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1. I NTRODUCTION .

In [8], M. Rosenblum first introduced theAp functions in a somehow different form. Then B.
Muckenhoupt characterizedAp functions forn = 1 in [6]. In 1973, B. Muckenhoupt, R. Hunt,
and R. Wheeden proved thatw ∈ Ap if and only if the Hilbert transform is bounded onLp(w) in
[7]. There are just the beginning part of some work related toAp functions. The extrapolation
theorem is due to J. L. Rubio de Francia in [9]. More work in this area has been done by H.
Helson, R. Coifman, C. Fefferman, G. Szegö, etc. We refer the interested readers to [3], [9],
[7], and the references therein.

Let w be nonnegative, locally integrable with respect to the Lebesgue measure.Lp,λ(w) is
the space of allf defined onRn such that

‖f‖Lp,λ(w) = sup
Q

(
1

|Q|λ

∫
Q

|f(x)|pw(x)dx

)1/p

< ∞

where the supremum is taken over all bounded cubes ofRn.
The purpose of this paper is to investigate the properties of the weight functionw such that the

operators, Hardy-Littlewood maximal operator and Calderón-Zygmund operator are bounded
onLp,λ(w). The extropolation theorem ofLp,λ(w) is also considered.

2. PRELIMINARIES .

For our convenience, I recall some properties and necesary materials that we are going to
need in the proofs of the later context. The following definitions and characterizations can be
found in [3] and [5].

Let Q be a cube inRn. The usual Hardy-Littlewood maximal operator on a locally integrable
functionf onRn is defined by

Mf(x) = sup
x∈Q

1

|Q|

∫
Q

|f(t)|dt.

For1 < p < ∞, theAp condition ofw(x) is the following property,∀ Q(
1

|Q|

∫
Q

wdx

)(
1

|Q|

∫
Q

(
1

w

) 1
p−1

dx

)p−1

≤ C

where the constantC is independent of cubeQ.
TheA1 condition isMw ≤ Cw, a.e.x ∈ Rn.
All functions with Ap condition are calledAp functions orAp weights in this note. The

following properties ofAp weights are direct consequences of the definition.

Lemma 2.1. : (i) Ap ⊂ Aq, 1 ≤ p < q.
: (ii) w ∈ Ap if and only ifw1−p′ ∈ Ap′.
: (iii) If w0, w1 ∈ A1, thenw0w

1−p
1 ∈ Ap.

This result below is called the reverse Hölder inequality.

Lemma 2.2. If w ∈ Ap, 1 < p < ∞, then there existsε > 0, such thatw ∈ Ap−ε.

Now we give a constructive characterization ofA1 andAp functions using the Hardy-Littlewood
maximal functions. These lemmas next are playing crucial roles in my proofs.

Lemma 2.3. Letf ∈ L1
loc(R

n) be such thatMf < ∞, a. e. If0 ≤ δ < 1, thenw(x) = (Mf)δ

is anA1 weight whoseA1 constant depends only onδ.

Lemma 2.4. If 1 < p < ∞, thenM is bounded onLp(w) if and only ifw ∈ Ap.
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Ap FUNCTIONS AND MAXIMAL OPERATOR 3

Here the spaceLp(w) is the set of all functionsf defined onRn such that

‖f‖Lp(w) =

(∫
Rn

|f(x)|pw(x)dx

)1/p

< ∞.

The main results of this note are as follows.

Theorem 2.5. For 1 < p < ∞, if M is bounded onLp,λ(w), thenw ∈ Ap+1. Moreover if
w ∈ Ap, thenM is bounded onLp,λ(w).

We now state the extrapolation theorem ofLp,λ(w).

Theorem 2.6. For a fixedr, 1 < r < ∞, if T is a bounded operator onLr,λ(w) for any
w ∈ Ar, with operator norm depending only on theAr constant ofw, thenT is bounded on
Lp,λ(w), 1 < p < ∞, for anyw ∈ Ap.

Throughout this paper, the letterC denotes a positive constant which may vary at each oc-
currence but is independent of the essential variables and quantities.

3. PROOFS.

After all preparations we did in the last section, now we are going to give all proofs of all
theorems.

Proof of Theorem 2.5.Suppose thatM is bounded onLp,λ(w). For a fixed cubeQ0, let f(x) =

w−
1
p χQ0

. Then

‖f‖Lp,λ(w) = |Q0|
1−λ

p

that is,f ∈ Lp,λ(w)
Also for x ∈ Q0, we have

Mf(x) ≥ 1

|Q0|

∫
Q0

|f(t)|dt =
1

|Q0|

∫
Q0

w(t)−
1
p dt.

