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1. I NTRODUCTION

The operator equation, central to our study is the operator equation of the Hammerstein’s type:

(1.1) u+BAu = w,

whereA andB are operators,u, w elements in a given Banach spaceX, with u being the
unknown element inX.
Since the work of Hammerstein [1], the study of (1.1) has mainly benefited by the compact
mappings.
It will become clear in the sequel that breakup of the operatorBA from Banach spaceX into
consistuent parts notably:

A : X → X∗ andB : X∗ → X with R(A) ⊆ D(B),

whereX∗ is the dual space, will reveal the interdependence between the theory of non-linear
integral equations and that of monotone mappings.
The notion of montone operators were introduced by Zarantenello [12], Minty [11] and Kacurovskii
[13]. Monotonicity conditions in the context of variational methods for non-linear operator
equation were also used by Vainberg and Kacurovskii [14].
Interest in (1.1) stems mainly from the fact that several problems that arise in differential equa-
tions, for instance, elliptic boundary value problems whose linear parts possess Green’s func-
tions can, as a rule, be transformed into a form (1.1) [see [2]].
Equation (1.1) is generally called the Hammerstein’s type operator equation.
Several existence and uniqueness theorems have been proved for the equation of the Hammer-
stein’s type [2], [7].
Several applications of (1.1) are found in the studies of partial differential equations [15], [16],
the theory of optimal control system [17], theory of mechanics, in particular in technical prob-
lems [18].
In this paper, we considerX a reflexive Banach space,A, B maximal monotone operators and
the equations of study, notably the operator equation of the Hammerstein’s type (1.1).
The operatorsA, B will be perturbed by some small parameter. The approximate solution of
the regularized or perturbed Hammerstein operator equation will be extensively studied. The
regularized equations will finally be examined in Hilbert spaces so as to unify results.
Finally, this paper provides a more congenial solution space for the approximate solution of
the Hammerstein equation in the operator form. The methodology of this paper is to apply
regularized techniques to solve operator equations of the Hammerstein’s type.

2. PRELIMINARIES

LetX be a real Banach space with dualX∗. The mappingT : X → 2X∗
is said to be monotone

if for some elementsu, v ∈ D(T ), the inequality:

〈f − g, u− v〉 ≥ 0,∀[v, g] ∈ G(T )(2.1)

holds for allf ∈ Tu andg ∈ Tv. The mapping is said to be

• strictly monotone if the equality in (2.1) impliesu = v,
• monotone if

〈Tu− Tv, u− v〉 ≥ 0,∀u, v ∈ D(T ),(2.2)

• uniformly monotone if for eachu, v ∈ D(T ) there exists a strictly increasing function
ϕ : [0,∞) → [0,∞) with ϕ(0) = 0 such that〈Tu− Tv, u− v〉 ≥ ϕ(||u− v||2),

• strongly monotone if for eachu, v ∈ D(T ) there existsk ∈ (0, 1) such that〈Tu −
Tv, u− v〉 ≥ k(||u− v||2).
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ON THE REGULARIZATION OF HAMMERSTEIN’ S TYPEOPERATOREQUATIONS 3

A close study of the definitions shows that every strongly monotone map is uniformly monotone;
sinceϕ(t) = kt, k ∈ (0, 1) is strictly monotone function withϕ(0) = 0.
A setM ⊆ X×X∗ is monotone provided that〈f−g, u−v〉 ≥ 0 for any pair[u, f ], [v, g] ∈M .
A monotone setM is maximal if it is not a proper subset of a monotone set inX × X∗.
The mappingT : X → 2X∗

is said to be maximal monotone if its graphG(T ) is a maximal
monotone set ofX ×X∗. Therefore,T is maximal monotone if and only if〈f − g, u− v〉 ≥ 0
implies u ∈ D(T ) andf ∈ Tu. The element[u, f ] ∈ X × X∗ lies inG(T ) if and only if
[f, u] ∈ X∗ × X lies inG(T−1). Since the monotonicity is invariant under transposition of
domain and the range of a map,T is maximal monotone if and only ifT−1 has this property.
LetX be an arbitrary Banach space with dual spaceX∗. The mappingJ , whereJ : X → 2X∗

is called a normalized duality mapping onX and is defined by

J(u) = {u∗ ∈ X∗ : 〈u∗, u〉 = ||u||2 = ||u∗||2}.(2.3)

From now onX is seen as a Reflexive Banach Space with dualX∗, the mappingsA : X → 2X∗

andB : X∗ → 2X maximal monotone with respective domainsD(A) andD(B).
In (1.1) we define a mapC = A−1 : X∗ → 2X and for anyϕ ∈ Au, (1.1) may be written as:

Cϕ+Bϕ = w,(2.4)

whereC is maximal monotone [ [2], p. 122].

