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ABSTRACT. We show some estimates for the logarithmic mean that are obtained from operator
inequalities between the Barbour path and the Heinz means.

Key words and phrasesOperator mean; Barbour path; Logarithmic mean.

2000Mathematics Subject Classificat/oRrimary 47A63; Secondary 47A64.

ISSN (electronic): 1449-5910

(© 2014 Austral Internet Publishing. All rights reserved.
The author is deeply grateful to Prof. Fumio Kubo, who offered continuing support and stimulating discussions.

Special thanks also go to Prof. Kyoko Kubo for her warm encouragement.


http://ajmaa.org/
mailto: <wada@j.kisarazu.ac.jp>
http://www.ams.org/msc/

2 SHUHEI WADA

1. INTRODUCTION.

Let M™ be the set of complex positive definite matrices. BoB € M™, the geometric

meanA#B = Az(A= BA® )2 Az and the path of the geometric means
A#,B = A3(A7 BAZ)*A7 (0<z<1)

have been widely discussed in the literature.

On the other hand, a new path of operator means can be defined as

A#,B = z(zB'+(1 — z)(A#B)" )™
+(1=2) (1 -2) A +2(A#B)7)™ (0<z <),

and this is called the “Barbour path" [3]. The functians» A#,B andx — A#.B interpolate

the points{(0, A), (3, A#B), (1, B)} and are convex. Concerning this, an inequality between
the integrals of these paths was shown by Nakanmura [4], as follows:

1 1
/ A, Bdx < / A4, Bdx.
0

0
Some properties of the one-parameter family

1 [3tP
{— A#,.Bdr}ye, 1
20 )1, 0<p<3
are also showr [4]. This family is analogous to the fan{ilﬁ ff_tf A#del’}ogpg%' which

was described in[1].
The purpose of the present paper is to generalize the above inequality by using the above
one-parameter family. To see this, we prove the following inequality

(L.1) S(ARB + Adh_oB) < L(A#.B + Ath_B) (0<a<1)

the method is elementary, but the calculations are a bit complicated. We then discuss some
related inequalities.

2. PRELIMINARIES .

Since each side of the inequalify ([L.1) is an operator mean in the sense of Kubo-Ando [2],
(1.1) is equivalent to the inequality between its representation functions. The function which
represents the right side s— 1(t* + t'=7), and the one that represents the left side is

LI, (t) + T4+ _,(t1)), where
x l—x tr+ V(1 - o)
t=lz 4+ vVt 1(1 - z) " Vitlz+(1—2) o+Vi(l—z)
Thus inequality[(1]1) is equivalent to
1 (tr+Vt(l—2) t(1—2)+Vtx ot
§<x+\/f(1—x)+(1—x)+\/fx)§ 2
forallt > 0,z € [0, 1], and it can be rewritten as

e () 0= 0) () i) <0
+

T#,(t) =

AJMAA Vol. 11, No. 1, Art. 13, pp. 1-5, 2014 AJMAA


http://ajmaa.org

ON SOME ESTIMATES FOR THE LOGARITHMIC MEAN 3

We then let
s (s+1)°
and prove thatv(s, z) < 0 foranyz € [0, 1], s > 0. Since

als,z) = —(=8) (1—2)+5) (L—5) 2+5)

a(s,x) = 3204(2, z)=a(s,1— 1)
and

1
a(s, 1) = a(s,0) = afs, 5) =a(l,z) =0,
it is enough to prove it for the case where (0,1) and0 < = < 3.
In the next section, we determine the upper bound (6f =) by considering the behavior of
the second derivative:
82

T _ Jl—z
ma(s,x) =25 (s+1)° log®s (M
x

2
(s s TP 2 (1 - s)?.
(5% 4 s1—z)? )< ) ( )
3. BEHAVIOR OF .
Fors € (0,1) andz € (0, 3), put
L9 3 (Sz . 8171)2
s,x) = (s"+s7° —_——1].
8(s,) = (5 + 577) ( e

By performing an elementary calculation, we obtain the following:sfer (0, 1), there exists
z, € [0, 3) such tha{z € (0,3] | 8(s,z) < 0} = (x,, 5] . Combining this fact and

