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2 YASUO KOMORI-FURUYA

1. INTRODUCTION

Since Lacey and Thielel[6] provdd boundedness of the bilinear Hilbert transform, consid-
erable attention has been paid to the study of multilinear singular integral operators. Grafakos
and Torresl[2] proved the boundedness of multilinear singular integrdl8 spaces. Kenig and
Stein [4] proved the boundedness of multilinear fractional integral operatdi® sppaces. Tang
[11] showed the boundedness of multilinear fractional integral operators on Morrey spaces.

On the other hand, many studies have been done for Herz spaces (see, for example, [1], [3]
and [8]). Li and Yang!(|7] considered the boundedness of fractional integral operators on Herz
spaces.

In this paper we consider multilinear fractional integral operators on Herz spaces. For sim-
plicity of notation we consider bilinear fractional integral operators.

For the ordinary fractional integral operatés the critical index is; = n/3 (see Theorem
[2.7)). As we shall see in the next section (see Thefrem 2.7), when we consider bilinear fractional
integrals on Herz spaces, the subcritical cases are easy. Therefore in this paper we mainly
consider the supercritical cases.

2. DEFINITIONS AND THEOREMS

This section is organized as follows. First we recall some known results about the ordinary
fractional integral operator$;. One usually denotes the fractional integrals/bybut in this
paper we denote bilinear fractional integrals By Therefore we use this notation. Next we
define bilinear fractional integrals; and state some known results fr. To state our result
we need to define new function spadeg? introduced by the author[5].

The following notation is used: For a setC R" we denote the Lebesgue measuré/dby
|E| and the characteristic function &f by yz. We denote the ball of radiu8 centered at,
by B(zg, R) = {z; |z — zo| < R} and writeA, = {z € R"; 281 < |z| < 2%} wherek € Z.

First we define homogeneous Herz spacesiLetp < co,1 < ¢ < co anda € R*.

Definition 2.1. .
Ko (RY) = {f € L(®™\ {0}); | f]| gor < 00},

Flgze = { 52 ([ 1 (@qu)p/q}up'

k=—00

where

Remark 2.1. K)9(R") = LY(R").
Next we define the ordinary fractional integral operators.
Definition 2.2.

Jgf(ﬂf) = /Rn xf(—ggj‘lﬁd’y for 0<f(<n.

The following theorem is well-known (see, for example,![12]).

Theorem 2.1. J; is bounded froni* (R™) to L#(R") whereg; > 1andl/q, =1/ — 3/n >
0.

Li and Yang [7] proved the boundednessfafon Herz spaces.
Theorem 2.2([7]). Letq; > 1,1/qo = 1/q1 — 3/n > 0 and0 < p < co. Assume that
(2.1) —n/q+ B <a<n(l—1/q).
ThenJs is bounded fromi(2P(R") to KooP(R™).
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Remark 2.2. Whena < n(1—1/¢), KglvP(R”) C L}, .(R™). Therefore we always assume this
condition (see Theorems 2.7 gnd 2.11).

Wheng > n/3, we know the following theorem (sele [10] and [12]). We define Lipschitz
spaces and modified fractional integral. Def ¢ < 1.

Definition 2.3.
. o e B : 1
Lipo(B") = {1/ uspe = supinf o [ 17(0) = el < oo},
where the supremum is taken over all balisC R™.
We denotelipy(R") = BMO(R™).
Proposition 2.3. When0 < ¢ < 1,

i, ~ sup L2 = )]
Ty ’x - 3/’
Definition 2.4.
jﬂf(x) :/ { 1 - X{|y|>1}}f(y)dy for 0< (B <n.
R Lz —y[nmF oy A

Theorem 2.4([10]). fﬁ is bounded fronL¢(R") to Lipg_,,/q(R") if
(2.2) 0<p—-n/qg<l.
In particular I5 is bounded fronL,”/#(R") to BMO(R™).

Next we define bilinear fractional integral operators.
Definition 2.5.

