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2 N. A. RATHER AND SUHAIL GULZAR

1. INTRODUCTION AND STATEMENT OF RESULTS

n

Let &, denote the space of all complex polynomi&ls:) = > a;2’ of degreen. A famous

result known as Bernstein’s inequality (for reference, see [8, p.531], [10, p.508]/or [11] states
thatif P € &2, then

(1.2) Maz |P'(2)| < nMax |P(2)],

|z|=1 |z|=1
whereas concerning the maximum modulus”gt) on the circle|z| = R > 1, we have

(1.2) Maz [P(z)] < R*Mag |P(z)], R>1.
(for reference, see 8, p.442] or [9, vol.l, p.137]).

If we restrict ourselves to the class of polynomi&lse &7, having no zero irjz| < 1, then
inequalities|(1.]1) and (1.2) can be respectively replaced by

(13) Maz |P'(2)] < 5 Maz |P(z)],
and
"4+ 1
(1.4) Maz |P(2) < L aan |P(2)], R> 1.

|z|=R 2 |z|=1

Inequality [1.B) was conjectured by Erdds and later verified by Lax [7], whereas inequality (1.4)
is due to Ankey and Ravilir [1]. Aziz and Dawodd [2] further improved inequalifieg (1.3) and
(I.4) under the same hypothesis and proved that,

(L5) Mag|P'(2) < 5 {A/'gg: 1P(2)] - zlwgv;w(zn},
n 1 n_1
L6)  Mag|P()| < T Mag ()| - o Min P R 1

Jain [5] generalized both the inequalities {1.3) 4nd|(1.4) and proved tRat i, and P(z) #
0in |z| < 1, then for every real or complex numbemwith |5| < 1, |z| = 1andR > 1,

/ nf n Bl |5
(1.7) zP (z)—i-?P(z) §§{ 1+§‘+'§‘}]|\fﬁf‘f)(z>"
and
(1.8) ‘P(Rz)—i—ﬁ(%)nP(z) S% R”—i—ﬁ(#)n
+'1+ﬁ(%>n ]%?%’P(Z)’

Jain [6] obtained a result concerning minimum modulus of polynomials and proved the fol-
lowing result.
Theorem 1.1.If P € &2, and P(z) has all its zeros irjz| < 1, then for every real of complex
g with |B] <1,
nf

(1.9) ]|\4|i111 zP'(z) + 7P(z)

As a refinement of inequalities (1.7) afd (1.8), Jain [6] proved:

1+§ Min|P(2)].

>n
l2l=1
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Theorem 1.2.1f P € &2, and P(z) does not vanish if| < 1, then for every real of complex
gwith|F| <landR > 1,

P+ )| < 5| { 1+ 5|+ 5] reipe
w10 (| e
and
Mag|P(R2) ﬂ(?)nP(z)
(s (B2 oo (552 s
(1.11) {‘RH@(R;l) —‘1+6(%)n }Jl\gi?\P(z)\

Inequalities[(1.9) and (1.10) have recently appeared in [4] also.

In this paper, we first present the following interesting result which yields a number of well-
known polynomial inequalities as special cases.

Theorem 1.3.1f P € &, then fora, 5 € Cwith|a| < 1,6 <1,k <1, R>r > 1and

2] > 1,
k'|P(Rz) — aP(r2)+f { <%)n - |oz|} P(rz)
(1.12) R”—ar”Jrﬁ{(%) ~|a |} az |P(2)].

The result is best possible and equality(In12)holds forP(z) = az", a ;é 0.
If we choosex = 0 in Theorenj 1.3, we get the following result.

Corollary 1.4. If P € &2, thenforG € Cwith |5| <1,k <1, R>r>1land|z| > 1,
R+ Ek\" R+k
P - P n n
(Rz>+ﬁ<k+r) (r2) fespr (k:+r)
Equality in(1.13)holds forP(z) = az™,a # 0.
Dividing the two sides of (1.12) by® — » with a = 1 and then letting? — r, we get,
Corollary 1.5. If P € &, thenforg € Cwith |3| <1,k <1, R>1land|z| > 1,
, ng g
2P'(rz) + k—f—rP(m) T

The result is best possible and equalit@)holds forP(z) = az",a # 0.
The following compact generalization of inequalities [1.1) (1.2) immediately follows from

Theorenj 1.8, by taking = 1 andg = 0 in (1.12).
Corollary 1.6. If P € &, then fora € Cwith|a| <1, R >r >1and|z| > 1,
(1.15) |P(Rz) — aP(rz)| < |z|" |R" — ar”| ]|\4‘£le |P(z)].

