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2 YASUO KOMORI-FURUYA

1. I NTRODUCTION

Since Lacey and Thiele [6] provedLp boundedness of the bilinear Hilbert transform, consid-
erable attention has been paid to the study of multilinear singular integral operators. Grafakos
and Torres [2] proved the boundedness of multilinear singular integrals onLp spaces. Kenig and
Stein [4] proved the boundedness of multilinear fractional integral operators onLp spaces. Tang
[11] showed the boundedness of multilinear fractional integral operators on Morrey spaces.

On the other hand, many studies have been done for Herz spaces (see, for example, [1], [3]
and [8]). Li and Yang [7] considered the boundedness of fractional integral operators on Herz
spaces.

In this paper we consider multilinear fractional integral operators on Herz spaces. For sim-
plicity of notation we consider bilinear fractional integral operators.

For the ordinary fractional integral operatorJβ the critical index isq = n/β (see Theorem
2.1). As we shall see in the next section (see Theorem 2.7), when we consider bilinear fractional
integrals on Herz spaces, the subcritical cases are easy. Therefore in this paper we mainly
consider the supercritical cases.

2. DEFINITIONS AND THEOREMS

This section is organized as follows. First we recall some known results about the ordinary
fractional integral operatorsJβ. One usually denotes the fractional integrals byIβ, but in this
paper we denote bilinear fractional integrals byIβ. Therefore we use this notation. Next we
define bilinear fractional integralsIβ and state some known results forIβ. To state our result
we need to define new function spacesLipλ

ε introduced by the author [5].
The following notation is used: For a setE ⊂ Rn we denote the Lebesgue measure ofE by

|E| and the characteristic function ofE by χE. We denote the ball of radiusR centered atx0

by B(x0, R) = {x; |x− x0| < R} and writeAk = {x ∈ Rn; 2k−1 < |x| ≤ 2k} wherek ∈ Z.
First we define homogeneous Herz spaces. Let0 < p < ∞, 1 ≤ q < ∞ andα ∈ R1.

Definition 2.1.
K̇α,p

q (Rn) = {f ∈ Lq
loc(R

n \ {0}); ‖f‖K̇α,p
q

< ∞},
where

‖f‖K̇α,p
q

=

{
∞∑

k=−∞

2kαp

(∫
Ak

|f(x)|qdx

)p/q
}1/p

.

Remark 2.1. K0,q
q (Rn) = Lq(Rn).

Next we define the ordinary fractional integral operators.

Definition 2.2.

Jβf(x) =

∫
Rn

f(y)

|x− y|n−β
dy for 0 < β < n.

The following theorem is well-known (see, for example, [12]).

Theorem 2.1.Jβ is bounded fromLq1(Rn) to Lq2(Rn) whereq1 > 1 and1/q2 = 1/q1−β/n >
0.

Li and Yang [7] proved the boundedness ofJβ on Herz spaces.

Theorem 2.2([7]). Let q1 > 1, 1/q2 = 1/q1 − β/n > 0 and0 < p < ∞. Assume that

(2.1) − n/q1 + β < α < n(1− 1/q1).

ThenJβ is bounded fromKα,p
q1

(Rn) to Kα,p
q2

(Rn).
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Remark 2.2. Whenα < n(1− 1/q1), K̇α,p
q1

(Rn) ⊂ L1
loc(Rn). Therefore we always assume this

condition (see Theorems 2.7 and 2.11).

Whenq ≥ n/β, we know the following theorem (see [10] and [12]). We define Lipschitz
spaces and modified fractional integral. Let0 ≤ ε < 1.

Definition 2.3.

Lipε(Rn) =
{

f ; ‖f‖Lipε = sup
Q

inf
c

1

|Q|1+ε/n

∫
Q

|f(x)− c|dx < ∞
}

,

where the supremum is taken over all ballsQ ⊂ Rn.

We denoteLip0(Rn) = BMO(Rn).

Proposition 2.3. When0 < ε < 1,

‖f‖Lipε ≈ sup
x 6=y

|f(x)− f(y)|
|x− y|ε

.

Definition 2.4.

J̃βf(x) =

∫
Rn

{ 1

|x− y|n−β
− 1

|y|n−β
χ{|y|≥1}

}
f(y)dy for 0 < β < n.

