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2 INDRANEEL G. KASMALKAR

1. I NTRODUCTION

Let P be a complex polynomial of degreen with all its roots,z1, z2, ..., zn inside the unit
circle. Let its derivative,P ′ have rootsw1, w2, ..., wn−1. Define,

IP (zj) ··= min
1≤k≤n−1

|zj − wk|, I(P ) = max
1≤j≤n

IP (zj).

Then Sendov’s Conjecture (see [1]) states that forn ≥ 2,

I(P ) ≤ 1.

In other words, every root ofP has a critical point at a distance of no more than1 from it. That
the distance1 is best possible is seen by taking, for instance,P (z) = zn − 1.

Sendov’s conjecture is true for2 ≤ n ≤ 8, (see [1]). It is also true ifP (0) = 0 for all n ≥ 8.
Also, Goodman, Rahman and Ratti proved in [3] that if|zj| = 1 for somej ∈ {1, 2, ..., n} then
there exists a critical pointwk such that

∣∣wk − zj

2

∣∣ ≤ 1
2
, which impliesI(zj) ≤ 1. The validity

of Sendov’s conjecture for the roots on the unit circle strongly suggests that the property should
hold for roots sufficiently close to the unit circle. V. Vâjâitu and A. Zaharescu proved (see [6])
that this is indeed true, but their proof did not provide numerical estimates of any sort. Chijiwa
used their proof outline and provided an estimate for the required closeness of the roots to the
unit circle. He specifically proved the following:

Theorem(Chijiwa). LetP be a complex polynomial of degreen ≥ 4 with all zeros in the closed
unit disk. Leta be a zero ofp. If |a| ≥ 1− εn, where,

εn =
1

2n94n
.

Then there exists a critical pointw such that,

|w − a| ≤ 1− cn(1− |a|)
where,

(♠) cn =



1
4

if n ≡ 0 (mod 4)

n−3
4(n−1)

if n ≡ 1 (mod 4)

n−6
4(n−1)

if n ≡ 2 (mod 4)

(n−9)
4(n−1)

if n ≡ 3 (mod 4).

In this paper we will follow a similar line of proof as given by Chijiwa for the above theorem,
but we will make certain modification and strengthen inequalities at various places in the proof
to significantly improveεn.

The following is our result:

Theorem A. Let P be a complex polynomial of degreen ≥ 8 with all zeros in the closed unit
disk. Leta be a zero ofp such that|a| ≥ 1− εn, where,

εn =
90

n12 lnn
.

Then there exists a critical pointw such that,

|w − a| ≤ 1− cn(1− |a|)
wherecn is given by(♠).
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ON THE SENDOV CONJECTURE FOR AROOT CLOSE TO THEUNIT CIRCLE 3

In this paper we assume the contrary that no critical point is close to the roota and then we
obtain a contradiction. We will prepare a series of lemmas before proving the main theorem.
Lemma 1 is used to prove Lemma 2, which states that the critical points of the polynomial are
close to the origin. It is the most crucial lemma in the entire paper. This lemma is first used to
prove Lemma 4, which states that the roots of the polynomial are respectively close to then-th
roots of unity. Lemma 4, along with Lemma 5, is used to prove Lemma 6. Lemma 6 is first
used to estimate the modulus of the sum of critical points (Lemma 7). Lemma 6 is also used to
improve Lemma 4, providing a better estimate for the respective closeness of the roots to the
n-th roots of unity (Lemma 8). And then Lemma 7 and Lemma 8 are used to improve Lemma
6 itself (Lemma 9). Then the proofs of Lemmas 7, 8 and 9 are mimicked with new estimates to
improve each of these lemmas, giving us Lemmas 10, 11 and 12. Then we move to the main
proof where we work with a series of inequalities to get contradictions to the values ofcn.

Note on calculations: In the penultimate step of any calculation, the desired estimate will be
presented in the form[· · · ]nx ln(n)y εz, where[· · · ] will be an expression involving well-defined
constant values. This expression will then be calculated accurately up to five decimal points
(taking either floor or ceiling according to the direction of the inequality) and then presented in
the final step.

2. L EMMAS

Without loss of generality, leta ··= z1 and leta be real and positive. Defineε ··= 1−a. Hence
ε ≤ εn. Note that for alln ≥ 8, 0 ≤ cn ≤ 0.25.

Let us assume the contrapositive: Suppose that for allj = 1, 2, ..., n− 1,

(♦) |wj − a| > 1− cn(1− a) = 1− cnε.

Our first lemma provides a lower bound forRe 1
a−wj

. For its proof, we need the following
Lemma:

Lemma A (Kumar and Shenoy [5]). Let p(z) be a polynomial with all itsn zeros inside the
closed unit disk. Leta be one of its zeros. If the disk|z− a| ≤ 2r sin π

n
contains a zero ofp then

the disk|z − a| ≤ r contains a zero ofp′.

Now we will state and prove Lemma 1. We will closely follow the proof of Lemma 1 given
in [2]. This lemma will be used to prove Lemmas 2 and 3.

Lemma 1. For j = 1, 2, ..., n− 1:

Re
1

a− wj

> 1− t1ε

where,
t1 ··= 0.05947n3.

Proof. We will use the following identity, (see Equation (2.3) in [1]),

n−1∑
k=1

1

a− wk

= 2
n∑

k=2

1

a− zk

.

Thus forj ∈ {1, 2, ..., n− 1} we have,

(1.1) Re
1

a− wj

= 2

(
n∑

k=2

Re
1

a− zk

)
−
∑
k 6=j

Re
1

a− wk

.
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4 INDRANEEL G. KASMALKAR

Hence we need a lower bound forRe 1
a−zk

and an upper bound forRe 1
a−wk

. For the latter, we
can use (♦) to get,

Re
1

a− wk

≤
∣∣∣∣ 1

a− wk

∣∣∣∣ < 1

1− cnε
= 1 +

cnε

1− cnε
≤ 1 +

cnε

1− cnεn

≤ 1 +
0.25ε

1− 0.25ε8

=≤ 1 +
0.25

1− 0.25 · 90
812 ln8

ε < 1 + 0.25001ε.

Now we will estimateRe 1
a−zk

. We will use the following identity (see (2.5) in [1]),

For anyz ∈ C andx ∈ R such thatx 6= 0 andz 6= x,

Re
1

x− z
=

x− Re z

|x− z|2
=

2x2 − 2xRe z

2x|x− z|2
=
|x− z|2 + x2 − |z|2

2x|x− z|2
=

1

2x
− |z|2 − x2

2x|x− z|2
.

Thus, fork = 2, ..., n,

Re
1

a− zk

=
1

2a
− |zk|2 − a2

2a|a− zk|2
>

1

2
− 1− a2

2a|a− zk|2

>
1

2
− 1 + a

2a
· 1− a

|a− zk|2
=

1

2
− 2− ε

2(1− ε)
· ε

|a− zk|2
.

Since|a − wk| > 1 − cnε ≥ 1 − cnεn, using the contrapositive of Lemma A we get|a −
zk| > 2(1 − cnεn) sin π

n
. We can further estimatesin π

n
using its convexity and the fact that

sin π
n

< sin π
6

for n ≥ 8 > 6 to get,

(1.2) sin
π

n
>

sin π
6

π
6

· π

n
=

1
2
π
6

· π

n
=

6

2n
=

3

n
.

Hence|a− zk| > 2(1− cnεn) 3
n
. Futhermore, note thatcn ≤ 0.25, n ≥ 8 andεn ≤ ε8 so we

get,

Re
1

a− zk

≥ 1

2
− 2− εn

2(1− εn)
· n2

4 · 9 · (1− cnεn)2
ε

≥ 1

2
− 2− ε8

2(1− ε8)
· n2

36(1− 0.25ε8)2
ε

≥ 1

2
−

[
2− 90

812 ln8

2(1− 90
812 ln8

)
· 1

36
(
1− 0.25 90

812 ln8

)2
]

n2ε

>
1

2
− 0.02778n2ε.

Substituting back in (1.1) we obtain,

Re
1

a− wj

= 2

(
n∑

k=2

Re
1

a− zk

)
−
∑
k 6=j

Re
1

a− wk

> 2(n− 1)

(
1

2
− 0.02778n2ε

)
− (n− 2) (1 + 0.25001ε)

> (n− 1)− 2(n− 1)0.02778n2ε− (n− 2)− (n− 2)0.25001ε

= 1− 2(n− 1)0.02778n2ε− (n− 2)0.25001ε

> 1− 2 · 0.02778n3ε− 0.25001nε
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= 1−
[
2 · 0.02778 +

0.25001

n2

]
n3ε

≥ 1−
[
2 · 0.02778 +

0.25001

82

]
n3ε

> 1− 0.05947n3ε = 1− t1ε.

Equation (♦) essentially says that no critical point of the polynomial is near the roota. The
next lemma states that, in such a case, all the critical points must be close to the origin. This
lemma will be used heavily in other lemmas and in the main proof.

We will closely follow the proof of Lemma2 in [2].

Lemma 2. For j = 1, 2, ..., n− 1:
|wj| < t4

√
ε,

where,
t4 ··= t3 + t2

√
εn < 0.34634n

√
n

with,

t2 ··= 1 +
t1

1− t1εn

< 0.06143n3,

t3 ··=

√(
t1

1− t1εn

+ cn

)(
1

1− t1εn

+ 1

)
< 0.3463n

√
n.

Proof. For j = 1, 2, ..., n− 1, definehj ∈ R by:

1

a− hj

··= Re
1

a− wj

.

We will first find upper and lower bounds forhj. By Lemma 1, 1
a−hj

> 1 − t1ε, and since
1− t1ε ≥ 1− t1εn > 0 we get,

(2.1) 0 < a− hj <
1

1− t1ε

=⇒ hj > a− 1

1− t1ε
= (1− ε)−

(
1 +

t1
1− t1ε

ε

)
= −

(
1 +

t1
1− t1ε

)
ε ≥ −

(
1 +

t1
1− t1εn

)
ε = −t2ε.

On the other hand, for the upper bound onhj we have,

1

a− hj

= Re
1

a− wj

≤
∣∣∣∣ 1

a− wj

∣∣∣∣ < 1

1− cnε
.

Hence1− cnε < a− hj which gives,

hj < a− (1− cnε) = 1− ε− 1 + cnε = −(1− cn)ε.

Combining both the upper and lower bounds onhj we obtain,

(2.2) − t2ε < hj < −(1− cn)ε < 0.

