— (1 —¢)

= 1 —2c,e+ 2 < |w;]* —2(1 —&)Re w; + (1 —¢)>.

Thus we can write,
0 < (Rew;)? + (Im w;)* — 2(1 — &)Re w; + —2(1 — ¢, )e + (1 — ¢2)&?
By Remark 3.1l we get,
0 < t2e® + (Im w;)? — 2Re w; + 2t5e” — 2(1 — ¢,)e + (1 — 2)e?

= (Im w;)* — 2(Re w;) — 2(1 — ¢,)e + (£ + 2t5 + 1 — 2)e?

< (Im w;)? — 2(Re w;) — 2(1 — ¢, )e + (t5 + 1)%%
Define/J := 37" (Im w;)?. Summing up the above inequality over 1,...,n — 1,

n—1

0< Z(Im w;)? —2Re S; — 2(n — 1)(1 — cp)e + (n — 1)(t5 + 1)
(A.10) = Ji— 2(n —1)a; —2(n — 1)(1 — cy)e + (n — 1)(t5 + 1)%c*

We will now use Remark 31 and Leming 10 to estimbtevhich will in turn help us to estimate
a2,

(n —2)az = Re S; = Re Z wjwy,

1<j<k<n—1
= Z [Re w; - Re wy, — Im w; - Im wy]
1<j<k<n—1
Z |Re w;| - |Re wg| — Zlm w; - Im wy,
J<k j<k
n—1 n—1 2 1 n—1
>—( 5 >t§52—§<21mw]) —1—54 (Im w;)?
J=1 Jj=1
n—1
-1 1
= — (n 5 )tges? — ~(Im $))* + 5 (Im w;)?
j=1
n—1 1 1
2_( 9 >t§62—§|51|2+§j21(1mw3)2
n—1 1 1
> —( ) >t§52 — 515%352 + 5

Thus we can write,
J <2(n—2)az + [(n—1)(n — 2)t3 + t7;] €°.
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Letty := (n — 1)(n — 2)t2 + t3;. We will estimate it using Lemmas 3 ahd] 10,
tao = (n—1)(n — 2)tz + t1, < n’t: +t3,
n?(0.11998n%)% + (0.02727(n — 1)n°)?
< 0.11998%n® + 0.02727°n'?

119982
[% +0. 027272}

<2 [0.119982

T 0.0272721 < 0.00075n"2.
Thus we have,
J < 2(7L — 2)@2 -+ t20€2 < Q(TL — 2)&2 -+ t20€2.
Substituting back i (A.70),
0 < 2(n —2)ag +type® —2(n — Da; —2(n — 1)(1 —¢,)e + (n — 1)(t5 + 1)%?

=2(n—2)as — 2(n — D)a; — 2(n — 1)(1 — ¢p)e + [tao + (n — 1)(t5 + 1)°] €7

Letty, := % By above and the estimate forfrom LemmaBB

t20 + (n - 1)<t5 —+ 1) tzo + n(t5 -+ 1)
<
2 2
_ 0.00075n' + n (0.11998n° + 1)°
2
15 [0.00075 + 22 (0.11998 + 1)
2

to =

1, [0.00075 + % (0.11998 + &)°
2

[0.00075 + & (0.11998 + &)
2

< 0.00038n'2.

Thus we can write,
(A.11) 0<(n—2)ag— (n—1a; — (n—1)(1 —c,)e + tye?

Now we will return to the equation$ (A.8) and (A.9). To eliminate multiply (A.1T) by
- [1 = cos 2227)] > 0 and add to[(A.B). We then get,

E -1_ (n—1)(1-cy) (1 —COSM)}

n—2 n

-1 2
4aq |1+ cos for I (1 — cos myr)}
i n n—2 n

t 2
(A.12) +€? t19 + 212 <1 — COS mﬂ)} > 0.

n

Similarly, multiply (A.17) by— [1+ cos ™T)] > 0 and add to[(AP). We then get,
€ {1 — (n=1){1 = cn) <1 + cos mm)]

n— 2 n
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Comyurm o n—1 My
—aq |—1 4+ sin + (1 + cos —)

2n n—2 n
t
(A.13) +e? |:t19 + =2 (1 + cos mur)} > 0.
n— 2 n
Define:
—1 2
oz::1+cosm27r—n {l—cos mﬂ],
n n — n
—1
ﬁ::—l—i—sinw—i-n [1+cosm47r},
2n n— n
t 2
tog = t19 + 21 (1 — oS mﬂ) ,
n—2 n
o1

log = t1g +

<1+cos mﬂ).
n—2 n

Then we can rewrite the above two inequalities (A.12) and (A.13) as follows:

—1)(1— 2
(A.14) € [1 — (n ) Cn) (1 — cos M)} + aay + tye? > 0.
n—2 n
- 1D(1—-¢,
(A.15) e {1 _ (=Dl =c) (1 +Cosw>} — Bay + tye® > 0.
n—2 n

Let us estimatey, (3, ts, to3:

n—1

2m27r
-0=2.
2

mem n—1

a =1+ cos

{l—cos }Sl%—l—

n n—2 n n —

For the lower bound on we have,

momr n—1 2mem m%wQ n—1
o =14 cos — 1 — cos >14+ 11— —
n n—2 n 2n? n—2

~n—=3 mr® _8-3 1.7°

- >
n—2 2n? T 8 -2 2.82
Hence we havé < a < 2. Now let us estimatg,

0.

