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1. INTRODUCTION

Let A denote the class of all analytic functions defined in the open unitdisk{z : |z| < 1}
and normalized ag(0) = 0 = f'(0) — 1.

A function f € A is uniformly convex (starlike) if for every arg contained inA with centre
¢ € A, the image arg () is convex (starlike with respect t6(¢)). The class of all uniformly
convex functions denoted dyC'V was introduced by Goodmahni [2] in 1991. Ronning [8] and
Ma and Mindal[3] independently proved that UCV if and only if

zf”(z)} zf”(z)
Redl+ ——-0 > |
{ f'(z) f'(z)
Further Ronning [8] defined the claSs of functionsf € A for which
2f'(2) } 2f'(z)
Req —— ¢ >
{ f(z) f(2)
It can be observed easily thate UCV ifand only if z f' € S,,.
LetQ = {w : |w — 1| < Rew}. Itfollows thatf € UCV or S, are equivalent to saying that
2f"(z) _ z2f'(z) .. :
or lies in 2 respectively.
I C AN .
Note that(2 is a parabolic region, symmetric with respect to the real axis ha\liygj 0) as

its vertex. The class, andUCV are generalized to the claSg(«) andUCV («) as follows:
A function fisinUCV («) if

, z€A

-1, z€ A

2f"(2)

2" [FE)
Re{l—l— ) }> ey | €8
Similarly f € S,(«) if
SN L]
Re{1+ £02) }> + ) 1|, z€ A

If —1 < a < 1then the functions in the above classes are univalent. Inffact,(«) we have

/
Re (ZJ{((Z))> > 1;(1 > 0 and henceg € 5*.
z
In this paper we find sufficient conditions for certain types of functions.
In order to prove our results we need the following.

2. PRELIMINARIES

Lemma2.1.1f -1 < a < 1, STTO[ <a<2—a+ \/(1 — a)(1 — 3a) whereq is any real
number such that
o fo-ne s <ag e
“ V20 -a)a—1) a>3e
then o) a| < R, impliesf € S,(«). In particular we havef € S,(«a) if

f(z) 2

L)y 1o

The lemma witly = 0 is in [6].

Proof. The result follows from the fact thak, . given in the lemma is the minimum of all
+ «

. 1 .
distances frona, > , and any point on the parabdla — 1| + « < Re w. i

AJMAA Vol. 11, No. 1, Art. 19, pp. 1-8, 2014 AJMAA


http://ajmaa.org

SUFFICIENT CONDITIONS FORCERTAIN TYPES OFFUNCTIONS TO BEPARABOLIC STARLIKE

Lemma 2.2.[1] For |z| <r < 1, |z| = R > r we have
z r? Rr
+ <
z2—zx R2—1r?2| 7 R?2—1?

3. MAIN RESULTS
Theorem 3.1. Leta anda be as defined in Lemma P.1. Let
z
f(z) = = :
<1 + Z bk2k>

1
If the coefficients of () satisfy

Z{Raa + (1 —a) = k[}ok| < Rao — |1 — 4
k=1

thenf € S,(«).

z

<1 + §b> |

Proof. Sincef(z) =

We have
k
. > ke
7 — ‘ = 11— a — L s
14 Z bkzk
1
So we can conclude thgte S, () if
> kb
(1 — a) - ! o S Raa

that is, if

(1—a)+ Z(l —a — k)b2"
k=1
The above inequality holds whenever

[1—al + > [(1—a) = k|[bg|r* < Rea <1 -y ]bklrk>
k=1

1

S Ra,a

1+ ibkzk
1

That is o
Z{Kl —a)— k| + Ra,a}|bk|rk < Roo—[1—aq|
k=1

Sincer < 1 andr* < 1 we have
Z{Ra@ + (1 —a) — k[}okg| < Rao — |1 — 4
k=1

which proves the theorens.
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In particular ifoe = 0 anda = 1, thenR, , = 1/2 we have
z

1+ ibkzk
1

Whenever "(2k + 1)|b| < 1thenf € S,.
1

Corollary 3.2. Let f(z) =

Remark 3.1. If f(z) = 7 +Zb
1<

thenf € S, wheneven|b;| <1
= |by| < 1/3 which is true from Goodman [2].

z

1+ ibkzk
1

Corollary 3.3. Let f(z) = . If the coefficients of (z) satisfy the condition given

in Theorenj 3]1, then

f(z):/oz (1+§:bktk> dt

is in UCV (a). In particular if > " (2k + 1)|b;| < 1thenfisinUCV.
1

z .
- Leta,a be asin

Theorem 3.4. Letn, k be fixed positive integers and lgtz) = Tt
ZTL

Lemmd 2.]1. Thep(z) € S,(«) for

1
2] < Roo — |1 —d n
|1 —a—Fkn|+ Raa

Proof. Sincep(z) =

(14 2zm)k

zp ’ knz"

— —a|=|1—-a~—

D 142m

if

k n

'1_ _ knz »
142 ’

thenp(z) € S,(a).
That is,

(1 —a)+ (1 —a—Fkn)z"| < Ryall+ 2"
This holds whenever,

|1 —a|l+ |1 —a—kn|lz|" < Rya — Raulz|"

o < (Faa 11—l "
|1 —a—Fkn|+ Raa
which proves Theoren 3.4.