We now claim that the pointswj, a andhj form a right-angled triangle in the complex plane,
and hence by Pythagoras theorem we should get,

|wj − hj|2 + |a− wj|2 = |a− hj|2.
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We can prove this by observing the transformationTz = 1
a−z

as in Figure 1 of [2], or we can
also achieve it through the following algebraic manipulations. Note that,

|wj − hj|2+|a− wj|2 = |a− hj|2

⇐⇒ 2|wj|2 − 2hjRe wj − 2aRe wj = −2ahj

⇐⇒ |wj|2 − (a + hj)Re wj + ahj = 0

⇐⇒ (Im wj)
2 + (Re wj)

2 − (a + hj)Re wj + ahj = 0

⇐⇒ (Im wj)
2 + (Re wj − a)(Re wj − hj) = 0.

So proving thatwj, hj anda form a right-angled triangle is equivalent to showing that,

(2.3) (a− Re wj)(Re wj − hj) = (Im wj)
2.

To prove the last equation, note that1
a−hj

= Re 1
a−wj

implies,

1

a− hj

=
a− Re wj

|a− wj|2
=⇒ hj = a− |a− wj|2

a− Re wj

=⇒ hj − Re wj = a− Re wj −
|a− wj|2

a− Re wj

=⇒ (hj − Re wj)(a− Re wj) = (a− Re wj)
2 − |a− wj|2

=⇒ (hj − Re wj)(a− Re wj) = (Re wj)
2 − |wj|2

=⇒ (hj − Re wj)(a− Re wj) = −(Im wj)
2.

Hencewj, hj anda indeed form a right-angled triangle.

We will estimate|wj| using the Pythagoras theorem,

|wj − hj|2 + |a− wj|2 = |a− hj|2

By the lower bound on|a− wj| due to (♦) and the upper bound on|a− hj| by (2.1) we get,

|wj − hj|2 + (1− cnε)
2 <

1

(1− t1ε)2
.

Thus we have,

|wj − hj|2 <

(
1

1− t1ε

)2

− (1− cnε)
2

=

(
1

1− t1ε
+ 1− cnε

)(
t1

1− t1ε
+ cn

)
ε

<

(
1

1− t1ε
+ 1

)(
t1

1− t1ε
+ cn

)
ε = t23ε.

Using the above and the bound onhj given by (2.2) we finally obtain,

|wj| ≤ |hj|+ |wj − hj| < | − t2ε|+ t3
√

ε = t2ε + t3
√

ε ≤ (t2
√

εn + t3)
√

ε = t4
√

ε.

(Note that the above estimate holds even in the degenerate case ofwj = hj.)

Let us estimate the constants using Lemma 1 and basic inequalities,

t2 = 1 +
t1

1− t1εn

< 1 +
0.05947n3

1− 0.05947n3 · 90
n12 lnn

≤ n3

[
1

n3
+

0.05947

1− 0.05947 · 90
n9 lnn

]
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≤ n3

[
1

83
+

0.05947

1− 0.05947 · 90
89 ln8

]
< 0.06143n3.

Also,

t23 =

(
1

1− t1εn

+ 1

)(
t1

1− t1εn

+ cn

)
<

(
1

1− 0.05947·90
n9 lnn

+ 1

)(
0.05947n3

1− 0.05947·90
n9 lnn

+ 0.25

)
=

(
1

1− 0.05947·90
n9 lnn

+ 1

)(
0.05947

1− 0.05947·90
n9 lnn

+
0.25

n3

)
n3

≤
(

1

1− 0.05947·90
89 ln8

+ 1

)(
0.05947

1− 0.05947·90
89 ln8

+
0.25

83

)
n3 < 0.11992n3.

Taking square-root,
t3 < 0.3463n

√
n.

Last,

t4 = t3 + t2
√

εn < 0.3463n
√

n + 0.06143n3 ·
√

90

n6
√

ln(n)

=

[
0.3463 +

0.06143
√

90

n4
√

n lnn

]
n
√

n

<

[
0.3463 +

0.06143
√

90

84
√

8ln8

]
n
√

n < 0.34634n
√

n.

Lemma 2 provides an estimate for|wj| with a factor of
√

ε. However, if we consider the real
parts of the critical points rather than the moduli then we can find an estimate with a factor of
ε. The next lemma provides this improved estimate. For the proof we will closely follow the
proof of Lemma 3 in [2].

Lemma 3. For j = 1, 2, ..., n− 1:

−t2ε < Re wj < t5ε,

where,
t5 ··= 0.11998n3.

Proof. We first claim thatRe wj ≥ hj. Indeed, from (2.3) we recall that,

(a− Re wj)(Re wj − hj) = (Im wj)
2.

From Lemma 2 we get,

a− Re wj ≥ (1− ε)− |wj| > 1− ε− t4
√

ε ≥ 1− (εn + t4
√

εn)

> 1−

(
90

n12 lnn
+ (0.34634n

√
n)

√
90

n6
√

lnn

)

≥ 1−

(
90

812 ln8
+ (0.34634)

√
90

84
√

8
√

ln8

)
> 0.9998 > 0.(3.1)
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Sincea− Re wj > 0 and(Im wj)
2 ≥ 0, it follows thatRe wj − hj ≥ 0. Thus the bound on

hj as per (2.2) gives us the following bound onRe wj,

Re wj > hj > −t2ε.

On the other hand, for the upper bound onRe wj, we will use (2.3) again,

(Re wj − hj)(a− Re wj) = (Im wj)
2 ≤ |wj|2 < t24ε.

Using the estimate fora− Re wj from (3.1),

(Re wj − hj)(0.9998) < t24ε.

From (2.2), we note thathj < 0,

Re wj < hj +
t24ε

0.9998
< 0 +

(0.34634n
√

n)2ε

0.9998

=
0.346342

0.9998
n3ε < 0.11998n3ε = t5ε.

Remark 3.1. For j = 1, 2, ..., n− 1, we have,

(3.2) |Re wj| < t5ε

Proof. Since−t2ε < Re < t5ε and−t2 < 0 < t5, we have,

|Re wj| < max{| − t2ε|, |t5ε|}.
(3.2) then follows from the observation that,

t2 < 0.06143n3 < 0.11998n3 = t5.

Lemma 2 dictates that the critical points are close to the origin. This suggests that the roots
of the polynomial should be respectively close to then-th roots of unity. Lemma 4 quantifies
this idea. Moreover, in this lemma we will make key improvements in some of the estimations
given by Chijiwa in [2]. But to prove it we first we need the following lemma:

Lemma B (Miller [4]) . Let f be a polynomial of degreem. Letp ∈ C. If f ′(p) 6= 0 then there

exists a zeroz0 of f such that|p− z0| ≤ m
∣∣∣ f(p)
f ′(p)

∣∣∣.
For the next lemma, we need additional notation. Defineξr

··= exp
(

2(r−1)iπ
n

)
for r =

1, 2, ..., n.

Lemma 4. For r = 1, 2, ..., n there existskr ∈ {1, 2, ..., n} such that,

|ξr − zkr | < t6
√

ε,

where,
t6 ··= 0.69434n2

√
n.

Proof. Write:

P ′(z) = nzn−1 +
n−2∑
j=0

n(−1)jSjz
n−1−j

where,

(4.1) Sj ··=
∑

1≤v1<v2<...<vj≤n−1

wv1wv2 · · ·wvj
.
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Then we have,

P (z) = P (0) + zn +
n−1∑
j=1

(−1)j n

n− j
Sjz

n−j.

We need to estimateP (ξr) andP ′(ξr) to use Lemma B.

P (ξr) = P (ξr)− P (a) = ξn
r − an +

n−1∑
j=1

(−1)j n

n− j
Sj(ξ

n−j
r − an−j)

= 1− (1− ε)n +
n−1∑
j=1

(−1)j n

n− j
Sj(ξ

n−j
r − (1− ε)n−j)(4.2)

=⇒ |P (ξr)| ≤ |1− (1− ε)n|+
n−1∑
j=1

n

n− j
|Sj| ·

(
|ξr|n−j + |1− ε|n−j

)
.

Using Bernoulli’s Inequality we get1−nε < (1−ε)n. We also note that|ξ| = 1 and|1−ε| < 1
hence we have,

(4.3) |P (ξr)| ≤ |nε|+
n−1∑
j=1

n

n− j
|Sj| · (1 + 1) = nε + 2

n−1∑
j=1

n

n− j
|Sj|.

By (4.1) and the estimate on|wj| by Lemma 2 we get the following,

(4.4) |Sj| =
∑

1≤v1<v2<...<vj≤n−1

|wv1wv2 · · ·wvj
| <

(
n− 1

j

)
(t4
√

ε)j.

Substituting back in (4.3),

|P (ξr)| ≤ nε + 2
n−1∑
j=1

n

n− j

(
n− 1

j

)
(t4
√

ε)j = nε + 2
n−1∑
j=1

(
n

j

)
(t4
√

ε)j

= nε + 2
[
(1 + t4

√
ε)n − 1− (t4

√
ε)n
]

< nε + 2
[
(1 + t4

√
ε)n − 1

]
.

Since1 + x < exp(x) we get,

|P (ξr)| < nε + 2
[
exp(nt4

√
ε)− 1

]
.

We will estimateexp(nt4
√

ε)− 1. Note that,

(4.5) t4
√

ε ≤ t4
√

εn < 0.34634n
√

n ·
√

90

n6
√

lnn
≤ 0.34634

√
90

83
√

8
√

ln8
· 1

n
<

0.00158

n
.

The functiong(x) = exp(nx)−1
nx

is positive and increasing forx > 0. Hence we have,

g(t4
√

ε) < g

(
0.00158

n

)
=

exp(0.00158)− 1

0.00158
< 1.0008.

Thus we get,

|P (ξr)| < nε + 2
[
exp(nt4

√
ε)− 1

]
= nε + 2

[
g(t4

√
ε)nt4

√
ε
]

< nε + 2 · 1.0008 · nt4
√

ε ≤ n
√

εn

√
ε + 2.0016nt4

√
ε

<

√
90

n6
√

lnn
· n
√

ε + 2.0016 · 0.34634n2
√

n
√

ε
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=

[ √
90

n7
√

n
√

lnn
+ 2.0016 · 0.34634

]
n2
√

n
√

ε

≤

[ √
90

87
√

8
√

ln8
+ 2.0016 · 0.34634

]
n2
√

n
√

ε

< 0.69324n2
√

n
√

ε.(4.6)

Now let us estimateP ′(ξr). Lemma 2 gives us|ξr − wj| ≥ 1 − |wj| > 1 − t4
√

ε for
j = 1, ..., n− 1. So we get,

|P ′(ξr)| = n

n−1∏
j=1

|ξr − wj| ≥ n

n−1∏
j=1

(|ξr| − |wj|) > n

n−1∏
j=1

(
1− t4

√
ε
)

= n(1− t4
√

ε)n−1.