-1
8 =—1+sin m47r+n [1—|—COS m47r]
2n n—2 n
mym 2(n—1) n mym 8 3w
<1 = < -+ —— < 1.92239.
- +2n+ n—2 n—2+2n_6+2-8
For the lower bound of¥ we have,
—1 —1
6:—1—|—sinm4ﬁ—|—n [1+cosm47r}2—1—|—n > 0.
2n n— n n—
Hence we have < § < 1.92239. Now let us estimate,,,
t 2
tog = t19 + 21 <1 — Ccos m27r>
n—2 n
t21 2m%7r2 4 tgl 2m%7r2
<t . t L
_19—|—n_2 2 _19+3 - -2
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The last step follows from the fact that for> 8, -5 < § Further estimatingy.,

4 0.00038n'2 2m3n?
tys < 0.00253n " Inn + . n . m227f

n n
2

8
< 0.00253n " Inn + % -0.00038n°

2
=n''lnn [0.00253 + 55 . 0.00038}
n-inn
2
< n'nn {0.00253 + 3 28 . 0.00038} < 0.00261n' Inn.
Lastly, let us estimate;,
t o2t 4 2
tys = tyg + —21 (1+cos@> <tpg 4 =2 <42
n—2 n n— 3 n

4 8
< 0.00253n" Inn + — - 2-0.000387'2 = n''lnn {0.00253 + —— - 0.00038
3n 3lnn
3Ing&

Now we can multiply [(A.14) byg and [A.1%) by2 and add the two equations to eliminate
We can thus write,

8
< n'nn [0.00253 +— 0.00038] < 0.00302n  1Inn.

Ac,, — B + (tg2 + taza)e > 0.
where, upon futher regrouping and simplification of terms we have,

—1 2 —1
A=l 1 — cos mam 5+n <1~|—cosw>a
2 n 2

n — n

-1 2
_ I (1 + cos w) (1 + cos m27r> — (1 —cos M2 (1 — sin m47r) ,
n—2 n n n 2n

-1 2 -1
B:=p I 1—cos 27} 4 + o n (1+cosm47r>—1
n—2 n n—2 n
1

= [cos
n—2

™Mo . MTyT
4+ sin } +
n 2n

n—1 MaT MyT 2Mem . Mum
Cos
n—2 n n n 2n

Since( < 227 < Z and0 < ™~ < Z, we note that,

A> Z:; [(1+0)(1+0)— (1—0)(1—0)] =0
So now we can write,
(A.16) b0 >+ (B — (t2f + ta)e]

A
Let us estimate the following:

ﬁtgz + ates < 1.92239t99 + 2t93
= 1.92239 - 0.00261n" Inn + 2 - 0.00302n ' 1Inn
< 0.01106n " 1Inn .

Thus we have,
90

(67522 + Oétgg)é‘ S (ﬁtgz + Oétgg)é?n < 0011067111 Inn - 12
nt?lnn
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0.01106 -90  0.9954 1 1
= = < <

n n n n—2
Also, note that,
n—1 4(n—1)
A< 1+1)(1+1) -0 = ——=.
<SS [A+D+) -0 = =

Substituting in[(A.Ip), we obtain,

1 n—2 1
—(B— — = (B———).
Cp > A( (tgzﬂ—i—tgga)é“) > 4(”—1) ( n—2)
From this point onwards the proof is almost identical to the one given by Chijiwa in [2]. We
present it here for the sake of completeness.
The proof is now divided into four cases. First supposerthat) (mod 4), i.e.mq = my =
0. Then,

1 Om . Om n—1 Omr Omr Or . Or
B = COS — +sm — | + COS — COS — — COS — SIn —
n — n 2n n—2 n n n n
1 n—1 1 n—1 n
= 1+0 1-0|= = .
n—2[ + ]+n— [ ] n—2 n-—2 n—2

Thus fore,, we obtain,
c>n_2<B— 1)_n—2(n_ 1)
"7 4(n—1) n—2) 4n-1)\n—-2 n-2
1
4

B 481_—21> <Z:;) s

which contradicts;, = ;.