So ∫
Q0

w(x)dx

(
1

|Q0|

∫
Q0

w(x)−
1
p dx

)p

≤
∫

Q0

|Mf(x)|pw(x)dx

≤ |Q0|λC‖f‖p
Lp,λ(w)

= C|Q0|,

that is
1

|Q0|

∫
Q0

w(x)dx

(
1

|Q0|

∫
Q0

w(x)−
1
p dx

)p

≤ C,

which means thatw ∈ Ap+1.
Conversely, suppose thatw ∈ Ap ( p > 1). Then for any cubeQ,

1

|Q|

∫
Q

|f(x)|dx ≤ C

(
1∫

Q
w(x)dx

∫
Q

|f(x)|pw(x)dx

) 1
p

So if we writedµ = w(x)dx, then

Mf(x) ≤ C (Mµ |f |p))
1
p .
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Sincew ∈ Ap, we know thatdµ is a doubling measure and similar to the proof of [1], we can
prove thatMµ is bounded onLr,λ(dµ), the space of all functions such that

‖f‖Lr,λ(dµ) = sup
Q

(
1

|µ(Q)|λ

∫
Q

|f(x)|rdµ

) 1
r

< ∞.

Again sincew ∈ Ap, by the Lemma 2.2, for some smallε > 0, w ∈ Ap−ε.
Choosingr = p

p−ε
, we have

‖Mf‖Lp,λ ≤ ‖Mµ|f |p−ε‖
1

p−ε

Lp,λ

≤ C‖f‖Lp,λ .

This completes the proof of Theorem 2.5.

Proof of Theorem 2.6.First we show that when1 < q < r andw ∈ A1, T is bounded onLq,λ.
By Lemma 2.3, the function

(Mf)
r−q
r−1 ∈ A1 since r − q < r − 1

and by Lemma 2.1,w(Mf)q−r is anAr weight.
Therefore, for any cubeQ, we have

1

|Q|λ

∫
Q

|Tf(x)|qw(x)dx

=
1

|Q|λ

∫
Q

|Tf(x)|q (Mf)−
(r−q)q

r (Mf)
(r−q)q

r w(x)dx

≤ ‖Tf‖q
Lr,λ(w(Mf)q−r)

· ‖Mf‖
r−q

r
q

Lq,λ(w)

≤ C‖f‖q
Lr,λ(w(Mf)q−r)

· ‖Mf‖
r−q

r
q

Lq,λ(w)

Since|f | ≤ Mf , a.e. andq − r < 0 , so (Mf)q−r ≤ |f |q−r, a.e. andw ∈ A1 ⊂ Aq and
Theorem 5, we have

1

|Q|λ

∫
Q

|Tf(x)|qw(x)dx ≤ C‖f‖q
Lq,λ

That is,
‖Tf‖q

Lq,λ(w)
≤ C‖f‖q

Lq,λ(w)

Now let us show that given anyp, 1 < p < ∞, andq, 1 < q < min(p, r), T is bounded on
Lq,λ(w) if w ∈ Ap/q.

Let Q0 be a fixed cube and assumew ∈ Ap/q. Then by duality, there exists nonnegative

gQ0 ∈ L
p/(p−q)
Q0

(w) with norm1 such that(
1

|Q0|λ

∫
Q0

|Tf(x)|pw(x)dx

)q/p

=
1

|Q0|λq/p

∫
Q0

|Tf(x)|qg(x)w(x)dx

where

g(x) =

{
gQ0(x) if x ∈ Q0 ,
0 otherwise.
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For anys > 1, gw ≤ (M(gw)s)1/s ∈ A1 by Lemma 2.3. So we have

1

|Q0|λq/p

∫
Q0

|Tf(x)|qg(x)w(x)dx

≤ 1

|Q0|λq/p

∫
Q0

|Tf(x)|q (M(gw)s)1/s dx

≤ ‖Tf‖q

Lq,λq/p(M(gw)s)1/s .

By the first part of the proof, we have
1

|Q0|λq/p

∫
Q0

|Tf(x)|qg(x)w(x)dx

≤ C‖f‖q

Lq,λq/p(M(gw)s)1/s .

whereC is depending ons only. So we have

‖f‖q

Lq,λq/p(M(gw)s)1/s

≤ C‖f‖q
Lp,λ(w)

.

Therefore
‖Tf‖Lp,λ(w) ≤ C‖f‖Lp,λ(w)

At this point the desired result follows immediately from this: forw ∈ Ap, by Lemma 2.2, there
exsitsq > 1 such thatw ∈ Ap/q and soT is bounded onLp,λ(w).
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