Since1− t4
√

ε ≥ 1− t4
√

εn > 0, we can use Bernoulli’s inequality to get,

|P ′(ξr)| > n(1− (n− 1)t4
√

ε) > n(1− nt4
√

εn)

≥ n

(
1− n · 0.34634n

√
n ·

√
90

n6
√

lnn

)

≥ n

[
1− 0.34634 ·

√
90

83
√

8
√

ln8

]
> 0.99842n.

Thus, by Lemma B there exists a zerozkr of P such that,

|zkr − ξr| ≤ n

∣∣∣∣ P (ξr)

P ′(ξr)

∣∣∣∣ < n · 0.69324n2
√

n
√

ε

0.99842n

=
0.69324

0.99842
· n2

√
n
√

ε < 0.69434n2
√

n
√

ε = t6
√

ε.

Remark 4.1. We can relabel the roots ofP so that forr = 1, 2, ..., n,

|zr − ξr| < t6
√

ε.

Proof. We want to show that no rootzj can be close to two different roots of unity. This is
equivalent to saying that all the rootszkr , r = 1, ..., n are distinct. To see this we note that,

|zkr − ξr| < 0.69434n2
√

n
√

εn = 0.69434 ·
√

90

n3
√

n
√

lnn

≤ 0.69434 ·
√

90

82
√

8
√

ln8
· 1

n
<

3

n
.

We recall the lower bound onsin π
n

given by (1.2), namely that forn ≥ 8 > 6, sin π
n

> 3
n
. We

thus have|zkr − ξr| < sin π
n
. Note that the distance between any two roots of unity,ξj andξk is

given by,

|ξj − ξk| =
∣∣∣∣2 sin

(j − k)π

n

∣∣∣∣ ≥ 2 sin
π

n
.

Thus then disks|z − ξr| < sin π
n
, r = 1, 2, ..., n are disjoint and hence there must ben distinct

rootszk1 , zk2 , ..., zkn, one in each disk.

AJMAA, Vol. 11, No. 1, Art. 4, pp. 1-34, 2014 AJMAA

http://ajmaa.org


ON THE SENDOV CONJECTURE FOR AROOT CLOSE TO THEUNIT CIRCLE 11

The next lemma will be used in some of the succeeding lemmas. We will considerably
improve upon Lemma 5 of [2].

Lemma 5. For n ≥ 8,
n−1∑
j=1

1

sin jπ
n

< 1.01734n lnn.

Proof. We make two cases based on the parity ofn. Suppose first thatn is odd, i.e. n =
2m + 1, m ∈ N. Then we have,

n−1∑
j=1

csc
jπ

n
= 2

m∑
j=1

csc
jπ

n
= 2 csc

π

n
+ 2

m∑
j=2

csc
jπ

n
.

Sincecsc x is positive and decreasing forx ∈
(
0, π

2

]
, we can approximate the sum by an

integral,

n−1∑
j=1

csc
jπ

n
< 2 csc

π

n
+ 2

∫ m

1

csc
xπ

n
dx

< 2 csc
π

n
+ 2

∫ n
2

1

csc
xπ

n
dx

< 1 + 2 csc
π

n
+ 2

∫ n
2

1

csc
xπ

n
dx.

If n = 2m, m ∈ N then we have,

n−1∑
j=1

csc
jπ

n
= csc

π

2
+ 2 csc

π

n
+ 2

m−1∑
j=2

csc
jπ

n

< 1 + 2 csc
π

n
+ 2

∫ m−1

1

csc
xπ

n
dx

< 1 + 2 csc
π

n
+ 2

∫ n
2

1

csc
xπ

n
dx.

So in both cases we have,
n−1∑
j=1

csc
jπ

n
< 1 + 2 csc

π

n
+ 2

∫ n
2

1

csc
xπ

n
dx

= 1 + 2 csc
π

n
− 2n

π
ln

∣∣∣∣∣csc
n
2

π

n
+ cot

n
2

π

n

csc π
n

+ cot π
n

∣∣∣∣∣
= 1 + 2 csc

π

n
− 2n

π
ln

∣∣∣∣ 1 + 0

csc π
n

+ cot π
n

∣∣∣∣
= 1 + 2 csc

π

n
+

2n

π
ln
(
csc

π

n
+ cot

π

n

)
.

Let us estimate the terms involved. Note that by (1.2),csc π
n

= 1
sin π

n
< n

3
for n ≥ 8 > 6. On the

other hand,

csc
π

n
+ cot

π

n
=

1

sin π
n

[
1 + cos

π

n

]
<

n

3
[1 + 1] =

2n

3
< n.
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Sinceln(x) is monotonically increasing forx > 0 we have,

ln
(
csc

π

n
+ cot

π

n

)
< lnn.

Thus,
n−1∑
j=1

csc
jπ

n
< 1 +

2n

3
+

2n

π
lnn =

[
1

n lnn
+

2

3lnn
+

2

π

]
n lnn

≤
[

1

8ln8
+

2

3ln8
+

2

π

]
n lnn < 1.01734n lnn.

The next lemma will be used to improve some of our previous estimates.
We will strengthen various inequalities of Lemma 6 from [2].

Lemma 6. For r = 1, 2, ..., n, ∣∣∣∣∣ξr

∏
j 6=r

(ξj − zj)− n

∣∣∣∣∣ < t7
√

ε,

where,
t7 = 0.35872n4

√
n lnn.

Proof. Let r ∈ {1, ..., n}. Let H(z) ··= zn − 1 = (z − ξr)Hr(z). ThenH ′(z) = Hr(z) + (z −
ξr)H

′
r(z), which implies thatH ′(ξr) = nξn−1

r = Hr(ξr). Let P (z) = (z − zr)Qr(z). Define,

K ··= |Qr(ξr)−Hr(ξr)| =

∣∣∣∣∣∏
j 6=r

(ξr − zj)− nξn−1
r

∣∣∣∣∣ .
Since|ξr| = 1, we haveK = |ξr

∏
j 6=r(ξr − zj)− nξn

r | = |ξr

∏
j 6=r(ξr − zj)− n|, which is in

fact the expression we want to bound.
Note that,

Qr(ξr) =
∏
j 6=r

(ξr − zj) = Hr(ξr)
∏
j 6=r

(ξr − zj)

(ξr − ξj)
= Hr(ξr)

∏
j 6=r

[
1 +

ξj − zj

ξr − ξj

]
.

Let ∆j ··=
ξj−zj

ξr−ξj
for j 6= r. Then we can write,

Qr(ξr) = Hr(ξr)
∏
j 6=r

(1 + ∆j)

=⇒ Qr(ξr)−Hr(ξr) = Hr(ξr)

[∏
j 6=r

(1 + ∆j)− 1

]

=⇒ K = |Qr(ξr)−Hr(ξr)| = |Hr(ξr)|

∣∣∣∣∣∏
j 6=r

(1 + ∆j)− 1

∣∣∣∣∣
= n

∣∣∣∣∣∏
j 6=r

e ln(1+∆j) − 1

∣∣∣∣∣ = n
∣∣ePj 6=r ln(1+∆j) − 1

∣∣ .
Since|ez − 1| ≤ e|z| − 1 (consider the power series) we get,

(6.1) =⇒ K ≤ n
[
e|
P

j 6=r ln(1+∆j) | − 1
]
≤ n

[
e
P

j 6=r| ln(1+∆j) | − 1
]
.
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Let us estimate the term above. By Lemma 4 and (1.2) we obtain,

|∆j| =
∣∣∣∣ξj − zj

ξr − ξj

∣∣∣∣ < t6
√

ε∣∣∣2 sin (r−j)π
n

∣∣∣(6.2)

≤ t6
√

ε

2 sin π
n

<
nt6
√

ε

6
(6.3)

≤
n · 0.69434n2

√
n · √εn

6
≤ n

6
· 0.69434n2

√
n ·

√
90

n6
√

lnn

≤ 0.69434

6
·

√
90

n2
√

n
√

lnn
≤ 0.69434

6
·

√
90

82
√

8
√

ln8
< 0.00421.

From the power series of logarithm, we observe that| ln(1 + ∆j) | ≤ − ln(1− |∆j|) . Consider
the functionu(x) ··= − ln(1−x)

x
. This function is positive and increasing onx ∈ (0, 1). Hence

we have,
u(|∆j|) ≤ u(0.00421) < 1.00212.

Thus we get,
| ln(1 + ∆j) | ≤ − ln(1− |∆j|) < 1.00212|∆j|.

Let γ ··=
∑

j 6=r | ln(1 + ∆j) |. Then summing up the above overj = 1, 2, ..., n and using (6.2)
we get,

γ < 1.00212
∑
j 6=r

|∆j| <
1.00212t6

√
ε

2

∑
j 6=r

1∣∣∣sin (r−j)π
n

∣∣∣ .
We already have an estimate for the summation due to Lemma 5. Furthermore, using the esti-
mate fort6 from Lemma 4 we get,

γ <
1.00212 · 0.69434n2

√
n
√

ε

2
· 1.01734n lnn < 0.35394n3

√
n lnn

√
ε(6.4)

≤ 0.35394n3
√

n lnn
√

εn = 0.35394 ·
√

lnn
√

90

n2
√

n
≤ 0.35394 ·

√
ln8

√
90

82
√

8
< 0.02675.

In the above chain of inequalities, we used the fact thatlnn
n

is monotonically decreasing for
n ≥ 8 > e, hencelnn

n
≤ ln8

8
.

The functiong(x) ··= exp(x)−1
x

is positive and increasing forx > 0. So we get,

g(γ) < g(0.02675) = 1.0135

=⇒ exp(γ)− 1 < 1.0135γ.

Substituting back in (6.1), then using the estimate forγ given by (6.4) we obtain,

K ≤ n[exp(γ)− 1] < n · 1.0135γ < n · 1.0135 · 0.35394n3
√

n lnn
√

ε

=⇒ K =
∣∣ξr

∏
j 6=r

(ξj − zj)− n
∣∣ < 0.35872n4

√
n lnn

√
ε < t7

√
ε.

Corollary 6.1. By taking the real and imaginary parts ofξr

∏
j 6=r(ξj − zj)− n respectively we

get,

n− t7
√

ε < Re

(
ξr

∏
j 6=r

(ξj − zj)

)
< n + t7

√
ε,
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−t7
√

ε < Im

(
ξr

∏
j 6=r

(ξj − zj)

)
< t7

√
ε.