By takinga = 0 anda = 1 in the above theorem an@, , = 1/2 we have

which simplifies to
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Corollary 3.5. p(z) = -isin S,

(14 2m)

1 1/n
wheneve .
t] < <2kn n 1)

z dt
Corollary 3.6. F'(2) = ———iIsinUCV if

1 1/n
< .
12 <2kn—|—1)

Theorem 3.7.LetQ(z) be a polynomial of degree. Let R = min{|¢| : Q(£) = 0,& # 0}. Let
a,a be as in Lemma 2/ 1. Then the functiBfz) = 2(Q(z))?/™ belongs taS,(«) for

R(Ryo —|1—al)
(‘5’ + Ra,a - |1 - al)

|z| =r <
Proof. F'(z) = 2[Q(2)]?/™ implies

’ n
ﬁzl—l—ﬁ/nz :
p k=1

— 2 — 2k

2 2

2p’ - z r r
— —a=1—-a+pF/n + —
P & ;(z—zk R? — 12 RQ—T2>

2 2

- z r r
(1_a)+5/”2(2_zk+32_rz _R2—r2)
=1

thenf € S,(«) by Lemmg 2.]L.
Using Lemma 22 we see thate S, («) if

|8 Rr |B|r?
R2 _ 2 TRz _ 2
R(Ryo — |1 —al)

(Bl + Rea — L —al)’
We get the required resulj.

< Ryo

|1—CL|—|— <Ra,a

This is satisfied if <

Corollary 3.8. LetQ(z) be a polynomial of degree. Let R be as in Theorern 3.7. Then the
function F(z) = 2[Q(2)]°/" belongs taS, for |z| < %;W
This follows by takinge = 0, a = 1 in Theorenj 3]7.

Remark 3.2.
z
(1) Letﬁ =n, Q(Z) =1- m thenF(Z) =2z —
(2) The functiony(z) = z + 2% + 2° € S, for |z| < 1/5.
Sinceg(z) = 2(1 + z + 2%) = 2Q(2).
Taking 3 = 2, n = 2 we get
R =min{|¢| : 1+ z + 2% = 0}. ThereforeR = 1.

Henceg € S, for |z| < 1/5.
z

(3) The functionm €S,

n n+1
——isin.s,.
(2n+1)» P
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Corollary 3.9. LetQ(z), R be as in Theorefn 3.7. Then the function
G(z) = / [Q()]P"dt € UCV (a)
0

R(Ryo — |1 —al)
(18] + Rao — [1 —al)’
Corollary 3.10.

for |z| =r <

g9(z) = / [Q®))P/mdt e UCV
0
for |z| = r wherer = IR
Corollary 3.11.

z dz
/0 T € UCY

This function maps the unit disk onto a regular polygom sides.
Before we proceed to our next result, we need the following lemma.

Lemma 3.12. [4] If the functiong is regular inA and|g(z)| < 1in A, then for all§ € A and
z € A the following inequalities hold

g(§) — g(2)

- <Lz
1 —g(2)g(§)

= |1—z¢

and
, 11— g(2)?
< - = 7
9 < T

the equalities hold only in the case

zZ4+u
= wherele| = 1 and|u| < 1
9(z) = ¢, = where| [u

We also need the following.

Remark 3.3. [7]

2] + la]
< 2t T
9)] <
for all g € A for = defined in Lemma 3.72.

Theorem 3.13. Let 7 be a complex number and the function € A,
9"(2)

) < 1forall z € A andj satisfies the condition
gi\z

g(2)=z+a®+ ... |f

Ry +|1—al

|22 +2]az]|2|
maxiz|<i ( 1+2[az][2]

whereR, , anda are as in Lemma 2|1 then the function

18] <

Gs(z) = /Oz(g'(u))ﬁdu isinUCV ()
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Proof. Gi5(z) is regular inA.
1 G(2)
18] Gj5(2)
where/ satisfies the inequality given in the Theorem 8.13.
_ B 9'(2)
18] 9'(2)

Considemn(z)

The functionp(z) is regular inA and we have(z)

andp(0) = 2|az|.
Therefore

and sop(z)| < 1forall z € A

1

18]

For all z € A. Therefore we get

2G7(2) z| 4+ 2la
/L < |8|7| (M)
Gi(2) 1+ 2|az||2|

2] + 2|as]| 2]
1+ 2|as]|z|

Gy (z)
Gy(2)

2| + 2[as]
— 1+ 2|as|z]

< |B| max (
and so
2G(2)
Gj(2)

< Roo+ |1 —aq

This proves the theorem.

Theorem 3.14.Letr be complex number and the functigre A, g(z) = 2z + a»2*> +.... If
"(zm 1 e .

g"(z") < —forall z € A andn a positive integetlr| < R, + |1 — a| whereR, , are as in

gz~ n
Lemm then the function

Gonl(z) = / g ()] duis in UCV (a)
0
Proof. Let us consider the function
) = [ (o) du
0

1)
] )

The functionp(z) =

[3.14 is regular inA.
It follows that

where the constarnt| satisfies the inequality given in Theorem

p(2)

B L {nzn—lg//(zn):|
L g(z")

and so we havép(z)| < 1 forall z € A.

Also p(0) = 0 and applying Schwarz-Lemma we havve

1/)
| 72)
z //(Z)

f'(2)

< |7]

and hence we obtain

< |rllzl*

This proves the required resuk.
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