Theorem 2.1. [3]. Suppose thatX is reflexive, thatA andB are maximal monotone operators
onX and that

D(A) ∩ intD(B) 6= ∅(2.5)

thenA+B is maximal.

Combining (2.4) with the two theorems [ [2] p. 106 - 107], we have the following:

Lemma 2.2. If A : X → 2X∗
andB : X∗ → 2X maximal monotone mappings, the map

A−1 +B coercive and the condition (2.5) holds, then (1.1) or (2.4) with anyw ∈ X has at least
one solution.

The formulation of a regularized equation of Hammerstein’s type requires the following defini-
tions and notations.

Definition 2.1. Let the spaceZ be defined by

Z = X ×X∗ = {ς = [u, ϕ] : u ∈ X,ϕ ∈ X∗}.(2.6)

With the natural linear operation, +, defined byας1 + βς2 = [αu1 + βu2, αϕ1 + βϕ2] for real
numbersα andβ andς1 = [u1, ϕ1], ς2 = [u2, ϕ2] are elements ofZ.
For anyς ∈ Z, let ||ς||Z = {||u||2 + ||ϕ||2} 1

2 then the spaceZ is a Banach space withZ∗ =
X∗ ×X as its dual. The duality pairing of the spacesZ andZ∗ is defined by the product

〈η∗, ς〉 = 〈ψ, u〉+ 〈ϕ, v〉(2.7)

of the elementsς = [u, ϕ] ∈ Z andη∗ = [ψ, v] ∈ Z∗.

Lemma 2.3. Let {ςn} be a sequence inZ, whereςn = [un, ϕn] and let ς0 = [u0, ϕ0]. As
n→∞, the following relations are equiavelent:

ςn ⇀ ς0, ||ςn||Z → ||ς0||Z(2.8)
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4 E. PREMPEH, I. OWUSU-MENSAH AND K. PIESIE-FRIMPONG

and

un ⇀ u0, ϕn ⇀ ϕ0, ||un|| → ||u0||, ||ϕn|| → ||ϕ0||.(2.9)

Proof. The implication(2.9) ⇒ (2.8) is obvious.
[un, φn] ⇀ [u0, φ0] = ςn ⇀ ς0 and||ςn||2Z = (||un||2 + ||φn||2∗) = ||ς0||2Z
On the other hand, we assume(2.8) is valid and letη∗ = [ψ, v] be an arbitrary element ofZ∗.
Then the relation〈η∗, ςn〉 implies

〈ψ, un〉+ 〈φn, v〉 → 〈ψ, u0〉+ 〈φ0, v〉(2.10)

If we putv = 0 in (2.10) then

〈ψ, un〉 → 〈ψ, u0〉 ∀ψ ∈ X ∗

that is,un ⇀ u0. Also if ψ = 0 thenphin ⇀ φ0. By the weak convergence these imply the
inequalities

||u0|| ≤ lim inf
n→∞

||un||and||φ0||∗ ≤ lim inf
n→∞

||φn||∗(2.11)

since

||ςn||Z → ||ς0|| = (||u0||2 + ||φ0||2∗)
1
2 ,

one can consider that||unk
|| → a and||φnk

|| → b with

a2 + b2 = ||u0||2 + ||φ0||2∗,

where{unk
} and{φnk

} are subsequences of{un} and{φn} , respectively.
Then(2.11) implies||u0|| = a and||φ0||∗ = b.
Thus,||un|| → ||u0|| and||φn||∗ → ||φ0||∗.

Lemma 2.4. If J : X → X∗ andJ∗ : X∗ → X are the normalized duality mapping onX and
X∗, respectively, then the operatorJZ : Z 7→ Z∗, defined by

JZς = [Ju, J∗ϕ] ∀ς = [u, ϕ] ∈ Z,(2.12)

is a normalized duality mapping onZ; and conversely, every normalized duality mapping onZ
has the form (2.10).