Also,

n− t7
√

ε <

∣∣∣∣∣ξr

∏
j 6=r

(ξj − zj)

∣∣∣∣∣ < n + t7
√

ε.

Remark 6.1. Some estimations:

n− t7
√

ε ≥ n− t7
√

εn > n− 0.35872n4
√

n lnn ·
√

90

n6
√

lnn

≥

[
1− 0.35872

√
90
√

lnn

n2
√

n

]
n ≥

[
1− 0.35872

√
90
√

ln8

82
√

8

]
n > 0.97289n.

n− t7
√

ε ≤ n + t7
√

εn < n + 0.35872n4
√

n lnn ·
√

90

n6
√

lnn

≤

[
1 +

0.35872
√

90
√

lnn

n2
√

n

]
n ≤

[
1 +

0.35872
√

90
√

ln8

82
√

8

]
n < 1.02711n.

The next lemma provides an estimate for|S1| (see equation (4.1)). This lemma will be used
to improve many of our previous estimates.

We will closely follow the proof of Lemma 7 in [2].

Lemma 7. We have,
|S1| < t9ε,

where,

t9 = (n− 1)

√
t25 +

(t8 + 2nt5)2

32
< 0.04682(n− 1)n6 lnn,

with,
t8 = 0.26304n6 lnn.

Proof. Note that forr ∈ {1, 2, ..., n}:
ξr − zr

ξr

=
P (ξr)

ξr

∏
j 6=r(ξr − zj)

.

Using (4.2) to expressP (ξr),

ξr − zr

ξr

=
1

ξr

∏
j 6=r(ξr − zj)

[
1− (1− ε)n − nS1

n− 1
(ξn−1

r − (1− ε)n−1)

+
n−1∑
j=2

(−1)j nSj

n− j
(ξn−j

r − (1− ε)n−j)

]
.(7.1)

Thus we have,

(7.2)
ξr − zr

ξr

=
T1

λr

+
T2

λr

,

where,

T1 ··= − nS1

n− 1
(ξn−1

r − (1− ε)n−1),
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T2 ··= 1− (1− ε)n +
n−1∑
j=2

(−1)j nSj

n− j
(ξn−j

r − (1− ε)n−j),

λr ··= ξr

∏
j 6=r

(ξr − zj), r = 1, 2, ..., n.

Taking real parts we have,

Re
ξr − zr

ξr

= Re
T1

λr

+ Re
T2

λr

.

SinceRe ξr−zr

ξr
= 1− Re (zrξr) ≥ 1− |zrξr| ≥ 0,

Re
T1

λr

+ Re
T2

λr

≥ 0 =⇒ Re
T1

λr

≥ −Re
T2

λr

=⇒ Re
T1

λr

≥ −|T2|
|λr|

=⇒ Re T1 · Re λr + Im T1 · Im λr

|λr|2
≥ −|T2|

|λr|
.

The Corollary and Remark to Lemma 6 guarantee us thatRe λr > 0, so we can write,

(7.3) Re T1 ≥ −
[
|T2| · |λr|+ Im T1 · Im λr

Re λr

]
.

Let us estimateIm T1,

(7.4) |Im T1| ≤ |T1| =
n

n− 1
|S1| · |ξn−1

r − (1− ε)n−1| < n

n− 1
|S1| · 2.

Using Lemma 2 forS1 =
∑n−1

j=1 wj we get,

(7.5) |Im T1| <
2n|S1|
n− 1

<
2n

n− 1
(n− 1)t4

√
ε = 2nt4

√
ε < 0.69268n2

√
n
√

ε.

Now let us estimate|T2|,

|T2| ≤ 1− (1− ε)n +
n−1∑
j=2

|(−1)j| n

n− j
|Sj| ·

∣∣ξn−v
r − (1− ε)n−v

∣∣
< nε +

n−1∑
j=2

n

n− j
|Sj| · 2 < nε + 2

n−1∑
j=2

n

n− j

(
n− 1

j

)
(t4
√

ε)j

= nε + 2
n−1∑
j=2

(
n

j

)
(t4
√

ε)j = nε + 2
[
(1 + t4

√
ε)n − 1− nt4

√
ε− (t4

√
ε)n
]

< nε + 2
[
(1 + t4

√
ε)n − 1− nt4

√
ε
]

< nε + 2
[
exp(nt4

√
ε)− 1− nt4

√
ε
]
.

The functionf(x) = exp(nx)−1−nx
n2x2 is positive and increasing onx > 0. Thus by (4.5) we get,

f(t4
√

ε) < f

(
0.00158

n

)
< 0.50027

=⇒ exp(nt4
√

ε)− 1− nt4
√

ε < 0.50027n2t24ε.

So we have,

|T2| < nε + 2 · 0.50027n2t24ε < nε + 2 · 0.50027n2(0.34634n
√

n)2ε
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=

[
1

n4
+ 2 · 0.50027 · 0.346342

]
n5ε

≤
[

1

84
+ 2 · 0.50027 · 0.346342

]
n5ε < 0.12027n5ε.(7.6)

Using (7.5), the above inequality, and the Corollary and Remark of 6 to estimate the terms in
equation (7.3) we get,

Re T1 ≥ −
[
|T2| · |λr|+ Im T1 · Im λr

Re λr

]
> −

[
|T2|(n + t7

√
ε) + Im T1 · t7

√
ε

n− t7
√

ε

]
≥ −

[
0.12027n5ε · 1.02711n + 0.69268n2

√
n
√

ε · 0.35872n4
√

n lnn
√

ε

0.97289n

]
= −

[
0.12027 · 1.02711n5ε + 0.69268 · 0.35872n6 lnnε

0.97289

]
= −

[ 0.12027·1.02711
n lnn

+ 0.69268 · 0.35872

0.97289

]
n6 lnnε

≥ −
[ 0.12027·1.02711

8 ln8
+ 0.69268 · 0.35872

0.97289

]
n6 lnnε

> −0.26304n6 lnnε = −t8ε.

Note that,

0 < t8ε + Re T1(7.7)

= t8ε + Re

[
− nS1

n− 1
(ξn−1

r − (1− ε)n−1)

]
= t8ε +

n(1− ε)n−1

n− 1
Re S1 +

n

n− 1
Re
[
−S1ξ

n−1
r

]
= t8ε +

n(1− ε)n−1

n− 1
Re S1 −

n

n− 1
Re S1 · Re ξn−1

r +
n

n− 1
Im S1 · Im ξn−1

r .

Sinceξn−1
r = ξr we can write,

0 < t8ε +
n(1− ε)n−1

n− 1
Re S1 −

n

n− 1
Re S1 · Re ξr −

n

n− 1
Im S1 · Im ξr

≤ t8ε +
n(1− ε)n−1

n− 1
|Re S1|+

n

n− 1
|Re S1| · |Re ξr| −

n

n− 1
Im S1 · Im ξr.

Since(1− e)n < 1 and|Re ξr| ≤ 1,

0 < t8ε +
n

n− 1
|Re S1|+

n

n− 1
|Re S1| −

n

n− 1
Im S1 · Im ξr.

Note thatRe S1 =
∑n−1

j=1 Re wj. From Remark 3.1 we get,

(7.8) |Re S1| < (n− 1)t5ε

=⇒ 0 < t8ε + 2
n

n− 1
(n− 1)t5ε−

n

n− 1
Im S1 · Im ξr

< t8ε + 2nt5ε−
n

n− 1
Im S1 · Im ξr.
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Thus,

Im S1 · Im ξr <
n− 1

n
(t8 + 2nt5)ε.

Chooser such thatIm S1 andIm ξr have the same sign, so we get,

|Im S1| · |Im ξr| <
n− 1

n
(t8 + 2nt5)ε

=⇒ |Im S1| <
(n− 1)(t8 + 2nt5)

n sin 2(r−1)π
n

ε ≤ (n− 1)(t8 + 2nt5)

n sin 2π
n

ε.

Forn ≥ 8 we havesin 2π
n
≥ sin 2π

8
2π
8

· 2π
n

= 4
√

2
n

, hence we get,

(7.9) |Im S1| <
(n− 1)(t8 + 2nt5)

4
√

2
ε.

Using (7.8),

|S1| <
√

(Re S1)2 + (Im S1)2 < (n− 1)ε

√
t25 +

(t8 + 2nt5)2

32
= t9ε.

Let us estimatet9,

t9 = (n− 1)

√
t25 +

(t8 + 2nt5)2

32

< (n− 1)

√
(0.11998n3)2 +

(0.26304n6 lnn + 2n · 0.11998n3)2

32

= (n− 1)n6 lnn

√
(0.11998n3)2

n12 ln(n) 2
+

(
0.26304 + 2n · 0.11998n3

n6 lnn

)2
32

= (n− 1)n6 lnn

√
0.119982

n6 ln(n) 2
+

(
0.26304 + 2 · 0.11998

n2 lnn

)2
32

≤ (n− 1)n6 lnn

√
0.119982

86 ln(8)2
+

(
0.26304 + 2 · 0.11998

82 ln8

)2
32

< 0.04682(n− 1)n6 lnn.

In the next lemma we will improve Lemma 4 which provided an estimate for the closeness of
the roots of the polynomial to the nth roots of unity. We will closely follow the proof of Lemma
8 in [2].

Lemma 8. For r = 1, 2, ..., n,
|zr − ξr| < t10ε,

where,
t10 = 0.09718n6 lnn.

Proof. As per (7.2) in the proof of Lemma 7, forr = 1, 2, ..., n, we get,

|zr − ξr| =
∣∣∣∣zr − ξr

ξr

∣∣∣∣ ≤ |T1|+ |T2|∣∣∣ξr

∏
j 6=r(ξr − zj)

∣∣∣ ≤
2n

n−1
|S1|+ |T2|∣∣∣ξr

∏
j 6=r(ξr − zj)

∣∣∣ .
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Using Lemma 7 and (7.6) and the Corollary and Remark of Lemma 7 to estimate the above
terms, we get,

|zr − ξr| <
2n

n−1
0.04682(n− 1)n6 lnnε + 0.12027n5ε

0.97289n

= n6 lnnε

[
2 · 0.04682 + 0.12027

n2 lnn

0.97289

]
≤ n6 lnnε

[
2 · 0.04682 + 0.12027

82 ln8

0.97289

]
< 0.09718n6 lnnε = t10ε.