Now supposen = 1 (mod 4) i.e mg = my = 1. Note thatn > 9. In the following
calculations we will use the fact thadsz > 1 — % sinz < x forz > 0, and (1.2),

1 7 T . n—1 1—%008277T 2r . ow
B = cos——l—sm—]—l— — cos — sin —
n—2L n 2n n—2 2 n n
- 1 _1 7r2+3_+n—1_1+ 2r (1 . «w
- 4+ — — +cos— | = —sin —
n—2{1 2n2 2n| n-—-2|2 n \2 2n
- 1 _1 7r2+3_ n—l_l_l_ 1 272 1 T
n—21 2n? 2n| n-2]2 n? 2 2n
1 _1 7T2+3_+n—1_1+1 2 T 7
T n—=2| 2m% 2n] n-2|2 2 nZ 2n nd
1 [ w2 317 n—17 ™2 T
T n—2| 2m* 2n] n-2| n* 2n nd
1 w2 3 n — 1)r? n— 17w n—1)r
SN PR P . o s
n—2|1 2n* 2n n 2n n
1 [ 2 3 o 7 1 T w 7
=2 202 2n n n? 2 2n n? nd
1 [ T 2m*—-3—-nm w42 7
= n— — J— -
n—2 | 2 2n 2n? n?
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Let f(n) 1= T 4 2 3=n _ m43r | m \We claim thatf(n) < 2foralln > 9,n =1 (mod 4).

2n
By direct verlflcatlonj( ) < 2 andf(13) < 2. Forn > 17 we have,
£ ><7T+27T —3—7T+7T3<7T+27T —3—7r+ 73 <9
Mg on nt = 2 217 T

Hence we get,
B>

L=
n—2n o

Thus fore,, we obtain,

S n—2 B 1 - n—2 n—3 - n—3
Cp > ——— —
4 4

4(n—1) n—2 (n—1) [n—2 (n—1)
which contradicts;,, = (”3)
Now suppose: = 2 (mod 4) i.emg = 0, my = 2. Note that, > 10.
1 [ Or 21 n—1 O 2m Or . 2w
B = cos — +sin — | + COS — COS — — COS — Sin —
n—2| n 2n n—2 n n n n
1 7 LT n—1 2T .m
= 1—1—5111—}4— COs — — sin —
n—21 n n—2 n n
1 2
= _1+(n—1)cos%—(n—2)sing]
1 2m 0
1 - D(l—-— | —-(n—-2)—
>n_2_+(n )( n2) (n )n}
1 [ 2n—1)n? 7T
= - —(n—=2)—.
n—2 _n n? (n )n}

Let f(n) := 2(”;—21)“2 + (n —2)7. We claim thatf(n) < 5. By direct verification,f(10) < 5.
Forn > 14 we have,

2(n — 1)7? T 2m? 272
= -2 < — < — )
f(n) .~ + (n )n " +7 14 + 7
Hence we get,
1 n—>5
B > — Bl = .
_n—Z[n ] n—2

Thus fore,, we obtain,

ot (o ) i () -ty

which contradicts;, n—6

4(n 1"
Finally suppose: = 3 (mod 4) i.e my = 3, my = 2. Note thatn > 11. Then we have,
1 [ 3r n—1 T 3r 2r . 3w
B = cos — +sin — | + COS — COS — — COS — SIn —
n—2|1 n 2n n—2 n n n n
- 1 [ = N 3r N n—1 s 3r 3
Ccos — -+ sin — COS — COS — — sin —
n—2|1 n 2n n—2 n n 2n
1 [ = T 37 3
= — —1 — — —(n—2 —
— _cos ~+ (n —1)cos —cos — (n — 2)sin Qn}
1 [ 2 w2 972 37
1— -1l —-— 1—— ) —(n—-—2)—
“ 2 i 2n2+<n )< 2n2> ( 2n2) (n )2n}
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1 [n_w_2_9<n_1)7r2 (1_7r_2)_(n_2)3w]

n—2 2n 2n2 2n?2 mn
1 72 3n—-2)r 9(n-—1)r N 9(n —1)n*
= n——— — .
n—2 n 2n 2n2 4nA

Let f(n) := = 4 2=r | Snohmt_ 9n—Dw \we claim thatf(n) < 8. By direct verification,

4n4

f(11) < 8andf(15) < 8. Forn > 19, we have,

f()<7T2+37T+97T2 < w2 +37r+ 972 g
n —_—t — + — — — .
2n 2 2n —2-19 2 2-19
Hence we get,
1 n—38
B > — 8 = .
n—2[n ] n—2

Thus fore,, we obtain,

S n—2 B 1 n—2 n—9 n—9
Cp > - = =
4(n—1) n—2 4n—1) \n—2 4(n—1)
which contradicts;,, = 4(’;;_91).

Hence we have completed the main proof.
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