Proof. We verify forJZ all the conditions of a normalized duality mapping as spelt out in(2.3).
For this reason consider an arbitrary elementς = [u, φ] ∈ Z and using the properties of the
operatorsJ andJ∗, we obtain
〈JZς, ς〉 = 〈Ju, u〉+ 〈φ, J∗φ〉 = ||u||2 + ||φ||2∗ = ||ς||2Z ;
||JZς||Z∗ = (||Ju||2∗ + ||J∗φ||2) 1

2 = (||u||2 + ||φ||2∗)
1
2 = ||ς||Z

that isJZ : Z 7→ Z∗ is dual mapping onZ.
Let the operator̄JZ : Z 7→ Z∗ be such that

〈J̄Zς, ς〉 = ||ς||2Z , ||J̄Zς||∗Z = ||ς||Z(2.13)

Assuming thatJ̄Zς = η∗ = [ψ, v], ψ ∈ X ∗ , v ∈ X , we write the inequality

〈J̄Zς, ς〉 = 〈η∗, ς〉 = 〈ψ, u〉+ 〈φ, v〉,
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which by virtue of(2.13) gives

||u||2 + ||φ||2∗ = 〈ψ, u〉+ 〈φ, v〉 = ||ψ||2∗ + ||v||2(2.14)

Next we show thatψ = Ju , v = J∗φ.
It is necessary to establish that〈ψ, u〉 = ||ψ||∗||u|| , and〈φ, v〉 = ||φ||∗||v|| From (2.14) we
assume on the contrary
||u||2+||φ||2∗ < ||ψ||∗||u||+||v||||φ||∗ ≤ 2−1(||ψ||2∗+||u||2)+2−1(||v||2+||φ||2∗) = ||u||2+||φ||2∗
which is false. Hence(2.13) may be written as:
||u||2 + ||φ||2∗ < ||ψ||∗||u||+ ||v||||φ||∗ ≤ 2−1(||ψ||2∗ + ||u||2) + 2−1(||v||2 + ||φ||2∗)
Then

0 = (||u|| − ||ψ||∗)2 + (||φ||∗ − ||v||)2,

That is,ψ = Ju andv = J∗φ.

Lemma 2.5. The spaceZ is strictly convex if and onlyX andX∗ are strictly convex.

Proof. The spaceZ is strictly convex if and only ifJZ is strcitly monotone operator. On the
other hand,JZ is strictly monotone if and only ifJ andJ∗ are strictly monotone since
JZς = [Ju, J∗φ] for all ς = [u, φ], ( see [4], p45).

The equation (1.1) is written as the system:

Au− ϕ = 0, u+Bϕ = w,ϕ ∈ Au ,

which is equivalent to the operator equation:

Tς = h,(2.15)

whereT : Z 7→ 2Z
∗

such that

Tς = [Au− ϕ, u+Bϕ] ∈ Z∗, ς = [u, ϕ] ∈ Z, h = [0X∗ , ω] ∈ Z∗ .

Lemma 2.6. The operatorT is monotone.

Proof. Let ς1 = [u1, ϕ1], ς2 = [u2, ϕ2] ∈ Z, the equality

〈Tς1 − Tς2, ς1 − ς2〉 = 〈Au1 − Au2, u1 − u2〉+ 〈ϕ1 − ϕ2, Bϕ1 −Bϕ2〉(2.16)

holds. Additionally, the equality is valid ifui ∈ D(A), ϕi ∈ D(B) for all i = 1, 2. At that, the
inclusionϕi ∈ Aui should hold, that is,ui ∈ A−1ϕi, i = 1, 2
Therefore (2.12) may be written as
〈Tς1 − Tς2, ς1 − ς2〉 = 〈ϕ1 − ϕ2, A

−1ϕ1 − A−1ϕ2〉 + 〈ϕ1 − ϕ2, Bϕ1 − Bϕ2〉, whereϕi ∈
D(B), ϕi ∈ D(A−1), i = 1, 2.
With this condition it follows that if (2.5) is satisfied then the operatorT is maximal monotone
on its domainD(T ).