Theorem 2.4([10]). J̃β is bounded fromLq(Rn) to Lipβ−n/q(Rn) if

(2.2) 0 ≤ β − n/q < 1.

In particular Ĩβ is bounded fromLn/β(Rn) to BMO(Rn).

Next we define bilinear fractional integral operators.

Definition 2.5.

Iβ(f1, f2)(x) =

∫
Rn

∫
Rn

f1(y1)f2(y2)

|(x− y1, x− y2)|2n−β
dy1dy2 for 0 < β < 2n,

where|(x− y1, x− y2)| = (|x− y1|2 + |x− y2|2)1/2

Kenig and Stein [4] proved the next result.

Theorem 2.5([4]). Let1 < q1, q2 < ∞ and1/q = 1/q1 +1/q2−β/n > 0. ThenIβ is bounded
fromLq1(Rn)× Lq2(Rn) to Lq(Rn):

‖Iβ(f1, f2)‖q ≤ C‖f1‖q1‖f2‖q2 .

Throughout this paper,C is a positive constant which is independent of essential parameters
and not necessarily same at each occurrence.

When1/q1 + 1/q2 − β/n ≤ 0, Tang [11] proved the following.

Definition 2.6.

Ĩβ(f1, f2)(x) =

∫
Rn

∫
Rn

( 1

|(x− y1, x− y2)|2n−β
− 1

|(y1, y2)|2n−β
χ{|(y1,y2)|>1}

)
× f1(y1)f2(y2)dy1dy2.

Theorem 2.6 ([11]). Assume that0 ≤ β − n/q1 − n/q2 < 1. Then Ĩβ is bounded from
Lq1(Rn)× Lq2(Rn) to Lipβ−n/q1−n/q2(Rn).

Remark 2.3. In [11] it is said thatIβ is bounded, butIβ should be replaced tõIβ.
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4 YASUO KOMORI-FURUYA

Tang also obtained the boundedness on Morrey spaces. In this paper we consider the bound-
edness ofIβ on Herz spaces.

We can easily obtain the next result.

Theorem 2.7. Let 1 < q1, q2 < ∞, 1/q = 1/q1 + 1/q2 − β/n > 0 and1/p = 1/p2 + 1/p2.
Assume that

(2.3) α1 < n(1− 1/q1), α2 < n(1− 1/q2) and α1 + α2 > −n/q.

ThenIβ is bounded fromKα1,p1
q1

(Rn)×Kα2,p2
q2

(Rn) to Kα,p
q (Rn) whereα = α1 + α2:

‖Iβ(f1, f2)‖Kα,p
q

≤ C‖f1‖K
α1,p1
q1

‖f2‖K
α2,p2
q2

.

Remark 2.4. Since|Iβ(f1, f2)(x)| ≤ |Jβ1f1(x) · Jβ1f1(x)| whereβ = β1 + β2, we can prove
Theorem 2.7 by Theorem 2.1 and the following Hörder-type inequality.

Lemma 2.8.

(2.4) ‖f1 · f2‖K̇α,p
q

≤ ‖f1‖K̇
α1,p1
q1

‖f2‖K̇
α2,p2
q2

,

whereα = α1 + α2, 1/p = 1/p2 + 1/p2 and1/q = 1/q1 + 1/q2.

Therefore main purpose of this paper is to consider the caseβ/n ≥ 1/q1 + 1/q2.
For the ordinary fractional integralsJβ the author [5] proved the following. Let0 ≤ ε < 1

andλ ∈ R1.

Definition 2.7.

Lipλ
ε (Rn)

=

{
f ; ‖f‖Lipλ

ε
= sup

x∈Rn

R>0

inf
c

1

(|x|+ R)λ

1

|B(x, R)|1+ε/n

∫
B(x,R)

|f(y)− c|dy < ∞
}

.

Remark 2.5. Lipλ
ε is a special case of generalized Campanato spaces introduced by Nakai [9].

Lip0
ε(Rn) = Lipε(Rn) andLip0

0(Rn) = BMO(Rn).

‖f‖Lipλ
ε
≈ sup

x∈Rn

R>0

1

(|x|+ R)λ

1

|B(x, R)|1+ε/n

∫
B(x,R)

|f(y)− fB(x,R)|dy < ∞,

wherefB(x,R) = 1
|B(x,R)|

∫
B(x,R)

f(y)dy.