Is(f1, f2) (2 / / iy f2(y2)2n deldyg for 0< (< 2n,
nJre (T =y, 7 — )|

where|(z — y1,z — y2)| = (|z — y1[* + [z — 1o*) /2

Kenig and Stein[4] proved the next result.

Theorem 2.5([4]). Letl < ¢1,¢2 < ccandl/q=1/q¢1+1/q2— 3/n > 0. Thenls is bounded
from L' (R™) x L% (R") to L4(R"):

1s(f1; f2)lla < Clifilla ][ fallan-

Throughout this pape¢; is a positive constant which is independent of essential parameters
and not necessarily same at each occurrence.
Whenl/q + 1/¢2 — 3/n < 0, Tang [11] proved the following.

Definition 2.6.

Is(f1. f2)( / / 1 )
o n JR® ?/1,5E—y2)|2" B8 |(y1’y2>|2n—ﬁX{|(y17yz)\>1}
X fl(yl)fz(yQ)dyldyQ.

Theorem 2.6 ([11]). Assume thad < § — n/q1 — n/g < 1. Thenfg Is bounded from
L(R") x L% (R") 0 Lipg—n/q,—n/qo(R").

Remark 2.3. In [11] it is said that/; is bounded, bufs should be replaced @
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Tang also obtained the boundedness on Morrey spaces. In this paper we consider the bound-
edness of 3 on Herz spaces.
We can easily obtain the next result.

Theorem 2.7.Letl < q1,q2 < 00,1/q = 1/q1 +1/qc — B/n > 0and1/p = 1/py + 1/po.
Assume that

(2.3) a; <n(l—1/q), as<n(l—1/¢) and o +ay > —n/q.
Thenls is bounded fromi(g1 71 (R™) x Kg2P2(R™) to K*P(R") wherea = o + ay!
Hs(fr f)llgr < Cllfill grr [ fllx

Remark 2.4. Since|l5(f1, f2)(x)| < |Js, fi(2) - Js, f1(z)| where = (3, + [, we can prove
Theoren 2.J7 by Theorefm 2.1 and the following Horder-type inequality.

Lemma 2.8.

(2.4 I Follies < Il | oll oz,
wherea = a1 + a9, 1/p=1/ps + 1/pyand1/q = 1/q1 + 1/¢o.

Therefore main purpose of this paper is to consider the 8ase> 1/¢; + 1/¢o.
For the ordinary fractional integralg; the author([5] proved the following. L&t < ¢ < 1
and\ € R!.

Definition 2.7.
Lip2 (R")

1 1
i1 g = sup int / |f<y>—c|dy<oo}.
{ o = S T R B BT S

Remark 2.5. Lip} is a special case of generalized Campanato spaces introduced by[Nakai [9].
Lip?(R™) = Lip.(R") and Lip}(R™) = BMO(R™).
1 1
flLip» & sup / f(Y) = fB@r)ldy < oo,
WPl = 280 ol B 1B, BT Sy ) P20

wherefs.n = Bamr Joe, r f(Y)dy.

Theorem 2.9([9]). Letq > n/p, 0<p <o andf —n/qg—1 < a < n—nfq.
0 <fB—n/q<1+min(0, ), thenJs is bounded fronk¢**(R") to Lip,*, , (R").

-n/q

"‘2 p2.

Corollary 2.10. If 0 < f —n/q < 1, thenfﬁ is bounded fronf(g’p(R”) to Lipg

particular Jﬁ is bounded fronKO/pﬁ (R™) to BMO(R™).

Remark 2.6. Whenp > ¢, LY(R") ¢ K)*(R"). Therefore this corollary improves Theorem
2.4.

Our main result is the following.