In the next lemma we will improve Lemma 6. We will follow the same proof as that of
Lemma 6, but we use the estimates from Lemma 8.

Lemma 9. For r = 1, 2, ..., n, ∣∣∣∣∣ξr

∏
j 6=r

(ξj − zj)− n

∣∣∣∣∣ < t11ε,

where,
t11 = 0.04945n8 ln(n)2 .

Proof. Let r ∈ {1, ..., n}. We replacet6
√

ε by t10ε in (6.3) to get,

|∆j| =
∣∣∣∣ξj − zj

ξr − ξj

∣∣∣∣ < t10ε∣∣∣2 sin (r−j)π
n

∣∣∣(9.1)

≤ t10ε

2 sin π
n

<
nt10εn

6
≤ n

6
· 0.09718n6 lnn · 90

n12 lnn

=
0.09718

6
· 90

n5
≤ 0.09718

6
· 90

85
< 0.00005.

The functionu(x) ··= − ln(1−x)
x

is positive and increasing forx ∈ (0, 1). Hence we have,

u(|∆j|) ≤ u(0.00005) < 1.00003.

Thus we get,

(9.2) | ln(1 + ∆j) | ≤ − ln(1− |∆j|) < 1.00003|∆j|.
Recall from Lemma 6 thatγ =

∑
j 6=r | ln(1 + ∆j) |. Summing up the above overj = 1, 2, ..., n

and using (9.1),

γ < 1.00003
∑
j 6=r

|∆j| <
1.00003t10ε

2

∑
j 6=r

1∣∣∣sin (r−j)π
n

∣∣∣ .
Using the estimates from Lemma 8 and Lemma 5 we get,

γ < 1.00003 · 0.09718n6 lnnε

2
· 1.01734n lnn < 0.04944n7 ln(n)2 ε(9.3)

< 0.04944n7 ln(n)2 εn = 0.04944 · 90lnn

n5
≤ 0.04944 · 90ln8

85
< 0.00029.

In the above, we again used the fact thatlnn
n

is strictly decreasing forn ≥ 8.
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The functiong(x) ··= exp(x)−1
x

is positive and increasing forx > 0. So we have,

g(γ) < g(0.00029) = 1.00015

=⇒ exp(γ)− 1 < 1.00015γ.

Substituting back in (6.1), then using our estimate forγ from (9.3) we get,

K ≤ n[exp(γ)− 1] < 1.00015nγ < 1.00015n · 0.04944n7 ln(n)2 ε < 0.04945n8 ln(n)2 ε,

=⇒ K =
∣∣ξr

∏
j 6=r

(ξj − zj)− n
∣∣ < 0.04945n8 ln(n)2 ε = t11ε.

Corollary 9.1. By taking the real and imaginary parts ofξr

∏
j 6=r(ξj − zj)− n respectively we

get,

n− t11ε < Re

(
ξr

∏
j 6=r

(ξj − zj)

)
< n + t11ε,

−t11ε < Im

(
ξr

∏
j 6=r

(ξj − zj)

)
< t11ε.

Also,

n− t11ε <

∣∣∣∣∣ξr

∏
j 6=r

(ξj − zj)

∣∣∣∣∣ < n + t11ε.

Remark 9.1. Some estimations:

n− t11ε ≥ n− t11εn > n− 0.04945n8 ln(n)2 90

n12 lnn
=

[
1− 0.04945 · 90lnn

n5

]
n

≥
[
1− 0.04945 · 90ln8

85

]
n > 0.99971n.

n + t11ε ≤ n + t11εn < n + 0.04945n8 ln(n)2 90

n12 lnn
=

[
1 +

0.04945 · 90lnn

n5

]
n

≤
[
1 +

0.04945 · 90ln8

85

]
n < 1.00029n.

At this point we will divert from the proof outline given in [2]. We can further improve the
estimates in Lemma 7, Lemma 8 and Lemma 9 by running the proofs of these lemmas with the
new estimates. The next three Lemmas will be respectively identical to the last three, except for
the use of better estimates.

Lemma 10(Improvement of Lemma 7). We have,

|S1| < t13ε,

where,

t13 = (n− 1)ε

√
t212 +

(t12 + 2nt5)2

32
< 0.02727(n− 1)n5,

with,
t12 = 0.12387n5.
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Proof. We will mimic the proof of Lemma 7. Using Lemma 7 to improve (7.4),

|Im T1| <
2n|S1|
n− 1

<
2nt9ε

n− 1
=

2n · 0.04682(n− 1)n6 lnnε

n− 1
= 0.09364n7 lnnε.

As in Lemma 7, we intend to use Equation (7.3) to estimateRe T1. We will use the above
inequality to estimateIm T1. We will use the estimate forT2 from Lemma 7, namely (7.6). And
we will use the Corollary and Remark of Lemma 9 as well. So forr ∈ {1, 2, ..., n} we get,

Re T1 ≥ −
[
|T2| · |λr|+ Im T1 · Im λr

Re λr

]
> −

[
|T2|(n + t11εn) + Im T1 · t11εn

n− t11εn

]
> −

[
0.12027n5ε · 1.00029n + 0.09364n7 lnnε · 0.04945n8 ln(n)2 εn

0.99971n

]
= −

[
0.12027 · 1.00029n6 + 0.09364 · 0.04945n15 ln(n)3 · 90

n12 lnn

0.99971n

]
ε

= −
[
0.12027 · 1.00029n5 + 0.09364 · 0.04945 · 90ln(n)2 n2

0.99971

]
ε

= −

[
0.12027 · 1.00029 + 0.09364 · 0.04945 · 90 ln(n)2

n3

0.99971

]
n5ε

≥ −

[
0.12027 · 1.00029 + 0.09364 · 0.04945 · 90 ln( 8)2

83

0.99971

]
n5ε

> −0.12387n5ε = −t12ε.

We can now follow the proof of Lemma 7 from (7.7) to (7.9) in the same way except for
replacingt8 with t12. We then get,

|Im S1| <
(n− 1)(t12 + 2nt5)

4
√

2
ε.

Using (7.8),

|S1| <
√

(Re S1)2 + (Im S1)2 < (n− 1)ε

√
t25 +

(t12 + 2nt5)2

32
= t13ε.

Let us estimatet13,

t13 = (n− 1)

√
t25 +

(t12 + 2nt5)2

32

< (n− 1)

√
(0.11998n3)2 +

(0.12387n5 + 2n · 0.11998n3)2

32

= (n− 1)n5

√
(0.11998n3)2

n10
+

(
0.12387 + 2n · 0.11998n3

n5

)2
32

= (n− 1)n5

√
0.119982

n4
+

(
0.12387 + 2 · 0.11998

n

)2
32

≤ (n− 1)n5

√
0.119982

84
+

(
0.12387 + 2 · 0.11998

8

)2
32

< 0.02727(n− 1)n5.
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Lemma 11(Improvement of Lemma 8). For r = 1, 2, ..., n,

|zr − ξr| < t14ε,

where,
t14 = 0.0696n5.

Proof. We will mimic the proof of Lemma 8. Due to (7.2), forr = 1, 2, ..., n we get,

|zr − ξr| =
∣∣∣∣zr − ξr

ξr

∣∣∣∣ ≤ |T1|+ |T2|∣∣∣ξr

∏
j 6=r(ξr − zj)

∣∣∣ ≤
2n

n−1
|S1|+ |T2|∣∣∣ξr

∏
j 6=r(ξr − zj)

∣∣∣ .
Using Lemma 10, (7.6) and the Corollary and Remark of Lemma 9 to estimate the various terms
above we get,

|zr − ξr| <
2n

n−1
0.02727(n− 1)n5ε + 0.12027n5ε

0.99971n

=

[
2 · 0.02727 + 0.12027

n

0.99971

]
n5ε

≤
[
2 · 0.02727 + 0.12027

8

0.99971

]
n5ε

< 0.0696n5ε = t14ε.

Lemma 12(Improvement of Lemma 9). For r = 1, 2, ..., n,∣∣∣∣∣ξr

∏
j 6=r

(ξj − zj)− n

∣∣∣∣∣ < t15ε,

where,
t15 = 0.03542n7 lnn.

Proof. Let r ∈ {1, 2, ..., n}. We can replacet6
√

ε by t14ε in (6.3) to get,

(12.1) |∆j| =
∣∣∣∣ξj − zj

ξr − ξj

∣∣∣∣ < t14ε∣∣∣2 sin (r−j)π
n

∣∣∣ .
By (9.2),

| ln(1 + ∆j) | < 1.00003|∆j|.
Recall from Lemma 6 thatγ =

∑
j 6=r | ln(1 + ∆j) |. Summing up the above overj = 1, 2, ..., n

and using (12.1) we get,

γ < 1.00003
∑
j 6=r

|∆j| <
1.00003t14ε

2

∑
j 6=r

1∣∣∣sin (r−j)π
n

∣∣∣ .
Using estimates from Lemma 11 and Lemma 5, we obtain,

γ < 1.00003 · 0.0696n5ε

2
· 1.01734n lnn < 0.03541n6 lnnε.

Substituting back in (6.1) we finally get,

K ≤ n[exp(γ)− 1] < 1.00015n · γ < 1.00015n · 0.03541n6 lnnε < 0.03542n7 lnnε
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=⇒ K =

∣∣∣∣∣ξr

∏
j 6=r

(ξj − zj)− n

∣∣∣∣∣ < t15ε.

Corollary 12.1. By taking the real and imaginary parts ofξr

∏
j 6=r(ξj − zj) − n respectively

we get,

n− t15ε < Re

(
ξr

∏
j 6=r

(ξj − zj)

)
< n + t15ε,

−t15ε < Im

(
ξr

∏
j 6=r

(ξj − zj)

)
< t15ε.

Also,

n− t15ε <

∣∣∣∣∣ξr

∏
j 6=r

(ξj − zj)

∣∣∣∣∣ < n + t15ε.

Remark 12.1. Some estimations:

n− t15ε ≥ n− t15εn > n− 0.03542n7 lnn · 90

n12 lnn
= n

[
1− 0.03542 · 90

n6

]
≥ n

[
1− 0.03542 · 90

86

]
> 0.99998n.

n + t15ε ≤ n + t15εn < n + 0.03542n7 lnn · 90

n12 lnn
= n

[
1 +

0.03542 · 90

n6

]
≤ n

[
1 +

0.03542 · 90

86

]
< 1.00002n.

Lemmas 2, 3, 10, 11 and 12 will be used in the proof of the main theorem.

3. PROOF OF M AIN THEOREM

We will follow the outline of the proof given in [2], but will will make key improvements in
some of the estimations.