Theorem 2.9 ([5]). Let q ≥ n/β, 0 < p < ∞ and β − n/q − 1 < α ≤ n − n/q. If
0 ≤ β − n/q < 1 + min(0, α), thenJ̃β is bounded fromK̇α,p

q (Rn) to Lip−α
β−n/q(R

n).

Corollary 2.10. If 0 ≤ β − n/q < 1, thenJ̃β is bounded fromK̇0,p
q (Rn) to Lipβ−n/q(Rn). In

particular J̃β is bounded fromK̇0,p
n/β(Rn) to BMO(Rn).

Remark 2.6. Whenp > q, Lq(Rn) ⊂ K0,p
q (Rn). Therefore this corollary improves Theorem

2.4.

Our main result is the following.

Theorem 2.11.Let0 < β < 2n, 0 < p1, p2 < ∞ and0 ≤ β − n/q1 − n/q2 < 1. Assume that

α1 < n(1− 1/q1), α2 < n(1− 1/q2),(2.5)

and

β − n/q1 − n/q2 − 1 < α1 + α2 < n + β − n/q1 − n/q2.(2.6)

ThenĨβ is bounded fromK̇α1,p1
q1

(Rn)× K̇α2,p2
q2

(Rn) to Lip
−(α1+α2)
β−n/q1−n/q2

(Rn).
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Corollary 2.12. If α1 < n(1−1/q1), α2 < n(1−1/q2), α1+α2 = 0 and0 ≤ β = n/q1+n/q2 <

1. ThenĨβ is bounded fromK̇α1,p1
q1

(Rn)× K̇α2,p2
q2

(Rn) to Lipβ−n/q1−n/q2(Rn):

‖Ĩβ‖Lipβ−n/q1−n/q2
≤ C‖f1‖K̇

α1,p1
q1

‖f2‖K̇
α1,p1
q1

.

In particular Ĩβ is bounded fromK̇α1,p1
q1

(Rn)×K̇α2,p2
q2

(Rn) toBMO(Rn) whenβ = n/q1+n/q2.

Remark 2.7. If β ≥ n then the right-hand side of (2.6) is needless, becauseα1 + α2 < 2n −
n/q1−n/q2 by (2.5). Th spacesLip

−(α1+α2)
β−n/q1−n/q2

(Rn) do not depend onp1 andp2, but the operator
norms‖Iβ‖K̇

α1,p1
q1

×K̇
α2,p2
q2

→Lip
−(α1+α2)

β−n/q1−n/q2

depend onp1 andp2.

Takingp1 = q1, p2 = q2 andα1 = α2 = α = 0 in Theore 2.11 we obtain Theorem 2.6.
In Section 4, we shall show that the condition (2.6) is optimal by giving a counterexample.

3. PROOF OF THEOREM 2.11

In order to prove Theorem 2.11 we prepare some lemmas. We use the following notation:
Ãk = Ak−1 ∪ Ak ∪ Ak+1 andχk = χAk

, χ̃k = χÃk
. The next lemmas are easily obtained from

the definition.

Lemma 3.1.

‖f‖K̇α,p
q

≈
( ∑

k

2kαp‖fχ̃k‖p
q

)1/p

.

Lemma 3.2. ∫
|x−y|≥R

|f(y)|
|x− y|s

dy ≤ CRn−n/q−s‖f‖q if s > n− n/q.(3.1) ∫
|x−y|≤R

|f(y)|
|x− y|s

dy ≤ CRn−n/q−s‖f‖q if s < n− n/q.(3.2)

Lemma 3.3. ∫
|y|≥2k

|f(y)|
|y|s

dy ≤ C2k(n−n/q−α−s)‖f‖K̇α,p
q

if n− n/q − α < s.(3.3) ∫
|y|≤2k

|f(y)|dy ≤ C2k(n−n/q−α)‖f‖K̇α,p
q

if α < n− n/q.(3.4)

Lemma 3.4.

(3.5)
∫

{{2k−3≤|y|≤2k+1}

|f(y)|
|x0 − y|s

dy ≤ C2k(n−n/q−α−s)‖f‖K̇α,p
q

if 2k−2 ≤ |x0| ≤ 2k andn− n/q − s < α < n− n/q.