(R™). In

-n/q

Theorem 2.11.Let0 < 3 < 2n,0 < p1,ps < occand0 < §—n/q —n/qg < 1. Assume that

(2.5) ar <n(l=1/q), az<n(l—-1/g),

and

(2.6) B—n/gg—n/@p—1<oar+ay<n+p—n/qg—n/g.
Thenl, is bounded fromi g #1 (R") x Kg2#2(R") to Lip, (C;j/zmzl/% (R™).
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Corollary 2.12. If a; < n(1—=1/q1),as < n(1—=1/gs),1+as =0and0 < § =n/q+n/q <
1. Thenl is bounded fronk (171 (R™) x K272 (R™) t0 Lipg_r /g, —n/q, (R™):

18| Livg iy -nyay < Cll oo [ f2ll goamn -
In particular I; is bounded fronk 2171 (R") x K272 (R") to BMO(R™) whens = n/q,+n/qs.

Remark 2.7. If 5 > n then the right-hand side df (2.6) is needless, becayse oy < 2n —
n/q—n/q by .) Thspacebip, (07‘11/”;10‘27)1/[12 (R™) do not depend op, andp,, but the operator
norms|| 75| ,. a1 oz P Lo ton) depend omp; andps;.

—-n/q1—n/q2

Takingp, = ¢1,p2 = ¢2 anday = a, = a = 0in Theorg 2.1]L we obtain Theor¢m2.6.
In Sectiorf 4, we shall show that the conditipn [2.6) is optimal by giving a counterexample.

3. PROOF OF THEOREM [2.11

_In order to prove Theorefin 211 we prepare some lemmas. We use the following notation:
A = Ap1 U AL U Agyr andxe = xa,, Xx = X4, The nextlemmas are easily obtained from
the definition.

Lemma 3.1.
. 1/p
| llgo =~ (225711l
k
Lemma 3.2.
Gy [ < ORI, i s>y
T—y
82) [ < ORIl i s <nnfy
T—y
Lemma 3.3.
63 Ml ee i it onong—a <
Yy
e | Wl <O g i a<n—nfa
Y=
Lemma 3.4.
@9 / L 4y < cortn—sv=o=s) .
Cl2e-s<lyl<2r+1} [To — yl° !

if 2872 <|zo| <2Fandn—n/q—s<a<n-—n/q.
Proof. By (3.3) and|[(3.4), we have

[ Il gy co [ B0y oo [ iy
B2k-s<yi<at+1y |T0 — Y iz2ser [Y)° Iyl<257
<O | f oy OO DK 1],

<O f]| o O

The following lemma is essential for our proof.
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Lemma 3.5. Let@ = B(0,2*) and2Q = B(0,2"*!). Assume the conditions (2.5) afd (2.6) in
Theoreni 2.11. Then

2€Q Jyr1e2Q Jyr€20 (x — 1,2 — yo) P~

< O9F(—a1—aztntf—n/q—n/q) H f

e || foll gz
Proof. By an elementary calculation, we have fqry, € 20,
C2EntB)if n < B < 2n,

dl’ 2k+3 . o
/Q|(:c—y1,a:—y2)|2” 5 < C’log Ti=gal !f B =n,
if 0<p<n.

ly1— y2|n B

Whenn < < 2n, it follows from (3.4) that
X < CF(=n+B) | gk(n—n/q—a1) ||fHK;’11’p1 gk(n—n/g—az) ||fHK;’22”’2

< C2k(_a1_a2+n+ﬁ—n/q1—n/qz) ||f1 ||Kf;11’p1 ||f2||K;122,p2.

Wheno < § < n, we write

|1 () Ixa(ya) | f2(y2) X (2)
r=c Z Z / Y1 — yo|? P dyndye
1=—00 j=—00
k+1 i+1 k+1

—cY ( Z 3+ Z)zzl+ll+lll.

i=—00 j=—o00 gjJ=i—1 j=i+2

Wheni > k — 1 we definel/I] = 0.
First we estimatd. By (3.4) it follows that
i—2

> <o [in@hatdn [ 1fal)lde

j=—00 ‘y2|§2i72

< O | £ g, 270D fo | g

and we obtain
k+1
I < C| foll gozre Z g/(Ceamaztnfn/nnie) g £ x|,

< Czk(—al—az—i—n—l—ﬁ—n/fh—n/(IZ) Hfl ||K§11,p1 Hf2||K§22’p2'