(1.13) k"

< [2[*

Mar |P(z)

(1.14) k" <nr

2l

Maz|P(z)]
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The result is best possible as showny) = az",a # 0.

Remark 1.1. Fora = 0, (1.15) reduces tq (1.2). For = r = 1, if we divide the two sides of
(L.18) byR — 1 and makek — 1, we get inequality[(1]1).

Next, we present the following result which includes Theofem 1.1 as a special case.

Theorem 1.7. If P € &2, and P(z) has all its zeros inz| < k wherek < 1, then fora, 5 € C
with |a| < 1,|6| <landR >r > 1,

, R+k\" .
]‘\ﬁglz P(Rz) — aP(rz) + ﬁ{ <k——|—r> - |a|}P(rz) k
(1.16) > ‘R”—ar”jtﬁ{(%) —|a|}r i n|P(z)|.

The result is best possible as shownmyy) = az", a # 0.
If we divide the two sides of inequality (1.16) by — r, with « = 1 and then making? — r
we get.

Corollary 1.8. If P € &2, and P(z) has all its zeros inz| < k wherek < 1 then for|5| < 1
andr > 1,

5
k+r

2P'(rz) + —6]3(7“2) k" > nr"

(1.17) Min Ty

|2|=1

Mm\P( )|

Z

The result is sharp.
Remark 1.2. Fork = r = 1, inequality [1.16) reduces to Theorem (1.1).
Setting = 0 in Theorenj 17, we obtain:

Corollary 1.9. If P € &2, and P(z) has all its zeros ifz| < k wherek < 1, then fora € C
with |a] <1landR >r > 1,
Min |P(Rz) — aP(rz)| k" > |R" — ar”| Mm |P(z)|.

|z]=1

For polynomialsP € &, having no zero irjz| < k, we also establish the following result
which leads to a compact generalization of inequalifieg (1.7)[anfd (1.8).

Theorem 1.10.If P € &7, and P(z) does not vanish in the digk| < & wherek < 1, then for
all o, € Cwith|o| < 1,|8| <1,R>r>1land|z| > 1,

P(Rz) —aP(rz)+ [ { (w)n — |a|} P(rz)

k+r

(1.18) + o

]JIVIax|P< )

R”—ar”—l—ﬁ{(%) — ](xl}

Remark 1.3. If we takeaw = k = r = 1 in Theoren1.70 and divide the two sides of inequality
(1.18) byR — 1 and then maké? — 1, we get inequality[(1]7), whereas inequaljty {1.8) follows
from Theoreni 1.0 whea = 0 andk = 1.

Fork = 1, Theoren 1.70 reduces to the result due to Aziz and Rdther [3].
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As a refinement of Theor¢m1]10, we finally prove the following result, which provides a
compact generalization of inequaliti¢s (1.7), [1.8) and (1.10) as well.

Theorem 1.11.1f P € &2, and P(z) does not vanish in the digk| < k&, k£ < 1, then for all
a,feCwith|a] < 1,5 <landR >r >1,

Maz|P(Rz) — aP(rz) + 8 { (M) - |a|} P(rz)

j2/=1

k+r

A e (Y
e {52
[l { () )
(119) ~[r-as s { (L) -t} asimipean |

If we takea = 1 and divide the two sides of inequalify (1]19) By— r then lettingk — r,
we get:

Corollary 1.12. If P € &2, and P(z) does not vanish inz| < k wherek < 1, then for|5| < 1
andr > 1,

/ nﬁ n r* 1 ﬁ 3
<
]‘\ﬁglx ZP(TZ)+IC+TP(TZ) —2[{kn T+k+T +‘k+r }]IZMMP( )|
LB | |8

Remark 1.4. Fork = r = 1, inequality [1.2D) reduces to Theorém|1.2.
Fora = 0, Theorenj 1.7]1 reduces following result.