Proof. By (3.3) and (3.4), we have∫
{{2k−3≤|y|≤2k+1}

|f(y)|
|x0 − y|s

dy ≤ C

∫
|y|≥2k+1

|f(y)|
|y|s

dy + C2−ks

∫
|y|≤2k−3

|f(y)|dy

≤C2k(n−n/q−α−s)‖f‖K̇α,p
q

+ C2−ks · 2k(n−n/q−α)‖f‖K̇α,p
q

≤C2k(n−n/q−α−s)‖f‖K̇α,p
q

. �

The following lemma is essential for our proof.
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6 YASUO KOMORI-FURUYA

Lemma 3.5. LetQ = B(0, 2k) and2Q = B(0, 2k+1). Assume the conditions (2.5) and (2.6) in
Theorem 2.11. Then

X :=

∫
x∈Q

∫
y1∈2Q

∫
y2∈2Q

|f1(y1)||f2(y2)|
|(x− y1, x− y2)|2n−β

dxdy1dy2

≤ C2k(−α1−α2+n+β−n/q1−n/q2)‖f1‖K̇
α1,p1
q1

‖f2‖K̇
α2,p2
q2

.

Proof. By an elementary calculation, we have fory1, y2 ∈ 2Q,

∫
Q

dx

|(x− y1, x− y2)|2n−β
≤


C2k(−n+β) if n < β < 2n,

C log 2k+3

|y1−y2| if β = n,
C

|y1−y2|n−β if 0 < β < n.

Whenn < β < 2n, it follows from (3.4) that

X ≤ C2k(−n+β) · 2k(n−n/q1−α1)‖f‖K̇
α1,p1
q1

2k(n−n/q2−α2)‖f‖K̇
α2,p2
q2

≤ C2k(−α1−α2+n+β−n/q1−n/q2)‖f1‖K̇
α1,p1
q1

‖f2‖K̇
α2,p2
q2

.

When0 < β < n, we write

X ≤ C
k+1∑

i=−∞

k+1∑
j=−∞

∫∫
|f1(y1)|χi(y1)|f2(y2)|χj(y2)

|y1 − y2|n−β
dy1dy2

= C
k+1∑

i=−∞

( i−2∑
j=−∞

+
i+1∑

j=i−1

+
k+1∑

j=i+2

)
=: I + II + III.

Wheni > k − 1 we defineIII = 0.
First we estimateI. By (3.4) it follows that

i−2∑
j=−∞

≤ C2i(−n+β)

∫
|f1(y1)|χi(y1)dy1

∫
|y2|≤2i−2

|f2(y2)|dy2

≤ C2i(−n+β) · 2i(n−n/q1)‖f1χi‖q12
i(n−n/q2−α2)‖f2‖K̇

α2,p2
q2

,

and we obtain

I ≤ C‖f2‖K̇
α2,p2
q2

k+1∑
i=−∞

2i(−α1−α2+n+β−n/q1−n/q2) · 2iα1‖f1χi‖q1

≤ C2k(−α1−α2+n+β−n/q1−n/q2)‖f1‖K̇
α1,p1
q1

‖f2‖K̇
α2,p2
q2

.

Next we estimateIII. We have

III ≤ C
k+1∑

i=−∞

k+1∑
j=i+2

2j(−n+β)‖f1χi‖1‖f2χj‖1

≤ C
k+1∑

j=−∞

2j(β−n/q2)‖f2χj‖q2

j−2∑
i=−∞

2i(n−n/q1−α1) · 2iα1‖f1χi‖q1

≤ C‖f1‖K̇
α1,p1
q1

k+1∑
j=−∞

2j(−α1−α2+n+β−n/q1−n/q2) · 2jα2‖f2χj‖q2

≤ C2k(−α1−α2+n+β−n/q1−n/q2)‖f1‖K̇
α1,p1
q1

‖f2‖K̇
α2,p2
q2

.
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Finally we estimateII. By (3.2) it follows that

i+1∑
j=i−1

≤ C

∫
|f1(y1)|χi(y1)dy1

∫
|f2(y2)|χ̃i(y2)

|y1 − y2|n−β
dy2

≤ C2i(n−n/q1)‖f1χi‖q12
i(β−n/q2)‖f2χ̃i‖q2 ,

and we obtain

II ≤ C
k+1∑

i=−∞

2i(−α1−α2+n+β−n/q1−n/q2) · 2iα1‖f1χi‖q12
iα2‖f2χ̃i‖q2

≤ C2k(−α1−α2+n+β−n/q1−n/q2)‖f1‖K̇
α1,p1
q1

‖f2‖K̇
α2,p2
q2

.