Next we estimatd //. We have

E+1 k+1
nr<cy Y 2 ol fxlh
i=—00 j=1i+42
k+1 Jj—2
<O 3 2N gl Y 20T 2 | i
j:—oo 1=—00
k+1
< C’||JL‘1||I.(;1117P1 Z 2](—a1—az+n+ﬁ—n/f11—n/fI2) . 2]a2||f2xj”q2
j=—o00

S C2k(—a1—a2+n+ﬁ—n/q1—n/q2) ||f1 ||K;¥1’p1 ||f2||['(;¥22¢p2.
1
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Finally we estimatd /. By (3.3) it follows that

i1 -
| f2(y2) X (32)
> SC/!fl(m)!Xi(yl)dyl g e
=it ly1 — yo
< G270 Fixall 0 2°C7 9| foXi g
and we obtain
k+1
I1<C Y7 2Cemermmdminn/a) . g £, 27| foXlle

< Ok(-ea—artntf-n/a—n/e)) ¢ ”K;*ll”’l | f Hk;;w’%

When 5 = n, the proof is similar. Therefore we omit the details. We use the following
inequality.

k+1 2k+3
Z lOg (2i_2 )2i(7a17a2+2n7n/q17n/q2) < C2k(fa17a2+2nfn/q17n/q2)
where—a; — as +2n —n/q —n/gs > 0. O

Now we are in a position to prove Theor¢gm 2.11. Our proof is a bilinear version of the
argument in[[5].

Proof of Theorem 2Let o = a; + ap ande = 3 — n/q1 — n/qs. Fix aballQ) = B(xz¢, R) and
we estimate
. . (|zo] + R)™ / ~
inf —————— Isf(x) — c|dx.
c |Q|1+E/n Q| ,3 ( ) |

Let k be the least integer such th@tc B(0, 2%). Note that
(3.6) 20| + R ~ 2"

We consider three cases:
(i) QN B(0,2"72) # 0,
(i) QN B(0,2¥2) =PandR > 2k4,
(i) QN B(0,28%) =P andR < 2k~4.
The case (i) or (i) Note thatiQ| > C2* in both cases. We write

fi(z) = fi(z )XB 0,2k+1) + fi(w )XBB(0,2k+1) = ff’(x)+ff(a:) (i=1,2).

The symbols andc stand forball andcomplementespectively.

By the linearity offg, we calculatefB by dividing into four terms. Essentially we need to
estimate the following three term; (2, f2), I5(f2, f5) andI(f¢, f5).

First we estimatd;(f?, f2). Let

// fl Y1 fzggzgd i,
[(y1,y2)|>1 y17y2)|

Thenly(f?, f2) — ¢ = I(f?, f2). By Lemmd 3.5, we have

V8, h)@lde < ORI o ol
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and we obtain
(o] + R)*
Q[T

Next we estimatdﬂ(fl, f5). Lete = Iﬂ(fl, 1$)(x0). Note that by the condition.5) and
(2.9), it follows tha2n — 5+ 1 > n — n/gs — ao. By (3.3) and|[(34), we have fare Q,

I, b)) —¢ <CR/ d / —‘f2<y2)‘
A R ey VA IY (N = T

SRy K0 D ]
SCRQk(—a—I—ﬁ—n/‘h—n/‘h—l) ||f1 ||K?11,p1 ||f2||K§22’p27

and we obtain

/ L(f2 1) (@)l < Ol fll gor o | Foll goon:

zo| + R)
(||5||1—+€/n/ 15(f7, 15) @)z < C|| full gorm || foll oz -

Finally we estimatd 5(f¢, f5). Lete = I5(f¢, f5)(20). Then forz € Q,

I5(ff, f5)(x) — | < CR / :{y<yy2|) ||§£§@é2+>1|

Sincef — 1 < n/q +n/q + a1 + az we can takes; ands, such that

y1dys.