Corollary 1.13. If P € &2, and P(z) does not vanish ifz| < k,k < 1thenforallg € C
with [5| < landR >r > 1,

R+E\"
%g% P(Rz)+ (3 (/{——l—i—_r) P(rz)
)11, . (R+E\" R+ E\"
.l {k oo (BEEY | oo (225 }Jl\gamm ]
1., LR+ EN\" R+E\"

Corollary1.13 leads to a refinement of inequality (1.11)iot 1.
The following result immediately follows from Theorem1l.11 by takihg- 0 andk = 1.
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Corollary 1.14. If P € &2, and P(z) does not vanish inz| < 1, then for alla € C with
la] <landR >r >1,

n __ n 1 —
Mar|p(z) - ap(ra) < (== agag e
n __ n| __ 1 _
(1.22) - ('R o O“) Min|P(z)].

The result is sharp and extremal polynomiaRéz) = az™ + b, |a| = |b| # 0.

Remark 1.5. Fora = 0, inequality [1.2R) reduces to inequalify (IL.6). Also if we take 1 and
divide the two sides if inequality (1.22) by — 1 with « = 1 and letR — 1, we get inequality

@.9).
2. LEMMAS
For the proof of these theorems, we need the following Lemmas.
Lemma 2.1.If P € &£, and P(z) have all its zeros inz| < k wherek < 1, then for every

R>r>1land|z| =1,

Pl = (T5) 1Pl

r+k
Proof. Since all the zeros aP(z) liein |z| < k, k < 1 we write

P(z) = CH (z — rjeiej) ,

wherer; <k < 1. Nowfor0 <6 <27, R > r > 1, we have

_ [R*+77—2Rrjcos(f — 0,) 1/2
72412 — 2rr;cos(0 — 0;) ’

Re® — ;e

re —reifi |

r+k
Hence
P(Re?) | Rt — et
’ P(re?) - 31_[1 ret¥ — r;eti
R4k
= ]1;[1 ( r—+k ) ’

for 0 < 6 < 2x. This implies for|z| = 1andR > r > 1,
R+E\"
Pl = (T ) 1P,

r+k
which completes the proof of Lemma P 4.
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Lemma2.2.If FF € &2, andF(z) has all its zeros in the disk| < k£ wherek < 1 and P(z)
is a polynomial of degree at most n such that

[P(2)] < [F(2)] for |z =k,
then for arbitrary real or complex numbets 3 with || < 1,|5| <1, R >r > 1land|z| > 1,

P(Rz) — aP(r2)+f { (%)n - |oz|} P(rz)’

2.1) < )F(Rz) — aF(rz) +ﬁ{(%)n - \a!}F(rz)’.

Proof. Since polynomialF’(z) of degreen has all its zeros ifz| < k andP(z) is a polynomial
of degree at most such that

(22) P(z)| < |F(2)] for |2] =k,

therefore, ifF'(2) has a zero of multiplicitys at 2 = ke, thenP(z) has a zero of multiplicity
at leasts atz = ke'. If P(z)/F(z) is a constant, then inequality (2.1) is obvious. We now
assume thaP(z)/F(z) is not a constant, so that by the maximum modulus principle, it follows
that
|P(2)| < |F(2)| for |z| > k .
Suppose-'(z) hasm zeros onz| = k where0 < m < n, so that we can write
F(z) = F1(2) F(2)

whereF(z) is a polynomial of degree: whose all zeros lie ofx| = k£ and F»(z) is a poly-
nomial of degree exactly — m having all its zeros inz| < k. This implies with the help of

inequality [2.2) that
P(z) = Pi(2)Fi(2)

whereP; (z) is a polynomial of degree at most— m. Again, from inequality[(Z]2), we have
|P1(2)] < [Fa(z)] for |z] =k

whereFy(z) # 0 for |z| = k. Therefore for every real or complex numbewith || > 1, a
direct application of Rouche’s Theorem shows that the zeros of the polyn&ntial — A\ Fy(2)
of degreer — m > 1lieiin |z| < k. Hence the polynomial