Theorem A. Proof. For r ∈ {1, 2, ..., n} define:

T ′
1
··= 1− (1− ε)n +

3∑
j=1

(−1)j nSj

n− j
(ξn−j

r − (1− ε)n−j),

T ′
2
··=

n−1∑
j=4

(−1)j nSj

n− j
(ξn−j

r − (1− ε)n−j).

Then by (7.1) we have,
ξr − zr

ξr

=
T ′

1 + T ′
2

ξr

∏
j 6=r(ξr − zj)

.

We can mimic the proof of Lemma 7 from (7.2) to (7.3) to obtain the following inequality,

(A.1) Re T ′
1 ≥ −

[
|T ′

2| · |ξr

∏
j 6=r(ξr − zj)|+ Im T ′

1 · Im (ξr

∏
j 6=r(ξr − zj))

Re (ξr

∏
j 6=r(ξr − zj))

]
.
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Note that,

|Im T ′
1| =

∣∣∣∣∣
3∑

j=1

(−1)j n

n− j
· Im

[
Sj(ξ

n−j
r − (1− ε)n−r)

]∣∣∣∣∣
≤

3∑
j=1

|(−1)j| · n

n− j
· |Sj| · |ξn−j

r − (1− ε)n−r|

≤ n

n− 1
|S1| · 2 +

n

n− 2
|S2| · 2 +

n

n− 3
|S3| · 2.

Using Lemma 10 to estimate|S1| and (4.4) to estimate|S2| and|S3|,

|Im T ′
1| ≤

2n

n− 1
|S1|+

2n

n− 2
|S2|+

2n

n− 3
|S3|

<
2n

n− 1
t13ε +

2n

n− 2

(
n− 1

2

)
t24ε +

2n

n− 3

(
n− 1

3

)
t34ε
√

ε

<
2n

n− 1
0.02727(n− 1)n5ε + n(n− 1)(0.34634n

√
n)2ε

+
n(n− 1)(n− 2)

3
(0.34634n

√
n)3ε

√
εn

< 2 · 0.02727n6ε + n2 · 0.346342n3ε

+
n3

3
· 0.346343n4

√
nε ·

√
90

n6
√

lnn

= 2 · 0.02727n6ε + 0.346342n5ε + 0.346343 · n
√

n
√

90

3
√

lnn
ε

=

[
2 · 0.02727 +

0.346342

n
+

0.346343
√

90

3n4
√

n
√

lnn

]
n6ε

=

[
2 · 0.02727 +

0.346342

8
+

0.346343
√

90

3 · 84
√

8
√

ln8

]
n6ε

< 0.06955n6ε.

Now, let us estimateT ′
2,

|T ′
2| ≤

n−1∑
j=4

|(−1)j| n|Sj|
n− j

|ξn−j
r − (1− ε)n−j|

<
n−1∑
j=4

n|Sj|
n− j

· 2 = 2
n−1∑
j=3

n

n− j
|Sj|

< 2
n−1∑
j=4

n

n− j

(
n− 1

j

)
tj4
√

ε
j
= 2

n−1∑
j=4

(
n

j

)
tj4
√

ε
j

= 2

[
(1 + t4

√
ε)n − 1− nt4

√
ε−

(
n

2

)
(t4
√

ε)2 −
(

n

3

)
(t4
√

ε)3 − (t4
√

ε)n

]
< 2

[
(1 + t4

√
ε)n − 1− nt4

√
ε−

(
n

2

)
(t4
√

ε)2 −
(

n

3

)
(t4
√

ε)3

]
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Consider the function:

f(x) ··=
(1 + x)n − 1− nx−

(
n
2

)
x2 −

(
n
3

)
x3

n4x4
.

Note thatf is positive and increasing forx > 0. Sincet4
√

ε ≤ t4
√

εn < 1
n
,

f(t4
√

ε) < f

(
1

n

)
=

(
1 +

1

n

)n

− 1− n

n
− n(n− 1)

2n2
− n(n− 1)(n− 2)

6n3

< e− 1− n

n
− n(n− 1)

2n2
− n(n− 1)(n− 2)

6n3

= e− 1− 1−
(

1

2
− 1

2n

)
−
(

1

6
− 3

6n
+

2

6n2

)
= e− 1− 1− 1

2
− 1

6
+

1

n
− 1

3n2

< e− 2− 1

2
− 1

6
+

1

8
+ 0 < 0.17662.

Thus we have,

(1 + t4
√

ε)n − 1− nt4
√

ε−
(

n

2

)
(t4
√

ε)2 −
(

n

3

)
(t4
√

ε)3 < 0.17662n4(t4
√

ε)4.

Hence we get,

|T ′
2| < 2 · 0.17662n4t44ε

2 < 2 · 0.17662n4 · 0.346344n6ε2 < 0.00509n10ε2.

Substituting back in (A.1), then using the Corollary and Remark of Lemma 12 to estimate
Re T ′

1,

Re T ′
1 ≥ −

[
|T ′

2| · |ξr

∏
j 6=r(ξr − zj)|+ Im T ′

1 · Im ξr

∏
j 6=r(ξr − zj))

Re (ξr

∏
j 6=r(ξr − zj))

]

> −
[
|T ′

2| · (n + t15ε) + Im T ′
1 · t15ε

n− t15ε

]
> −

[
0.00509n10ε2 · 1.00002n + 0.06955n6ε · 0.03542n7 lnnε

0.99998n

]
≥ −

[
0.00509 · 1.00002n10 + 0.06955 · 0.03542n12 lnn

0.99998

]
ε2

= −
[ 0.00509·1.00002

n2 lnn
+ 0.06955 · 0.03542

0.99998

]
n12 lnnε2

≥ −
[ 0.00509·1.00002

82 ln8
+ 0.06955 · 0.03542

0.99998

]
n12 lnnε2

> −n · 0.00251n11 lnnε2.

Let t16 ··= 0.00251n11 lnn . Then we can write,

(A.2) Re T ′
1 > −nt16ε

2
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On the other hand we have,

Re T ′
1 = Re

[
1− (1− ε)n +

3∑
j=1

(−1)j nSj

n− j

(
ξn−j

r − (1− ε)n−j
)]

= Re

[
1− (1− ε)n +

3∑
j=1

(−1)j−1 nSj

n− j

(
(1− ε)n−j − ξr

j
)]

= 1− (1− ε)n

+
3∑

j=1

(−1)j−1

[
n(1− ε)n−j

n− j
Re Sj −

nRe Sj

n− j
Re ξj

r −
nIm Sj

n− j
Im ξj

r

]
.

Define:

For j = 1, 2, 3, aj ··=
Re Sj

n− j
, bj ··=

Im Sj

n− j
. For r = 1, 2, ..., n : θr ··=

2(r − 1)π

n
.

Thus, substituting in above:

Re T ′
1 = 1− (1− ε)n +

3∑
j=1

(−1)j−1
[
n(1− ε)n−jaj − naj cos jθr − nbj sin jθr

]
< nε +

3∑
j=1

(−1)j−1
[
n(1− ε)n−jaj − naj cos jθr − nbj sin jθr

]
.

We have, due to (A.2),

0 < nt16ε
2 + Re T ′

1

< n

(
t16ε

2 + ε +
3∑

j=1

(−1)j−1
[
(1− ε)n−jaj − aj cos jθr − bj sin jθr

])
.

Dividing by n,

(A.3) 0 < t16ε
2 + ε +

3∑
j=1

(−1)j−1
[
(1− ε)n−jaj − aj cos jθr − bj sin jθr

]
.

From this point onwards the objective is to eliminate theaj andbj through various substitu-
tions and estimates. First, we can immediately eliminateb1, b2 andb3 by observing thatsin x is
an odd function. Indeed, replacingθr in (A.3) by θn+1−r, i.e. by2π − θr we get,

(A.4) 0 < t16ε
2 + ε +

3∑
j=1

(−1)j−1
[
(1− ε)n−jaj − aj cos jθr + bj sin jθr

]
.

Adding the two inequalities (A.3) and (A.4) eliminates the sine terms,

0 < t16ε
2 + ε +

3∑
j=1

(−1)j−1aj

[
(1− ε)n−j − cos jθr

]
.

Note that1− ε < 1 and| cos x| < 1, so we have,

0 < t16ε
2 + ε + a3

[
(1− ε)n−3 − cos 3θr

]
+

2∑
j=1

(−1)j−1aj

[
(1− ε)n−j − cos jθr

]
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< t16ε
2 + ε + |a3| · [1 + 1] +

2∑
j=1

(−1)j−1aj

[
(1− ε)n−j − cos jθr

]
= t16ε

2 + ε + 2|a3|+
2∑

j=1

(−1)j−1aj

[
((1− ε)n−j − 1)− (cos jθr − 1)

]
= t16ε

2 + ε + 2|a3|+
2∑

j=1

(−1)jaj

[
(1− (1− ε)n−j)− (1− cos jθr)

]
= t16ε

2 + ε + 2|a3| −

[
2∑

j=1

(−1)jaj(1− cos jθr)

]
+

2∑
j=1

(−1)jaj(1− (1− ε)n−j)

≤ t16ε
2 + ε + 2|a3| −

[
2∑

j=1

(−1)jaj(1− cos jθr)

]
+ V.(A.5)

whereV ··= |a1(1− (1− ε)n−1)− a2(1− (1− ε)n−2)|. Let us estimate it,

V ≤ |a1|(1− (1− ε)n−1) + |a2|(1− (1− ε)n−2)

< |a1|(n− 1)ε + |a2|(n− 2)ε = (|Re S1|+ |Re S2|) ε

≤ (|Re S1|+ |S2|) ε.

Using Remark 3.1 to estimate|Re S1|, then using (4.4) to estimate|S2|,

V <

(
(n− 1)t5ε +

(
n− 1

2

)
t24ε

)
ε = (n− 1)

(
t5 +

n− 2

2
t24

)
ε2.

Let t17 = (n− 1)
[
t5 + n−2

2
t24
]
. ThenV < t17ε

2. Let us estimatet17,

t17 = (n− 1)

[
t5 +

n− 2

2
t24

]
< n

[
0.11998n3 +

n

2
(0.34634n

√
n)2
]

= n · n4

[
0.11998

n
+

0.346342

2

]
≤
[
0.11998

8
+

0.346342

2

]
n5 < 0.07498n5.

