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2 MILICA KLARICIC BAKULA

1. INTRODUCTION

A functiony : C' — R is said to be convex on a convex subSedf a real linear spac if

(1.1) e+ (1—1t)y) <tp(x)+(1—1)p(y)

holds for allz, y € C'and0 < ¢ < 1. Itis said to be concave is reversed.

A functiony : I x J — R, wherel x J C R? and, J are convex sets, is callambnvex
on the coordinatesf the partial mappingsp, : I — R defined byy, (u) = ¢ (u,y), and
¢, : J — Rdefined byp, (v) = ¢ (z,v), are convex for aly € J andz € I. Analogously we
define functions which are concave on the coordinates. Obviously, ff x J — R is convex
(concave), then it is also convex (concave) on the coordinates, but functions which are convex
(concave) on the coordinates are not necessarily convex (concave) in the standard sense. For
instance, the function : [0, c0)” — R defined by

o (x,y) = 2Py,

wherep, ¢ > 1, is convex on the coordinates, but it is not convex in the standard sense. This
means that the class of convex functions is a proper subclass of the class of functions which are
convex on the coordinates. Analogously, ok p < 1 and0 < ¢ < 1 ¢ is concave on the
coordinates, but it is not concave in the standard sense ynlegs< 1.

The following double inequality

wheref : I — R is a convex function and = [a,b], —oc0 < a < b < oo, is known in

the literature as the Hermite-Hadamard inequality (see for example [4, p. 137]) and beside the
Jensen inequality is one of the two most famous inequalities for convex functions. Inlpaper [1]

Dragomir considered an inequality of Hadamard'’s type for functions convex on the coordinates
defined on a rectangle from the plaké He proved the following theorem.

THEOREM A . Suppose thap : [a,b] x [c,d] C R*> — R, where—cc < a < b < oo and
—00 < ¢ < d < o0, is convex on the coordinates gnb| x [c, d]. Then
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L[ et y)dy+# <b,y>dy]
w(aw’)+so(a,d)+so(b,6)+so(b,d).

(1.3) < 1

These inequalities are sharp.

The resultas established in [1] were generalized and expanded in [2] but the goal of this paper
is to improve the result stated in Theorem A.
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2. IMPROVEMENT

Let £ be a nonempty set anda linear classof functionsf : £ — R having the properties:
(L1) (Vf,g€ L) (Vo,B €R) af + Bg € L;
(L2) 1 € L (thatisif (Vt € E) f(t) = 1 thenf € L);
(L3) (Vf,g € L) (min{f, g} € L Amax{f,g} € L) (lattice property).
We considepositive linear functionals! : . — R, that is, we assume:
(A1) (Vf,g € L)(Va,B € R) Alaf + Bg) = aA(f) + BA(g) (linearity)
(A2) (Vf € L)(f>0— A(f) > 0) (positivity).
If additionally the conditionA(1) = 1 is satisfied, we say that is apositive normalized linear
functional

Obviously, (RE, g) (with standard ordering) is a lattice. Also, it can be easily verified that
a subspaceX C RF is a lattice if and only ifx € X implies|z| € X. This is a simple
consequence of the fact that for everg X the functiongz|, = andz™ can be defined by

el (t) = |z ()], 7 () =max {0,z (1)}, 2~ (1) = —min{0,z(t)}, t€E,

and
x4+ =z, 2t -2 =u,

, 1 1
mn@w}=§@+y—w—ML Mth&=§@+y+w—yU

Recently, in[[3], the following theorem was proved.

THEOREM B . Let L satisfy(L1), (L2) and(L3) on a nonempty s€f and letA be a positive
normalized linear functional. Iff : I — R is a continuous convex function afnd b] C I then
forall g € L such thaty (E) C [a,b] and f (¢g) € L we haveA(g) € [a,b] and

pa—%qb) pf(a) +qf (b) .
2.1 <A < —A(g)dy,
@.1) F(PER) <A < PO @)
wherep and ¢ are any nonnegative real numbers such that

pa + qb
2.2 Alg) =
(2.2) (9) s

andg, ¢, are defined by

g — 5"

1
g=51-

- s @0 -2 (U50)).