G(z) = Fi(2) (Pi(z) — AFy(2)) = P(2) — AF ()
has all its zeros ifz| < k with at least one zero ifx| < k, so that we can write
f(2) = (= — te)H(2)

wheret < k andH (z) is a polynomial of degree — 1 having all its zeros inz| < k. Applying
Lemmd 2.1 to the polynomial (=), we obtain for every? > r > 1 and0 < 6 < 2,

|G(Re™)| = |Re™ — te”||H(Re™)|
R+E\" ”
H (A
E) e
_(R+Ek "1 Re® — te|
C\k+r |ret? — te'd]

n—1
> (R+k‘) (R+t> |G(T€i9)|.
k+r r4t

AJMAA Vol. 10, No. 1, Art. 6, pp. 1-16, 2013 AIJMAA
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This implies forR > r > 1 and0 < 6 < 27,

7’+t i R+k et 7
2.3) (RH) G(RE®)| > (,H) G(re).

SinceR > r > 1 > t so thatG(Re?) # 0 for 0 < § < 27 and l:jfz > L, from inequality
(2.3), we obtain

(2.4) |G(Re™)| > (];TM) IG(re?)), R>1 and 0<6 <2m
T
Equivalently,
R+k\"
i) > (ot ) 16t

for |[z| = 1 andR > r > 1. Hence for every real or complex numbemwith |o| < 1 and
R >r>1,we have

(2.5) |G(Rz) — aG(rz)| 2 |G(Rz)| — |of |G(rz)|
> { (};T—Ff) - \oc|} |G(rz)|, for |z| =1.

Also, inequality [2.4) can be written in the form

(2.6) G(re?)| < ( htr

0
o) o)

for everyR > r > 1and0 < 6 < 2r. SinceG(Re™) # 0 and (£)" < 1, from inequality
(2.6), we obtain fob < 6 < 2randR > r > 1,

]G(fr’ew)\ < |G(Re™)|.

That s,

|G(rz)| < |G(Rz)| for |z| =1.
Since all the zeros af(Rz) liein |z| < (k/R) < 1, a direct application of Rouche’s Theorem
shows that the polynomiali(Rz) — aG(rz) has all its zeros ifz| < 1 for every real or
complex numbet with |a| < 1. Applying Rouche’s Theorem again, it follows frofn (2.5) that
for arbitrary real or complex numbess 3 with || < 1,|5] < 1andR > r > 1, all the zeros
of the polynomial

T(2) = G(R2) — aG(r2)+0 { (%)n . |a\} G(rz)
—~ [P(Rz) —aP(rz) + 8 { (%)n - |a|} P(rz)}
- A [F(Rz) —aF(rz)+ 0 { (};Tij)n — ’C“’} F(rz)]
liein |z| < 1. This implies
2.7) ’P(Rz) — aP(rz)+f { (%)n - \a|} P(rz)
< ‘F(Rz) — aF(rz) + 8 { (%)n - |oz|} F(rz)

AJMAA Vol. 10, No. 1, Art. 6, pp. 1-16, 2013 AIJMAA
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for |z| > 1andR > r > 1. Ifinequality (2.7) is not true, then there a point z, with |z, > 1
such that

P(Rz) — aP(rz)+3 { (R—““) - \a|} P(rz)

k+r

> ‘F(Rzo) — aF(rz) + { (%) - |a|} F(rzo)

But all the zeros of'(Rz) liein |z| < (k/R) < 1, therefore, it follows (as in case 6f(z)) that

all the zeros ofF (Rz) — aF(rz) + 5 { (££)" — |a|} F(rz) liein |2| < 1. Hence

R+k

F(Rz) — aF(rz) + 3 { (m

) — |a|} F(rzp) #0
with |z9| > 1.We take

P(Rz) — aP(rz) + B{(E£)" — |a|} P(rz)

k+r

F(Rz) — aF(rz) + 5{(R+k)n - |04|} F(rz)

k+r

A\ =

then \ is a well defined real or complex number withf > 1 and with this choice of\, we
obtainT'(zy) = 0 where|z,| > 1. This contradicts the fact that all the zerosTfz) lie in
|z] < 1. Thus [2.7) holds fofa| < 1, (5| <1, |z| > 1,andR >r > 1. 1

Lemma 2.3.If P € &, and P(z) have no zero inz| < k,k < 1, then for|a| < 1,|8| <
ILLR>r>1land|z| > 1

P(R2) — aP(r2)+f { (R—““) - |a\} P(rz)

k+r

R+E

Q(re/) —aQ (ra/12) + 5 { (L)~ ot @ (/w2

2.8 < k™
(2.8) - k+r

whereQ(z) = z"P(1/Z).