Substituting back in our initial inequality (A.5) we get,

0 < t16ε
2 + ε + 2|a3| −

[
2∑

j=1

(−1)jaj(1− cos jθr)

]
+ t17ε

2

= ε−

[
2∑

j=1

(−1)jaj(1− cos jθr)

]
+ 2|a3|+ t16ε

2 + t17ε
2.(A.6)

Let us estimate|a3|,

|a3| =
∣∣∣∣Re S3

n− 3

∣∣∣∣ =
1

n− 3

∣∣∣∣∣Re
∑

1≤i<j<k≤n−1

wiwjwk

∣∣∣∣∣
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=
1

n− 3

∣∣∣∣∣ ∑
i<j<k

(Re wi · Re wj · Re wk − Re wi · Im wj · Im wk

−Re wj · Im wk · Im wi − Re wk · Im wi · Im wj)

∣∣∣∣∣
≤ 1

n− 3

∑
1≤i<j<k≤n−1

(|Re wi| · |Re wj| · |Re wk|+ |Re wi| · |Im wj| · |Im wk|

+|Re wj| · |Im wk| · |Im wi|+ |Re wk| · |Im wi| · |Im wj|)

≤ 1

n− 3

∑
i<j<k

(|Re wi| · |Re wj| · |Re wk|+ |Re wi| · |wj| · |wk|

+|Re wj| · |wk| · |wi|+ |Re wk| · |wi| · |wj|) .

We will use Remark 3.1 and Lemma 2 to estimate the above terms,

|a3| <
1

n− 3

∑
i<j<k

[
t35ε

3 + 3t5t
2
4ε

2
]

=
1

n− 3

(
n− 1

3

)[
t35ε

3 + 3t5t
2
4ε

2
]

≤ (n− 1)(n− 2)

6

[
t35εn + 3t5t

2
4

]
ε2

<
n2

6

[
(0.11998n3)3 · 90

n12 lnn
+ 3 · 0.11998n3(0.34634n

√
n)2

]
ε2

=
n2

6

[
0.119983n9 · 90

n12 lnn
+ 3 · 0.11998 · 0.346342n6

]
ε2

=
n8

6

[
0.119983n3 · 90

n12 lnn
+ 3 · 0.11998 · 0.346342

]
ε2

≤ n8

6

[
0.119983 · 90

89 ln8
+ 3 · 0.11998 · 0.346342

]
ε2 < 0.0072n8ε2.

Thus,2|a3| < 2 · 0.0072n8ε2 = 0.0144n8ε2. Let t18 ··= 0.0144n8.

Let us collect all theε2 terms. Define,t19 := t16 + t17 + t18. Then we have,

t19 = t16 + t17 + t18 < 0.00251n11 lnn + 0.07498n5 + 0.0144n8

=

[
0.00251 +

0.07498

n6 lnn
+

0.0144

n3 lnn

]
n11 lnn

≤
[
0.00251 +

0.07498

86 ln8
+

0.0144

83 ln8

]
n11 lnn < 0.00253n11 lnn.

Thus, in (A.6) we can write,

(A.7) 0 < ε + a1(1− cos θr)− a2(1− cos 2θr) + t19ε
2.

Define:
m2 ··= n mod 2, m4 ··= n mod 4

In (A.7), putθr = 2π
n
· n−m2

2
and thenθr = 2π

n
· n−m4

4
. Using basic trigonometric simplifications

we respectively get,

(A.8) 0 < ε + a1

[
1 + cos

m2π

n

]
− a2

[
1− cos

2m2π

n

]
+ t19ε

2,
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(A.9) 0 < ε + a1

[
1− sin

m4π

2n

]
− a2

[
1 + cos

m4π

n

]
+ t19ε

2.

We will now find a suitable inequality to eliminatea2. We will do so by using our original
contrapositive assumption, (♦). So we will now take a minor detour from the proof and then
return to equations (A.8) and (A.9) once we have an inequality to eliminatea2.

By (♦) we have,

1− cnε < |wj − (1− ε)|
=⇒ 1− 2cnε + c2

nε
2 < |wj|2 − 2(1− ε)Re wj + (1− ε)2.

Thus we can write,

0 < (Re wj)
2 + (Im wj)

2 − 2(1− ε)Re wj +−2(1− cn)ε + (1− c2
n)ε2.

By Remark 3.1 we get,

0 < t25ε
2 + (Im wj)

2 − 2Re wj + 2t5ε
2 − 2(1− cn)ε + (1− c2

n)ε2

= (Im wj)
2 − 2(Re wj)− 2(1− cn)ε + (t25 + 2t5 + 1− c2

n)ε2

< (Im wj)
2 − 2(Re wj)− 2(1− cn)ε + (t5 + 1)2ε2.

DefineJ ··=
∑n−1

j=1 (Im wj)
2. Summing up the above inequality overj = 1, ..., n− 1,

0 <
n−1∑
j=1

(Im wj)
2 − 2Re S1 − 2(n− 1)(1− cn)ε + (n− 1)(t5 + 1)2ε2

= J − 2(n− 1)a1 − 2(n− 1)(1− cn)ε + (n− 1)(t5 + 1)2ε2.(A.10)

We will now use Remark 3.1 and Lemma 10 to estimateJ , which will in turn help us to estimate
a2,

(n− 2)a2 = Re S2 = Re
∑

1≤j<k≤n−1

wjwk

=
∑

1≤j<k≤n−1

[Re wj · Re wk − Im wj · Im wk]

≥ −
∑
j<k

|Re wj| · |Re wk| −
∑
j<k

Im wj · Im wk

> −
(

n− 1

2

)
t25ε

2 − 1

2

(
n−1∑
j=1

Im wj

)2

+
1

2

n−1∑
j=1

(Im wj)
2

= −
(

n− 1

2

)
t25ε

2 − 1

2
(Im S1)

2 +
1

2

n−1∑
j=1

(Im wj)
2

≥ −
(

n− 1

2

)
t25ε

2 − 1

2
|S1|2 +

1

2

n−1∑
j=1

(Im wj)
2

≥ −
(

n− 1

2

)
t25ε

2 − 1

2
t213ε

2 +
1

2
J.

Thus we can write,

J ≤ 2(n− 2)a2 +
[
(n− 1)(n− 2)t25 + t213

]
ε2.
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Let t20 ··= (n− 1)(n− 2)t25 + t213. We will estimate it using Lemmas 3 and 10,

t20 = (n− 1)(n− 2)t25 + t213 < n2t25 + t213

< n2(0.11998n3)2 + (0.02727(n− 1)n5)2

< 0.119982n8 + 0.027272n12

= n12

[
0.119982

n4
+ 0.027272

]
≤ n12

[
0.119982

84
+ 0.027272

]
< 0.00075n12.

Thus we have,
J ≤ 2(n− 2)a2 + t20ε

2 < 2(n− 2)a2 + t20ε
2.

Substituting back in (A.10),

0 < 2(n− 2)a2 + t20ε
2 − 2(n− 1)a1 − 2(n− 1)(1− cn)ε + (n− 1)(t5 + 1)2ε2

= 2(n− 2)a2 − 2(n− 1)a1 − 2(n− 1)(1− cn)ε +
[
t20 + (n− 1)(t5 + 1)2

]
ε2.

Let t21 ··= t20+(n−1)(t5+1)2

2
. By above and the estimate fort5 from Lemma 3,

t21 =
t20 + (n− 1)(t5 + 1)2

2
<

t20 + n(t5 + 1)2

2

<
0.00075n12 + n (0.11998n3 + 1)

2

2

= n12

[
0.00075 + n·n6

n12

(
0.11998 + 1

n3

)2
2

]

= n12

[
0.00075 + 1

n5

(
0.11998 + 1

n3

)2
2

]

≤ n12

[
0.00075 + 1

85

(
0.11998 + 1

83

)2
2

]
< 0.00038n12.

Thus we can write,

(A.11) 0 < (n− 2)a2 − (n− 1)a1 − (n− 1)(1− cn)ε + t21ε
2

Now we will return to the equations (A.8) and (A.9). To eliminatea2, multiply (A.11) by
1

n−2

[
1− cos 2m2π

n
)
]

> 0 and add to (A.8). We then get,

ε

[
1− (n− 1)(1− cn)

n− 2

(
1− cos

2m2π

n

)]
+a1

[
1 + cos

m2π

n
− n− 1

n− 2

(
1− cos

2m2π

n

)]
+ε2

[
t19 +

t21
n− 2

(
1− cos

2m2π

n

)]
> 0.(A.12)

Similarly, multiply (A.11) by 1
n−2

[
1 + cos m4π

n
)
]

> 0 and add to (A.9). We then get,

ε

[
1− (n− 1)(1− cn)

n− 2

(
1 + cos

m4π

n

)]
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−a1

[
−1 + sin

m4π

2n
+

n− 1

n− 2

(
1 + cos

m4π

n

)]
+ε2

[
t19 +

t21

n− 2

(
1 + cos

m4π

n

)]
> 0.(A.13)

Define:

α ··= 1 + cos
m2π

n
− n− 1

n− 2

[
1− cos

2m2π

n

]
,

β ··= −1 + sin
m4π

2n
+

n− 1

n− 2

[
1 + cos

m4π

n

]
,

t22 ··= t19 +
t21

n− 2

(
1− cos

2m2π

n

)
,

t23 ··= t19 +
t21

n− 2

(
1 + cos

m4π

n

)
.

Then we can rewrite the above two inequalities (A.12) and (A.13) as follows:

(A.14) ε

[
1− (n− 1)(1− cn)

n− 2

(
1− cos

2m2π

n

)]
+ αa1 + t22ε

2 > 0.

(A.15) ε

[
1− (n− 1)(1− cn)

n− 2

(
1 + cos

m4π

n

)]
− βa1 + t23ε

2 > 0.

Let us estimateα, β, t22, t23:

α = 1 + cos
m2π

n
− n− 1

n− 2

[
1− cos

2m2π

n

]
≤ 1 + 1− n− 1

n− 2
· 0 = 2.

For the lower bound onα we have,

α = 1 + cos
m2π

n
− n− 1

n− 2

[
1− cos

2m2π

n

]
≥ 1 +

(
1− m2

2π
2

2n2

)
− n− 1

n− 2

=
n− 3

n− 2
− m2

2π
2

2n2
≥ 8− 3

8− 2
− 1 · π2

2 · 82
> 0.

Hence we have0 < α ≤ 2. Now let us estimateβ,

β = −1 + sin
m4π

2n
+

n− 1

n− 2

[
1 + cos

m4π

n

]
≤ −1 +

m4π

2n
+

2(n− 1)

n− 2
=

n

n− 2
+

m4π

2n
≤ 8

6
+

3π

2 · 8
< 1.92239.