2

It can be easily seen that an improvement of the Hermite-Hadamard inequality can be ob-
tained as a special case of Theorem B.Bet [a,b] andL = R ([a, b]), whereR (E) denotes
the subspace of all (bounded) R-integrable functiong.o (note here thaR ([a, b)) is a lattice
sincef € R ([a, b)) implies|f| € R ([a, b])). If we define

b
A =5y [ Fons

andg = idr we can easily see that is a positive normalized linear functional and

. I +b
A(g):A(sz):b_a/ xdx:a2
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which means that fgp = ¢ = 1 we have
a+b pa+qb
2 p+aq
If f:[a,b] — R is a convex function than we haye(g) = f € R ([a,b]) = L and all the
conditions of Theorem B are satisfied, hence we obtain

a b a
F(“50) = 55 [ swae < KOO gy,

whered; is defined as in Theorem B and
3 1, |idg — 2tb1| 1 1 |z—
A@) = A(ﬁl_ b—a _b—a/a 2 b-a de
atb atb b __ atb
_ 1 /2 l_ 5 T de + 1 / l_x 5 dle
b—a J, 2 b—a b—a at | 2 b—a 4

The condition thatf has to be continuous dia, b| , which is for an arbitraryA required in
Theorem B for the same reasons as in Jessen’s inequality {(see [4, p. 45]), can be omitted in this

special case.
In other words, as a special case of Theorem B we have the following corollary.

A(g) =

Corollary 2.1. If f : [a,b] = R, —00 < a < b < o0, is a convex function then

ey 1("5) <t [ nwar < LOEIO Ly (02h) 0 T0)

In the following we usé{2.3)) to obtain an improvement of Theorem A.

Theorem 2.2. Suppose thap : [a,b] x [c,d] C R*> — R, where—co < a < b < oo and
—00 < ¢ < d < 00, is convex on the coordinates nb| x [c,d]. Then

a+b c+d
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(2.4) < é[b—a/ (ap(x c)+ ¢ (x,d) +2gp<

dic Cd (@(a y) + ¢ (b, y)+2gp(
¢

)H

< ¢ (a,c)+¢(a,d)+ ¢ (b,c)+ ¢ (b,d) +1¢(a+b c—l—d)
16 4
(550 0) +o (557, d) + o (0, 557) + 0 (b, 55)
8

These inequalities are sharp.
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Proof. The idea of the proof is the same aslin [1] except that we[u8g. Sincey is convex on

the coordinates we know that, : [a,b] — R defined by, (u) = ¢ (u,y) ,andyp, :

[c,d] = R

defined byp, (v) = ¢ (z,v), are convex for aly € [c, d] andz € [a, b]. By we have

a+b 1 b
<
0(50) < 52 [ o

©y (a);rsoy (b) N %% (a;—b)

IA

forally € [c,d], thatis

a—+b 1 b
< d
sO( y) < o | wley)de

2 . 2@y ol D Lo(52).

4 2
Integrating this oric, d| and dividing by(d — ¢) we obtain

1 d a+b
= ()
(2.5) < b—a / / (z,y)dzdy

< }1 {dic/cd (w(a,y)+s0(b,y)+2w (a;bjy))} dy.

In a similar way we get
1 b c+d
b—a/ gp(x, 5 )dx
(2.6) < b—a) —c// (z,y)dzdy
171 c+d
< = .
< 4{b_a/a (0.0 + o)+ 20 (5. 57) ) | as

Summing([2.5)) and([2.6|) we obtain

111 /b c+d dz + 1 T fa+b 1
25l —a e\, 9 z —d— 2 9 » Y Y
b-a(d—0 // y)dzdy

1 c+d

Z 2) -
S[b—a (gpa:c)+g0(x,d)+ 90(3:, 5 ))dx+
L[ a+b

T (so(a y)+90(by)+290( 5 ))dy}

which are the second and the third inequality2nd)) .
By the Hermite-Hadamard inequality (or the left hand sidé€20%)) we also have

a+b c+d 1 b c+d
<
S0( 2 72 )_b—a/awx’ 2 Jdz
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a+b c+d 1
@ ; <
2 2 d—c

hence

a+b c+d
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which is the first inequality ir2.4). In the same way, b{2.3)), we know that

1 b
b—a/ o(z, c)dx

1 b
b—a/ oz, d)dx

1 d
d_c/‘wwwﬁw

1 d

d—c ),

1 b
b_@lw@,z

1 4 a+b
d_c/‘ﬂ 5 Y)dy

which gives, by addition,
1
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Taking all this into consideration we obtain the last inequalit{2ir]) .
If we chooseyp defined byy (z,y) = zy then inequalitieg2.4) become equalities which
shows that they are sharp.

Remark 2.1. It is easy to prove (in several steps) using the second inequal{®/Jdinthat

é{bia/ab (@(x,c)+g0(x,d)+2g0 (az,cgd>)dx+
L[ ¢ (a,y) +¢(by)+ 20 G—M,y dy
= (4559)) ]

I I
{b / ¢ (z,¢) dx—l—b— o (z,d) dx+

I 1 ‘
Fp s@(ay)der— (b,y)dy}

d
1
1

d _
and

16
o550 T (o d) tele 59 +
8
o plag+ead+ebe)tybd
- 4
meaning thaf2.4)) is in fact an improvement off.3)) .

o (a,c)+¢(a,d)+¢(b,c)+ ¢ (bd) 1 a—l—b c+d
o ( )
e (b 5
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