31<n/q1—|—a1, 52<n/QQ+Ozg and S1+ 8 =03—1.
By (3.3) we have

T5(f5, f5)(x) — ¢| < CR /

25+ |91
SCRzk(*Oﬁﬂ*n/fh —n/q2—1) Hfl HK,?ll’m ||f2 HK{S’?”’Q s

and we obtain

Y2

|ff(yl)|d / |f§(y2)|d
T .. A1 T
|

s ya| 2k Y2 |5

zo| + R)
(||Cg|‘1—+5/n/ ‘Iﬁ f17f2 ( )’dx<CHfl”KQImeQHKO‘QPQ

The case (iii) Let2Q) = B(xg,2R). We write
fi(x) = fil@)xqar-s<joi<ariipog + fi(2)X2q + fi(T)Xoqar—s<|uj<ar+1y
= fi(z) + fi(2) + fi(x) (i=1,2).
The symbok stands fomannulus

By the linearity of/s, we calculatels( f1, f2) by dividing into nine terms. Essentially we
need to estimate the following six terms.

= I5(fo, f8),  I1:=1Tg(f8, %), II1:=Is(f7, f5),
IV =Is(f0, f2),  Ve=Is(fh f5),  VI=Ia(ff, f5).
The estimate of . Letc = Iﬁ(f1 , [9) (). Forz € Q,

|]5(f1,f2) )—¢| < C’R//| LT ()15 (yo)] dyydys.

(To — Y1, wo — yo) [P~ A1

Since — 1 < n/q + n/q, we can take; ands, such that

sy <n/q, se<nfqg and s34+ s, =0—1.
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By (3.1) we have

I5(fi, f3)(x) — ¢| < CR /

[wo—y1[22R 70 = zo—y2|>2R |z0 — y2
< OR| fixtulloy B | faXellgn R*2 /%
< CRﬁ*n/thfn/tBQ*kaHfl ”K;Yll,m Hf2|’K322,p27

Y2

|ff(?/1)| 1/ |f§(?/2)|
|

|n—51 |n—52

and we obtain

xo| + R)
<‘|5‘|1—+5/n/ |[ﬁ f17f2)( )_C|dx<C||f1||Ka1P1||f2||Ka2p2

The estimate of I. Letc = I5(f2, f2)(x). Forz € Q,

Tt )~ < cr | s [ 12l

lzo—y1|>2R [0 — 1

Sinces < n/q +n/q + 1 we have2n — 3+ 1 > n — n/q. By (3.1) we have

I5(ff, f2)(z) — | < OR- R 97| fixull o B %2| fokl g
< R ET R £y oo | fo| gozoe

and we obtain
e /Q T2, (@) — clda < ClLfill g | foll oz

The estimate of /1. Letc = E;(ff, ) (xo). Forz € Q,

(st )@l < or [ Ifznian [l cay,

Since2n — 3+ 1 > n — n/g. — o, it follows from (3.4) and[(3}5) that
T3(fF, f5)(@) — | < CRPCHFn=M|| £y 3y | o 2627280 || £ 0y | o
S CR2k‘(*Ot+ﬁ*n/QI 771/(1271) “fl HK:I)zll sP1 H f2 HK(111227P2 5

and we obtain

To| + R)“ = e R 1-c
%éllg(fl,fg)(x)—c|dx§C(ﬁ) 1 fill ez || foll gozre

< CHfIHK(‘;ll’pl HfQHK;;Qzapz.

// fl 2 f22(3223dy1dy2
y1 sY2 |>1 y17y2>’

By the same argument as in the proof of Lenima 3.5, we have fgs € 2Q),

The estimate of V. Let

d CR‘"W if n<pg3<2n,
‘1' -
< ClOg if ﬁ =n,
/|( — 7 — )PP renil
’ poers i 0<pB<n.
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The case: < 3 < 2n. Since [, | f/|dz < CR" Y% fixy |, we have

/ T5(f2, £2) (@) — eldz < CRT™ P RMA=VD) | £5, 10 RV | fo x|,
Q
S CQkQRH‘Fﬁ*n/QI*n/q? ||f'1 ||K{?11,p1 ”f2 HK?227P2 .