Let the operatorsA,B be maximal monotone. LetD(A) = X and condition (2.5) be satisfied.
LetN be a non-empty closed solution set of (1.1). Then we have the following result:

Lemma 2.7. The setN is convex.
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Proof. LetM be a solution of(2.4) thenM is convex and closed inZ ( see [2] p105). In view
of (2.15) , and sinceM = {[u, φ] : u ∈ N, φ ∈ Au}, thenM = N × A(N). ThereforeN is
convex.

Next we consider a regularized Hammerstein type operator equation in general Banach space

u+ (B + αJ∗)(A+ αJ)u = wδ,(2.17)

whereα > 0, δ > 0. wδ is δ−approximation ofw, where||w − wδ|| ≤ δ

Lemma 2.8. The equation (2.13) is uniquely solvable for every elementwδ ∈ X.

Proof. LetBα = B + αJ∗ , Aα = A+ αJ∗.
We introduce an operator
Tα = [Aαu− φ, u+Bφ] = Tς + αJZς, ς = [u, φ] , JZς = [Ju, J∗φ]
The solvability of(2.15) is equivalent to the solvability of equation

Tαςδα = hδ, hδ = [0∗X , ω
δ](2.18)

whereTα = T + αJZ is a maximal monotone. The conclusion of the Lemma follows from (
see [5], [6] and [7]

Theorem 2.9.Let a solution setN of equation (1.1) be non empty and closed,A : X → X∗ be
a maximal monotone locally bounded mapping withD(A) = X. Assume thatB : X∗ 7→ 2X is
also maximal monotone mapping. Letwδ be aδ− approxiamtion ofw, such that||w−wδ|| ≤ δ.
If δ

α
→ 0, and alsoα → 0, then the sequence{uδ

α} of solutions of the regularized equation
(2.13) converges strongly inX to the solutionu∗ ∈ N which is defined as

||u∗||2 + ||Au∗||2 = min{||u||2 + ||Au||2 : u ∈ N}.

Proof. Consider the operator equation(2.15) and(2.18) with solutionsς, ςδα respectively. Sub-
tracting(2.15) from (2.18), we have

Tαςδα − Tς = hδ − h

or equivalently

Tςδα − Tς + αIZς
δ
α = hδ − h

Multiply the above through withςδα − ς, we have

〈Tςδα − Tς, ςδα − ς〉+ α〈IZςδα, ςδα − ς〉 ≤ 〈hδ − h, ςδα − ς〉(2.19)

By the monotonicty ofT , we have

α〈IZςδα, ςδα − ς〉 ≤ 〈hδ − h, ςδα − ς〉 ≤ ||hδ − h||||ςδα − ς||(2.20)

That is,

α〈IZςδα, ςδα〉 ≤ δ||ςδα − ς||
or α(||ςδα||2 − ||ςδα||||ς||) ≤ δ||ςδα − ς||
which is a quadratic in||ςδα||, giving an estimate0 ≤ ||ςδα|| ≤ w where

w = ||ς||+ δ

α
+

√
(||ς||+ δ

α
)2 +

4δ||ς||
α

(2.21)

Thus the sequence{ςδα} is bounded. Hence there is a subset{ςδβ} (see [8] p 53 ) which converges
asβ → 0 to some element̄ς ∈ Z
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Next we show thatT ς̄ = h.
Take an arbitrary elementς ∈ Z. SinceT is monotone, then
0 ≤ 〈Tς − Tαςδα, ς − ςδα〉 = 〈Tς − h, ς − ςδα〉+ β〈IZςδα, ς − ςδα〉+ 〈h− hδ, ς − ςδα〉
≤ 〈Tς − h, ς − ςδα〉+ β〈IZςδα, ς − ςδα〉+ δ||ς − ςδα||
As β, δ → 0, we have
〈Tς − h, ς − ς̄〉 ≥ 0
which means

T ς̄ = h

implying clearly that̄ς is a solution of(2.15)
Finally, from(2.19) we have the expression〈IZςδβ, ςδβ − ς〉 ≤ δ

β
||ςδβ − ς||

As β, δ
β
→ 0, ςδβ → ς̄. This implies〈IZ ς̄ , ς̄ − ς〉 ≤ 0. Thus||ς̄|| ≤ ||ς||

Therefore, sinceς is arbitrary we have:

||ς̄|| = minς∈N ||ς||.