Proof. By hypothesis, the polynomiaP(z) # 0in |z| < k, wherek < 1. Therefore, all the
zeros of polynomiaQ)(z/k?) liein |z] < k < 1. As

E"Q(2/k*)| = |P(2)] for |z| =k,

Applying Lemma2.P withF'(z) replaced byk"Q(z/k?), we get for arbitrary real or complex
numbersy, S with |a| < 1,|5] <1, R >r > 1land|z| > 1,

P(Rz) — aP(rz)+0 { (%)n — |a|} P(rz)
< | (Re/i?) — aQ (=) + 5 { (1)~ lalf @ (ra/2)

This proves the Lemnija 2.1.
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Lemma2.4.If P € &2, andQ(z) = z"P(1/Z) then for o, 5 € C ,with |o| < 1,|3] < 1,R >
r>1,k<land|z| > 1,

’P(Rz) —aP(r2) + 3 { (R+ k)n - |ay} P(r2)

k+r

QUK = aQUr /i) + 5 { (M) ~lal} Qr/i

k+r

" R+k\"
< |E |- s o { (22 = ot}
R+E\"
(29) + ‘1—a+ﬁ{(k—L) —|Oé|}”]\z4|ak$|P(Z)|

Proof. Let M = Max. - | P(2)|, then by Rouche’s Theorem, the polynomi&lz) = P(z) —
pM does not vanish inz| < k for everyu € C with [g| > 1. Applying Lemma[ 2.B to
polynomial F(z), we get fora, 8 € C with |a| < 1,|5] < 1and|z| > 1,

R+k

F(R2) — aF(r2)+3 { (m) - |oz|} F(rz)

< k"

H(R2/K) — aH(rz/k) + 3 { (Jzif)n _ \a\} H(rz/?)

whereH (z) = 2"F(1/z) = z"P(1/Z) — uM=". ReplacingF'(z) by P(z) — uM andH(z) by
Q(z) — nM=z", we have forla| < 1,|8| < 1and|z| > 1,

P(Rz) — aP(rz)+p { (M)n - |a|} P(rz)

=
nfi-eea{(E5) -}
< 1| QUs 1) — aQ(ra/i2) + 5 { (L) = ot} Q(ra/i?)
o1 [ (Y ) o]

whereQ(z) = 2"P(1/z). Choosing argument of in the right hand side of inequality (2]10)
such that

QA= 1) = QUi + 5 (15 )~ lal f QG
— o {R —ar +ﬁ{(—k+r) — |a|}r ] M~z
_ M R+k\" n
o e (G eI
(2.11) — k" Q(Rz/l&)_aQ(rz/k;Q)_Fﬁ{(%) — |a|}Q(7‘z/k2) 7
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which is possible by applying Theordm 1.3 to the polynomjét/k?) and using the fact that
Maxp, =, |Q(z/k*)| = M/k", we get forla| < 1,[5] < 1and|z| > 1,

PU&)—@P&@+6{<R+k)n—kﬂ}P&@

k+r

f{s-ass{ (25 v}

R+ k\"
r r ﬁ{<k+r) | |}r”
R+k

Qure/) - a@ra/i) + 5 (5 ) = lalf @lre/i?

k+r

="M

<
-k

— k"

Equivalently forja| < 1,|8] < 1and|z| > 1,

P(Rz) — aP(rz)+p { (%)n — |oz\} P(rz)

k[ QURE/R2) — aQ(=/K) + 8 { (w) - |a\} Qr=/k?)
k47
S R = O T

- eeeaf(E22)

Letting [z| — 1, we get the conclusion of Lemnjia 2.4 and this completes proof of Lemma

24.n
3. PROOFS OF THE THEOREMS

Proof of Theorem[1.3 Let M = Max. - |P(2)|. Then the polynomiaF'(z) = Mz"/k"
has all its zeros inz| < k£ wherek < 1 and,

|P(2)] < [F(2)| for [2] = E,
therefore by Lemmp 2.2, for al, 3 € C with |o] <1, |8| <1, R >r >1land|z| > 1,