Whenβ = n, the proof is similar. Therefore we omit the details. We use the following
inequality.

k+1∑
i=−∞

log
(2k+3

2i−2

)
2i(−α1−α2+2n−n/q1−n/q2) ≤ C2k(−α1−α2+2n−n/q1−n/q2)

where−α1 − α2 + 2n− n/q1 − n/q2 > 0. �

Now we are in a position to prove Theorem 2.11. Our proof is a bilinear version of the
argument in [5].

Proof of Theorem 2.Let α = α1 + α2 andε = β − n/q1 − n/q2. Fix a ballQ = B(x0, R) and
we estimate

inf
c

(|x0|+ R)α

|Q|1+ε/n

∫
Q

|Ĩβf(x)− c|dx.

Let k be the least integer such thatQ ⊂ B(0, 2k). Note that

(3.6) |x0|+ R ≈ 2k.

We consider three cases:

(i) Q ∩B(0, 2k−2) 6= ∅,
(ii) Q ∩B(0, 2k−2) = ∅ andR ≥ 2k−4,

(iii) Q ∩B(0, 2k−2) = ∅ andR < 2k−4.

The case (i) or (ii). Note that|Q| ≥ C2kn in both cases. We write

fi(x) = fi(x)χB(0,2k+1) + fi(x)χ{B(0,2k+1) =: f b
i (x) + f c

i (x) (i = 1, 2).

The symbolsb andc stand forball andcomplementrespectively.
By the linearity ofĨβ, we calculatẽIβ by dividing into four terms. Essentially we need to

estimate the following three terms:̃Iβ(f b
1 , f

b
2), Ĩβ(f b

1 , f
c
2) andĨβ(f c

1 , f
c
2).

First we estimatẽIβ(f b
1 , f

b
2). Let

c = −
∫∫

|(y1,y2)|≥1

f b
1(y1)f

b
2(y2)

|(y1, y2)|2n−β
dy1dy2.

ThenĨβ(f b
1 , f

b
2)− c = Iβ(f b

1 , f
b
2). By Lemma 3.5, we have∫

Q

|Iβ(f b
1 , f

b
2)(x)|dx ≤ C2k(−α+n+β−n/q1−n/q2)‖f1‖K̇

α1,p1
q1

‖f2‖K̇
α2,p2
q2

,
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and we obtain
(|x0|+ R)α

|Q|1+ε/n

∫
Q

|Iβ(f b
1 , f

b
2)(x)|dx ≤ C‖f1‖K̇

α1,p1
q1

‖f2‖K̇
α2,p2
q2

.

Next we estimatẽIβ(f b
1 , f

c
2). Let c = Ĩβ(f b

1 , f
c
2)(x0). Note that by the conditions (2.5) and

(2.6), it follows that2n− β + 1 > n− n/q2 − α2. By (3.3) and (3.4), we have forx ∈ Q,

|Ĩβ(f b
1 , f

c
2)(x)− c| ≤ CR

∫
|y1|≤2k+1

|f1(y1)|dy1

∫
|y1|≥2k+1

|f2(y2)|
|y2|2n−β+1

dy2

≤CR2k(n−n/q1−α1)‖f1‖K̇
α1,p1
q1

2k(−n−n/q2−α2+β−1)‖f2‖K̇
α2,p2
q2

≤CR2k(−α+β−n/q1−n/q2−1)‖f1‖K̇
α1,p1
q1

‖f2‖K̇
α2,p2
q2

,

and we obtain
(|x0|+ R)α

|Q|1+ε/n

∫
Q

|Iβ(f b
1 , f

c
2)(x)|dx ≤ C‖f1‖K̇

α1,p1
q1

‖f2‖K̇
α2,p2
q2

.