3. M AIN RESULTS

We now discuss our results in Hilbert spaces by looking at various types of regularization of the
parameters of the Hammerstein’s type operator equation.

Case I

We consider a regularized Hammerstein type operator equation inH:

u+ (B + αI)(A+ αI)u = w,(3.1)

whereα > 0. The equivalent operator form of this regularized equation is :

Tαςα = h,(3.2)

whereTα = (T + αI).

Theorem 3.1. Let a solution setN of (3.1) be a non-empty and closed,A : H → H be a
maximal monotone and locally bounded mapping withD(A) = H. Assume thatB : H → 2H

is a maximal monotone mapping too and the condition of the maximal monotone is satisfied. If
α→ 0, then the solutionςα of the regularized equation (3.1) satisfies (2.11) and also

||ςα|| = minς∈Z ||ς||,
whereς ∈ Z is in the solution set of the Hammerstein’s type operator equation (2.11).

Proof. Let ς ∈ Z be arbitrary. SinceT is monotone,
0 ≤ 〈Tς − Tςα, ς − ςα〉 = 〈Tς − h + αςα, ς − ςα〉 = 〈Tς − h, ς − ςα〉 + α〈ςα, ς − ςα〉. As
α→ 0 we have

0 ≤ 〈Tς − h, ς − ςα〉

implying thatTςα = h, that is,ςα is a solution of (3.2).
Subtracting (2.11) from (3.2) and multiplying through byςα − ς, we have

0 ≤ 〈Tαςα − Tς, ςα − ς〉

= 〈Tςα − h, ςα − ς〉+ α〈ςα, ςα − ς〉.

By the monotonicity ofT we have the required results
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||ςα|| = minς∈Z ||ς||.

Case II
Next we consider a regularized Hammerstein’s type operator equation inH

u+ (B + αI)(A+ αI)u = wδ,(3.3)

whereα > 0, δ > 0. The equivalent operator form of this equation is:

Tαςδα = hδ,(3.4)

whereTα = T +αI andwδ is δ−approximation ofw, where||w−wδ|| ≥ δ andhδ = [0H , w
δ].

Lemma 3.2. The equation (3.3) is uniquely solvable for every elementwδ ∈ X.

Proof. Refer to the proof of Lemma(2.8).

Theorem 3.3.Let a solution setN of equation (1.1) be non empty and closed,A : X → X∗ be
a maximal monotone locally bounded mapping withD(A) = X. Assume thatB : X∗ 7→ 2X is
also maximal monotone mapping. Letwδ be aδ− approxiamtion ofw, such that||w−wδ|| ≤ δ.
If δ

α
→ 0, and alsoα→ 0, then the sequence{uδ

α} of solutions of the regularized equation (3.4)
converges strongly inX to the solutionu∗ ∈ N which is defined as

||u∗||2 + ||Au∗||2 = min{||u||2 + ||Au||2 : u ∈ N}.

Proof. Refer to the proof of Theorem(2.9).

Case III
The parameters and conditions of regularization are:
Bh, Ah, wδ, α > 0, ||Ahu− Au||H ≤ hg(||u||), ||Bhu−Bu||H ≤ hg(||u||), h > 0, δ > 0 .
Let the operatorsA,B,Ah, Bh be maximal monotone mappings onH 7→ 2H . The regularized
form of (2.11) is given by

u+ (Bh + αIH)(Ah + αIH)u = wδ.(3.5)

Then equation (3.5) is represented by

Tαδ
h ςαδ

h = hδ
h,(3.6)

where
Tαδ

h ςαδ
h = [(Ah + αIH)uαδ

h − φαδ
h , u

αδ
h + (Bh + αIH)φαδ

h ], hδ
h = [0, wδ], ςαδ

h = [uαδ
h , φ

αδ
h ].

Furthermore,

Tαδ
h = T δ

h + αIZ ,Z = H ×H,(3.7)

where Tαδ
h ςαδ

h = [Ahuαδ
h − φαδ

h , u
αδ
h +Bhφαδ

h ], IZ = [IHu
αδ
h , IHφ

αδ
h ].