P(Rz) — aP(r2)+3 { <};T+f>n - |a|} P(rz)

< ‘F(Rz) —aF(rz)+ 0 { (R+ k)n - |a|} F(rz)

k+r

ReplacingF(z) by M="/k™, we get the conclusion of Theor¢m[1.3.
|

Proof of Theorem[L1 Letm = Min,— |P(z)|. If P(z) has zeros offe| = k, k < 1, then
the result is trivially true. Assume that all the zerodit) lie in |z| < k, k£ < 1, so thatn > 0.
An application of Rouche’s Theorem shows that the polynorffa) = k" P(z) — Amz" has
all its zeros in lie|z| < k,k < 1, for every with || < 1. Applying Lemmd 2.1l tof (z), we
have

R+k

|lf(Rz)| > (m)n|f(rz)] for |z|=1, R>r>1,

AJMAA Vol. 10, No. 1, Art. 6, pp. 1-16, 2013 AIJMAA
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which implies,
|f(Rz)| > |f(rz)] for R>r>1 and |z| =1.

Thus by Rouche’s Theorem for € C with |o| < 1, all the zeros ofF'(z) = f(Rz) — af(rz)
liein |z| < 1 and we have

[f(Rz) — af(rz)| = [f(Rz)] - [af (r2)|

> {(F22) et} 1rcr2)

for |z|=1 and R >r > 1. Again by Rouche’s Theorem, it follow that all the zeros of the
polynomial

k+r

—k" [P(Rz) —aP(rz) + 8 { (M) - \a|} p(@]

o) ~1(8:) = s+ 6 (L) = lal} 6)

k+r

— \mz" {Rn _ ar"—i—ﬁ{(—}]jif)n — |a|}]

liein |z| < 1for 8 € Cwith |3 < 1. This implies for every\ with |\| < 1,

kE"|\P(Rz) — aP(rz)+0 { (%)” — ]a|} P(rz)
(3.2) > |2|" R"—ozr”—l—ﬁ{(]:Tij) — |oz\}r" m

for |z| > 1. If inequality (3.1) is not true, then there exists a painte C with |z5| > 1 such

that
k" P(Rzy) — aP(rzo)+0 { <IZT+7]’€> — |oz|} P(rz)
< |zo|" |R" —ar"—i—ﬁ{(%) — |oz\}r" m
We take
\ k" [P(Rzo) — aP(rzo) + ﬁ{(gﬂf)n — |a|} P(rzo)]
m|zo|™ [R”—ozr”—kﬁ{(%rf)n— |oz|}7“”] ’

then|\| < 1 and with this choice ok, we havey(z,) = 0 with |z5| > 1, which is a contradiction,
since all the zeros gf(z) liein |z| < 1. Hence forR > r > 1, |o| < 1, |5 < 1 and|z| > 1,

k| P(R2) — aP(r2)+0 { (R i k)n - |oz|} P(r2)

k+r

k n
R”—ar”—l—ﬁ{(—ii—r) — |a\}r”

For 5 with |3] = 1, (3.2) follows from continuity. Hence inequality (3.2) immediately leads to
inequality [1.I6) and this completes the proof of Theorem i.7.

(3.2) > |z" Min|P(z)].

2=k
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Proof of Theorem[1.10 SinceP(z) does not vanish ifiz| < k, & < 1, by Lemmd 2.3, we
have for alle, 5 € Cwith |o| <1, |[f] <1, R>r >1and|z| > 1,

‘Puh)—apv@+ﬁ{(%$§)n—ku}Pw@

R+k

3.3) < 1|0 (R/82) — 0@ (r2/k?) + 6 { ( — ) - \04} 0 (r2/12)

whereQ(z) = 2" P(1/%). Inequality [3.8) in conjunction with Lem@A gives forallg € C
with || <1, || <1,R>r>1land|z| > 1,

%PU&)—@P&@+6{(R+k)n—Mﬂ}P@@

k+r

< 'P(Rz)—aP(Tz) + { (R i k)n - |a|} P(rz)

T
Q(te/) ~aQ (ra/12) + 5 { (L1 <ot} @ (/)

k n
R”—ar”—l—ﬁ{(};ir) — ]a!}r”

R+ E\"
#li-ass{(E5) —|a|}”z|\gg,g:|P<z>|,

this completes the proof of Theor¢m 1.30.