2
%a(s, ) =25 (s+1)° (logs)?B(s,z) +2 (1 —s)?
with
0? 0?
@a(s,x) L > 0, w&(s,x) i <0,
we get the next lemma.
Lemma 3.1. For s € (0,1), there exists;, € (0, 3) such that
1 82 1
{z € [O, 5} | @a(s,x) < 0} = (s, 3)-
Thanks to this lemma and
0
— 0, — =0
8xa<s’$) 2=0 <5 (92:@(5’ ?) z=1/2 ’

the following is obtained.
Lemma 3.2. For s € (0, 1), there exists;, € (0, 3) such that
2

{z e [0,5] | %a(s,x) <0} =[0,z, {z € [0,5] | %a(s,x) > 0} = (x4, 1].

From this lemma, we have(s, z) < a(s,0) = a(s, ) = 0. Thus the following inequalities
are obtained.
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Theorem 3.3.For A, B € M,

A#B < L(AF.B+ Af_B) < J(A#.B+ Ath_.B) (0<z<1),

DN | —

where
AH,B = w(aB ™ + (1— 2)(A#B) ™)+ (1 - 2)((1 - 2)A™ + a(A#B) )

Proof. As was stated iri |3], the functian— A#xB is convex on0, 1], which implies the first
inequality. The second one follows from Lemma] 32.

By integrating both sides of the preceding inequalities, we have the following.

Corollary 3.4. For p € [0, 3],
1 5tp . 1 5tp
A#B < — / AL, Bdx < — / A#, Bdz.
2p Ji-p 2p Ji-p

4. RELATED INEQUALITIES .

Several lower bounds for the logarithmic mean have been studied in the literature [5]. Among
these, a notably curious one is the inequality

1
t+13 t—1
T <
1+t3s — logt
for all t > 0. Both sides of this are normalized, positive, operator monotone functions on
1
(0, 00), and the left-hand side of that is the midpoint of the Barbour pah—=

z+t3 (1—x)
On the other hand, an interesting lower bound for the logarithmic mean was given by Naka-

mura [4]:
1 L 1
t2(1 — t—1
/ fr + 12( x)dx < / t*dr = .
o x+tz(1l—x) 0 logt

In this section, the relationship between these bounds is discussed.

Proposition 4.1.

T

1 1 N 1
/ tr +t2(1 :p)d <t+t3
0

c+tz(l—x)  1+ts
forall ¢ > 0.
Proof. Since
/1 tx—l—t%(l—w)dxz Vi ((t4+1) logt —2(t — 1)) +2¢ logt
o z+t2(1—2x) 2(t—1) ’

we shall show the following :
VE((t+1) logt —2(t — 1)) +2¢ logt _ bt
2(t—1) T 14t3
Fort > 1, the above inequality can be rewritten as

1
2(t—1) (t+t3
200 (2) Lo - 1) v
541 —logt > 0.
Vi (t+1) + 2t
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The first derivative of the left side is
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which is clearly positive. Thanks to

2(t-1) (t+t%)

g T2V
—logt =0,
Vi (t+1) + 2t & .
the desired inequality holds for> 1.
For0 < t < 1, it follows from the above argument that
1 1 1 1
t t2(1 — t(1 — t
/ 35—1—12( ac)d$:/ ( x)+12xdx
o x+t2(1—x) o l—x+t2x
1,1 =1
1—
:t/ ! a:+_t12( x)dx
o x+tz(l—ua)

—1 =1 1
t7 +13 B t+1ts

<t — = -
1+1t3 1+1t3

|
Corollary 4.2. Fort > 0,
1 1 1 B 1 1
t—l—t21 S/ tx—l—tf(l I)dxg t+t3 S/ o
1+t2 0o x+tz(1—x) 1+1t3 0
Corollary 4.3. For A,B €¢ M™,

1
A#Bg/ A#,Bdx
0
< (BT 4+ (A#:B) ) + (AT + (A#,B)7)

1
< / A4, Bdz.
0
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