For the lower bound onβ we have,

β = −1 + sin
m4π

2n
+

n− 1

n− 2

[
1 + cos

m4π

n

]
≥ −1 +

n− 1

n− 2
> 0.

Hence we have0 < β < 1.92239. Now let us estimatet22,

t22 = t19 +
t21

n− 2

(
1− cos

2m2π

n

)
≤ t19 +

t21

n− 2
· 2m2

2π
2

n2
≤ t19 +

4

3
· t21

n
· 2m2

2π
2

n2
.
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The last step follows from the fact that forn ≥ 8, n
n−2

≤ 4
3
. Further estimatingt22,

t22 ≤ 0.00253n11 lnn +
4

3
· 0.00038n12

n
· 2m2

2π
2

n2

≤ 0.00253n11 lnn +
8π2

3
· 0.00038n9

= n11 lnn

[
0.00253 +

8π2

3n2 lnn
· 0.00038

]
≤ n11 lnn

[
0.00253 +

8π2

3 · 82 ln8
· 0.00038

]
< 0.00261n11 lnn.

Lastly, let us estimatet23,

t23 = t19 +
t21

n− 2

(
1 + cos

m4π

n

)
≤ t19 +

2t21
n− 2

≤ t19 +
4

3
· 2t21

n

≤ 0.00253n11 lnn +
4

3n
· 2 · 0.00038n12 = n11 lnn

[
0.00253 +

8

3lnn
· 0.00038

]
≤ n11 lnn

[
0.00253 +

8

3ln8
· 0.00038

]
< 0.00302n11 lnn.

Now we can multiply (A.14) byβ
ε

and (A.15) byα
ε

and add the two equations to eliminatea1.
We can thus write,

Acn −B + (t22β + t23α)ε > 0.

where, upon futher regrouping and simplification of terms we have,

A ··=
n− 1

n− 2

(
1− cos

2m2π

n

)
β +

n− 1

n− 2

(
1 + cos

m4π

n

)
α

=
n− 1

n− 2

[(
1 + cos

m4π

n

)(
1 + cos

m2π

n

)
−
(

1− cos
2m2π

n

)(
1− sin

m4π

2n

)]
,

B ··= β

[
n− 1

n− 2

(
1− cos

2m2π

n

)
− 1

]
+ α

[
n− 1

n− 2

(
1 + cos

m4π

n

)
− 1

]
=

1

n− 2

[
cos

m2π

n
+ sin

m4π

2n

]
+

n− 1

n− 2

[
cos

m2π

n
cos

m4π

n
− cos

2m2π

n
sin

m4π

2n

]
.

Since0 ≤ 2m2π
n

< π
2

and0 ≤ m4π
n

< π
2
, we note that,

A >
n− 1

n− 2
[(1 + 0)(1 + 0)− (1− 0)(1− 0)] = 0

So now we can write,

(A.16) cn >
1

A
[B − (t22β + t23α)ε]

Let us estimate the following:

βt22 + αt23 < 1.92239t22 + 2t23

= 1.92239 · 0.00261n11 lnn + 2 · 0.00302n11 lnn

< 0.01106n11 lnn.

Thus we have,

(βt22 + αt23)ε ≤ (βt22 + αt23)εn < 0.01106n11 lnn · 90

n12 lnn
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=
0.01106 · 90

n
=

0.9954

n
<

1

n
<

1

n− 2
.

Also, note that,

A ≤ n− 1

n− 2
[(1 + 1)(1 + 1)− 0] =

4(n− 1)

n− 2
.

Substituting in (A.16), we obtain,

cn >
1

A
(B − (t22β + t23α)ε) >

n− 2

4(n− 1)

(
B − 1

n− 2

)
.

From this point onwards the proof is almost identical to the one given by Chijiwa in [2]. We
present it here for the sake of completeness.

The proof is now divided into four cases. First suppose thatn ≡ 0 (mod 4), i.e. m2 = m4 =
0. Then,

B =
1

n− 2

[
cos

0π

n
+ sin

0π

2n

]
+

n− 1

n− 2

[
cos

0π

n
cos

0π

n
− cos

0π

n
sin

0π

2n

]
=

1

n− 2
[1 + 0] +

n− 1

n− 2
[1− 0] =

1

n− 2
+

n− 1

n− 2
=

n

n− 2
.

Thus forcn we obtain,

cn >
n− 2

4(n− 1)

(
B − 1

n− 2

)
=

n− 2

4(n− 1)

(
n

n− 2
− 1

n− 2

)
=

n− 2

4(n− 1)

(
n− 1

n− 2

)
=

1

4
,

which contradictscn = 1
4
.

Now supposen ≡ 1 (mod 4) i.e m2 = m4 = 1. Note thatn ≥ 9. In the following
calculations we will use the fact thatcos x > 1− x2

2
, sin x < x for x > 0, and (1.2),

B =
1

n− 2

[
cos

π

n
+ sin

π

2n

]
+

n− 1

n− 2

[
1 + cos 2π

n

2
− cos

2π

n
sin

π

2n

]
>

1

n− 2

[
1− π2

2n2
+

3

2n

]
+

n− 1

n− 2

[
1

2
+ cos

2π

n

(
1

2
− sin

π

2n

)]
>

1

n− 2

[
1− π2

2n2
+

3

2n

]
+

n− 1

n− 2

[
1

2
+

(
1− 2π2

n2

)(
1

2
− π

2n

)]
=

1

n− 2

[
1− π2

2n2
+

3

2n

]
+

n− 1

n− 2

[
1

2
+

1

2
− π2

n2
− π

2n
+

π3

n3

]
=

1

n− 2

[
1− π2

2n2
+

3

2n

]
+

n− 1

n− 2

[
1− π2

n2
− π

2n
+

π3

n3

]
=

1

n− 2

[
1− π2

2n2
+

3

2n
+ (n− 1)− (n− 1)π2

n2
− (n− 1)π

2n
+

(n− 1)π3

n3

]
=

1

n− 2

[
n− π2

2n2
+

3

2n
− π2

n
+

π2

n2
− π

2
+

π

2n
+

π3

n2
− π3

n3

]
=

1

n− 2

[
n−

(
π

2
+

2π2 − 3− π

2n
− π2 + 2π3

2n2
+

π3

n3

)]
.
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Let f(n) := π
2
+ 2π2−3−π

2n
− π2+2π3

2n2 + π3

n3 . We claim thatf(n) < 2 for all n ≥ 9, n ≡ 1 (mod 4).
By direct verification,f(9) < 2 andf(13) < 2. Forn ≥ 17 we have,

f(n) <
π

2
+

2π2 − 3− π

2n
+

π3

n3
≤ π

2
+

2π2 − 3− π

2 · 17
+

π3

173
< 2.

Hence we get,

B >
1

n− 2
[n− 2] = 1.

Thus forcn we obtain,

cn >
n− 2

4(n− 1)

[
B − 1

n− 2

]
>

n− 2

4(n− 1)

[
n− 3

n− 2

]
>

n− 3

4(n− 1)
,

which contradictscn = n−3
4(n−1)

.
Now supposen ≡ 2 (mod 4) i.e m2 = 0, m4 = 2. Note thatn ≥ 10.

B =
1

n− 2

[
cos

0π

n
+ sin

2π

2n

]
+

n− 1

n− 2

[
cos

0π

n
cos

2π

n
− cos

0π

n
sin

2π

2n

]
=

1

n− 2

[
1 + sin

π

n

]
+

n− 1

n− 2

[
cos

2π

n
− sin

π

n

]
=

1

n− 2

[
1 + (n− 1) cos

2π

n
− (n− 2) sin

π

n

]
>

1

n− 2

[
1 + (n− 1)

(
1− 2π2

n2

)
− (n− 2)

π

n

]
=

1

n− 2

[
n− 2(n− 1)π2

n2
− (n− 2)

π

n

]
.

Let f(n) ··= 2(n−1)π2

n2 + (n − 2)π
n
. We claim thatf(n) ≤ 5. By direct verification,f(10) < 5.

Forn ≥ 14 we have,

f(n) =
2(n− 1)π2

n2
+ (n− 2)

π

n
<

2π2

n
+ π ≤ 2π2

14
+ π < 5

Hence we get,

B ≥ 1

n− 2
[n− 5] =

n− 5

n− 2
.

Thus forcn we obtain,

cn >
n− 2

4(n− 1)

(
B − 1

n− 2

)
=

n− 2

4(n− 1)

(
n− 6

n− 2

)
=

n− 6

4(n− 1)
,

which contradictscn = n−6
4(n−1)

.
Finally supposen ≡ 3 (mod 4) i.e m2 = 3, m4 = 2. Note thatn ≥ 11. Then we have,

B =
1

n− 2

[
cos

π

n
+ sin

3π

2n

]
+

n− 1

n− 2

[
cos

π

n
cos

3π

n
− cos

2π

n
sin

3π

2n

]
>

1

n− 2

[
cos

π

n
+ sin

3π

2n

]
+

n− 1

n− 2

[
cos

π

n
cos

3π

n
− sin

3π

2n

]
=

1

n− 2

[
cos

π

n
+ (n− 1) cos

π

n
cos

3π

n
− (n− 2) sin

3π

2n

]
>

1

n− 2

[
1− π2

2n2
+ (n− 1)

(
1− π2

2n2

)(
1− 9π2

2n2

)
− (n− 2)

3π

2n

]
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=
1

n− 2

[
n− π2

2n
− 9(n− 1)π2

2n2

(
1− π2

2n2

)
− (n− 2)

3π

2n

]
=

1

n− 2

[
n− π2

2n
− 3(n− 2)π

2n
− 9(n− 1)π2

2n2
+

9(n− 1)π4

4n4

]
.

Let f(n) ··= π2

2n
+ 3(n−2)π

2n
+ 9(n−1)π2

2n2 − 9(n−1)π4

4n4 . We claim thatf(n) ≤ 8. By direct verification,
f(11) < 8 andf(15) < 8. Forn ≥ 19, we have,

f(n) <
π2

2n
+

3π

2
+

9π2

2n
− 0 ≤ π2

2 · 19
+

3π

2
+

9π2

2 · 19
< 8.

Hence we get,

B ≥ 1

n− 2
[n− 8] =

n− 8

n− 2
.

Thus forcn we obtain,

cn >
n− 2

4(n− 1)

(
B − 1

n− 2

)
=

n− 2

4(n− 1)

(
n− 9

n− 2

)
=

n− 9

4(n− 1)
,

which contradictscn = n−9
4(n−1)

.
Hence we have completed the main proof.
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