+k"

2"
< | =
= |

Proof of Theorem[1.11 Let m = Min, - |P(2)|. If P(z) has a zero ofz| = k, then the
result follows from Theorem 1.10. We assume ti4t) has all its zeros infz| < k where
k < 1 so thatm > 0. Now for every\ with |A\| < 1, it follows by Rouche’s Theorem
h(z) = P(z) — Am does not vanish if:| < k. Applying Lemmd 2.P to the polynomiél(z),
we get for alle, 5 € Cwith |a] < 1,|8| <1,R>r>1land|z| > 1

PﬂRz)—ahOﬁ}H3{(%€?§)n—kﬂ}h@%)
<1 |Qu(hs/1) - a@urefi?) 4 5 { (1) ol @utre/i?)

whereQ,(z) = z"h(1/z) = 2"P(1/Z) — Amz". Equivalently,

’PU&)—@P&@+§{(R+k)n—MM}PW@

k+r

D) v

Q(r:/) ~aQ (/) + 5 (15 = lalf @ 2/

k+r

(3.4) —X{R”—ar”—i—ﬁ{(%) —]a|}r”}%

AJMAA Vol. 10, No. 1, Art. 6, pp. 1-16, 2013 AJMAA
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whereQ(z) = 2"P(1/z). Since all the zeros af(z/k?) lie in |z| < k, k < 1, by Theorenj 1]7
applied toQ(z/k?), we have forR > r > 1 and|z| = 1,
R+k

Q(re/1) —aQ (rai2) 45 { (1) = ol b (ra/)

1 R+k\" : 9
>__ no__ n _ n

20 R" — ar +B{(k r) |a\}r %ﬁg‘@@/lﬂﬂ
1., . R+ k\" "
R" —ar +/6{(kj——|—7“> ’Oz|}7"

:W
R+ E\"
R”—ar”+ﬁ{(—k+r> —|a|}r"

1
Now, choosing the argument afon the right hand side of inequality (8.4) such that

Min |P(2)

|z|=

(3.5)

:—kzn m.

@ (ra/2) — 0 (o) + 6 { (L)~ lal} @ (r2/19)
x{ e o () ) ) 2
=k"|1Q (Rz/k*) — aQ (rz/k*) + { (}l%f)n - yay} Q(rz/k?)

_¢xw{Rn—awa+ﬁ{(€;E§)n—\M}r”}é%

for |z| = 1, which is possible by inequality (3.5). We get faf = 1,

|

‘P(Rz) — aP(r2)+8 { (%)n _ |a|} P(r2)
()
< 1(Q (Re/1) — aQ (ra/i2) + 5 { (5 ) = ol @lrs/i?)

_IA
k.n

o en{(222) -} o]

Equivalently for|z| = 1, R > r > 1, we have

‘P(Rz) —aP(rz)+ { (%)n — \a|} P(rz)

k
_kn Rtk

Q(r:/i) ~ @ r2/t?) + 5 {

k+r
R+E\"
w22 )

1], n R+k\" n
R" —ar +ﬁ{<k‘+r> |a|}r ]m

(3.6) =
AJMAA Vol. 10, No. 1, Art. 6, pp. 1-16, 2013 AIJMAA
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Letting |\| — 1ininequality [3.6), we obtain for all, 5 € Cwith || < 1, || < 1,R>r > 1
and|z| =1,

'P(Rz) —aP(rz)+ { (%)" — Ial} P(rz)

QRe/) —aQ rai) + 5 (5 = ol @lra/i?

el

(3.7) —%‘R”—ar"%—ﬁ{(iif) —|a|}r" ]m.

Inequality [3-7) in conjunction with Lemnia 2.3 gives for all3 € C with |a| < 1, |3| <
I,R>r>1land|z| =1,

2‘P(Rz)—aP( )+5{(Jzik) yay}P(m)

L e (€ Rl
tlimar s { (FEE) ~talf| Jarag pa)
—{ki R"—ar”m{(%) —\04}7«”

_‘1_@%{(%)”—@1}\}%71113( i,

which is equivalent to inequality (1]19) and thus completes the proof of Théoreingl.11.

k"
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