The casé < [ < n. Sincen/q, < f it follows from Horder’s inequality that

/Q To(2, £2)(@) — clde < CRE|| 22l 1721
< OzkaRn—i-B—n/‘h —n/q2 ”fl HK;’f D1 Hf2 ||Kg.227p2 .

The case’ = n is similar.
The estimate of/ is same as that of/ 1.
The estimate oF/ 1. Letc = I5(f¢, f£)(x). Forz € Q,

To(f2, f5) (@) — | < CR// - e Fe ()

To — Y1, To — Y2 )|?n AL

s S My M)

ok+1 ok+1

:CR(VI, + VI, + V]3 + V).

It suffices to evaluat&’[,, VI, andV'[,.
The estimate o¥/ [, is same as that df;(f, f5) in the case of (i) or (ii). We have

dy1dys

VI < CQk(_aJ’_ﬁ_n/ql_n/qQ_l) Hfl HK“;‘ILPI HfQHK;’;Q»T—’Q.

Next we evaluaté’I,. By (3.3) and|(3.4) we have

VI, < C/ %dm/ |f2(y2) |dys
\ | ly2|<2k—3

yy|>2k+1 ’yl
S C2k(*01*n*n/QI+ﬁfl) Hfl HK(‘;‘lapl 2]?(*012+n7n/Q2) ||f2 ||K{72ap2
1 2

< O2k(-etf—n/n—n/e-1) ||f1||k;‘11”’1 ||f2||K322’p2_

Finally we evaluaté’I,. By (3.4) we have

VI, < Ck-2m6-1) / 1 (1) / | al2) |y

ly1|<2k=3 ly2|<2F=3

S C2k’(—2n+ﬁ—1) . Qk(—a1+n—n/q1) ||f1 2k(—o¢2+n—n/q2) ||f2

licene e
K‘Il KQQ

< CQk(*aJrBfn/%fn/fIz*l) “fl”K?f’pl Hfguk%zypg. O

4. COUNTEREXAMPLE

In this section we shall show that the conditipn [2.6) in Therfom|2.11 is optimal by giving
a counterexample. We shall show thatif + as < 6 —n/¢1 — n/ge — 1 0or a; + ag >
n+ 8 —n/qa — n/qg, then Theorem 2.11 is not true for someandp,. Let Takep; andp,
such thatl /p; + 1/p2 < 1. Then we can take two positive sequences such{thage € ("

and{dk},;";foo € (P2, butzzz_oo dek = ZZO:O dek =00
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Counterexample 4.1.Let

fl(x) _ Z Ck2fk(a1+n/Q1)XBk(m)’ f2($) _ Z defk(a2+n/QQ)XBk(x)7

k=10 k=10
—10 —10

91(96) _ Z Ckak(a1+n/q1)XBk(x)’ 92($) _ Z dk27k(o¢2+n/q2)XBk(l.)’
k=—0o0 k=—oc0

where B, = {z = (21,...,2,) € R" 21 < z; < 2% forall i}, and letB = {z =
(x1,...,2,) ER";, =2 <2; < —1 forall i}. Then

(4.1) fi.gr € KPP(R™) and  fo, g2 € K27 (R™);

4.2) INg(fl,fg)(x) =—oc0 When z€B if ay+aa<pfB—n/g1 —n/qg —1;
(4.3) I5(g1,92) & Lie(R") if a1+ 0z >n+ B —n/q —n/g.

Proof. The proof of [(4.1) is straightforward. We proye (4.2)12 < z; < —1,

~ 00 Ck2—k(041+n/q1)dk2—k(a2+n/q2)22kn
Iﬁ(fla f2)<x> < —C Z @A)

k=10

S —C i dek = —OQ.

k=10
Finally we prove[(4.B). Lek < —10. If z € By, then

- .2~ klai+n/q1) 1, 9—k(aa+n/q2)92kn B
Iﬁ(glvg2>(x) = I,B(glag?)(x) =>C : 2k(§n—ﬂ) 2 Copdy2 .

We have

~10
/ I5(f1, f2)(z)dx > C Z cpdy, = 00.
2] /210

k=—o00
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