Let ςαδ
h1
, ςαδ

h2
∈ Z. Then clearly

0 ≤ 〈Tαδ
h ςαδ

h1
− Tαδ

h ςαδ
h2
, ςαδ

h1
− ςαδ

h2
〉

that isTαδ
h is monotone. By Lemma3.2, (3.6) is uniquely solvable forTαδ

h which is maximal
monotone.
We verify the requirements inherent in Theorem3.3. We subtract (2.11) from (3.6) and multiply
through byςαδ

h − ς to obtain

〈Tαδ
h ςαδ

h − Tς, ςαδ
h − ς〉 = 〈hδ

h − h, ςαδ
h − ς〉

or
〈T δ

h ς
αδ
h − Tς, ςαδ

h − ς〉+ α〈IZςαδ
h , ς

αδ
h − ς〉 = 〈hδ

h − h, ςαδ
h − ς〉
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implying that

α〈ςαδ
h , ς

αδ
h − ς〉 = 〈hδ

h − h, ςαδ
h − ς〉 − 〈T δ

h ς
αδ
h − Tς, ςαδ

h − ς〉.(3.8)

However,

−〈T δ
h ς

αδ
h − Tς, ςαδ

h − ς〉 ≤ hg(||u||)||uαδ
h − u||+ h(g(||φ||)||φαδ

h − φ||).
Also

〈hδ
h − h, ςαδ

h − ς〉 ≤ δ||ςαδ
h − ς||.

Therefore from (3.8) we have:

〈ςαδ
h , ς

αδ
h − ς〉 ≤ δ

α
||ςαδ

h − ς||Z + h
α
[g(||u||)||uαδ

h − u||+ g(||φ||)||φαδ
h − φ||],

or equivalently

||ςαδ
h ||2 − ||ςαδ

h ||||ς|| ≤ δ
α
||ςαδ

h ||Z + ||ς||Z + h
α
[g(||u||)||uαδ

h − u||+ g(||φ||)||φαδ
h − φ||],

which is quadratic equation in||ςαδ
h ||. An argument similar to the proof of Theorem (3.3) shows

that ||ςαδ
h || is bounded and therefore there exists a subset{ςβδ

h } which converges asβ → 0 to
some element̄ς ∈ Z.
Next we show that̄ς is a solution of (2.11). SinceT is monotone, we have
0 ≤ 〈Tς − Tςβδ

h , ς − ςβδ
h 〉 = 〈Tς − T δ

h ς
βδ
h , ς − ςβδ

h 〉+ 〈T δ
h ς

βδ
h − Tςβδ

h , ς − ςβδ
h 〉

= 〈Tς − h, ς − ςβδ
h 〉+ 〈h− hδ, ς − ςβδ

h 〉+ 〈hδ − T δ
h ς

βδ
h , ς − ςβδ

h 〉+ 〈T δ
h ς

βδ
h − Tςβδ

h , ς − ςβδ
h 〉

≤ 〈Tς − h, ς − ςβδ
h 〉+ δ||ς − ςβδ

h ||+ β〈IZςβδ
h , ς − ςβδ

h 〉+ 〈T δ
h ς

βδ
h − Tςβδ

h , ς − ςβδ
h 〉.

However,

〈T δ
h ς

βδ
h − Tςβδ

h , ς − ςβδ
h 〉 ≤ h[g(||uβδ

h ||)||u− uβδ
h ||+ g(||φβδ

h ||)||φ− φβδ
h ||].

Substituting we have
0 ≤ 〈Tς−h, ς−ςβδ

h 〉+δ||ς−ς
βδ
h ||+β〈IZς

βδ
h , ς−ς

βδ
h 〉+h[g(||u

βδ
h ||)||u−u

βδ
h ||+g(||φ

βδ
h ||)||φ−φ

βδ
h ||]

.
As β, δ, h→ 0, we have

0 ≤ 〈Tς − h, ς − ς̄〉 .

Hence by the monotonicity ofT , we have

T ς̄ = h.

Finally from (3.8),
〈ςαδ

h , ς
αδ
h − ς〉 ≤ δ

α
||ςαδ

h − ς||Z + h
α
[g(||u||)||uαδ

h − u||+ g(||φ||)||φαδ
h − φ||]

.
As δ

α
, h

α
→ 0, we have

〈ςαδ
h , ς

αδ
h − ς〉 ≤ 0

implying that

||ςαδ
h || ≤ ||ς||.

Hence,

||ςαδ
h || ≤ minς∈N ||ς||.

Therefore Theorem 3.3 is satisfied.
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