Finally we estimatẽIβ(f c
1 , f

c
2). Let c = Ĩβ(f c

1 , f
c
2)(x0). Then forx ∈ Q,

|Ĩβ(f c
1 , f

c
2)(x)− c| ≤ CR

∫∫
|f c

1(y1)||f c
2(y2)|

|(y1, y2)|2n−β+1
dy1dy2.

Sinceβ − 1 < n/q1 + n/q2 + α1 + α2 we can takes1 ands2 such that

s1 < n/q1 + α1, s2 < n/q2 + α2 and s1 + s2 = β − 1.

By (3.3) we have

|Ĩβ(f c
1 , f

c
2)(x)− c| ≤ CR

∫
|y1|≥2k+1

|f c
1(y1)|

|y1|n−s1
dy1

∫
|y2|≥2k+1

|f c
2(y2)|

|y2|n−s2
dy2

≤CR2k(−α+β−n/q1−n/q2−1)‖f1‖K̇
α1,p1
q1

‖f2‖K̇
α2,p2
q2

,

and we obtain
(|x0|+ R)α

|Q|1+ε/n

∫
Q

|Iβ(f c
1 , f

c
2)(x)|dx ≤ C‖f1‖K̇

α1,p1
q1

‖f2‖K̇
α2,p2
q2

.

The case (iii). Let 2Q = B(x0, 2R). We write

fi(x) = fi(x)χ{2k−3<|x|≤2k+1}\2Q + fi(x)χ2Q + fi(x)χ{{2k−3<|x|≤2k+1}

=: fa
i (x) + f b

i (x) + f c
i (x) (i = 1, 2).

The symbola stands forannulus.
By the linearity ofIβ, we calculateIβ(f1, f2) by dividing into nine terms. Essentially we

need to estimate the following six terms.

I := Ĩβ(fa
1 , fa

2 ), II := Ĩβ(fa
1 , f b

2), III := Ĩβ(fa
1 , f c

2),

IV := Ĩβ(f b
1 , f

b
2), V := Ĩβ(f b

1 , f
c
2), V I := Ĩβ(f c

1 , f
c
2).

The estimate ofI. Let c = Ĩβ(fa
1 , fa

2 )(x0). Forx ∈ Q,

|Ĩβ(fa
1 , fa

2 )(x)− c| ≤ CR

∫∫
|fa

1 (y1)||fa
2 (y2)|

|(x0 − y1, x0 − y2)|2n−β+1
dy1dy2.

Sinceβ − 1 < n/q1 + n/q2 we can takes1 ands2 such that

s1 < n/q1, s2 < n/q2 and s1 + s2 = β − 1.
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By (3.1) we have

|Ĩβ(fa
1 , fa

2 )(x)− c| ≤ CR

∫
|x0−y1|≥2R

|fa
1 (y1)|

|x0 − y1|n−s1
dy1

∫
|x0−y2|≥2R

|fa
2 (y2)|

|x0 − y2|n−s2
dy2

≤ CR‖f1χ̃k‖q1R
s1−n/q1‖f2χ̃k‖q2R

s2−n/q2

≤ CRβ−n/q1−n/q22−kα‖f1‖K̇
α1,p1
q1

‖f2‖K̇
α2,p2
q2

,

and we obtain

(|x0|+ R)α

|Q|1+ε/n

∫
Q

|Ĩβ(fa
1 , fa

2 )(x)− c|dx ≤ C‖f1‖K̇
α1,p1
q1

‖f2‖K̇
α2,p2
q2

.

The estimate ofII. Let c = Ĩβ(fa
1 , f b

2)(x0). Forx ∈ Q,

|Ĩβ(fa
1 , f b

2)(x)− c| ≤ CR

∫
|x0−y1|>2R

|fa
1 (y1)|

|x0 − y1|2n−β+1
dy1

∫
|f b

2(y2)|dy2.

Sinceβ < n/q1 + n/q2 + 1 we have2n− β + 1 > n− n/q1. By (3.1) we have

|Ĩβ(fa
1 , f b

2)(x)− c| ≤ CR ·Rβ−n−n/q1−1‖f1χ̃k‖q1R
n−n/q2‖f2χ̃k‖q2

≤ CRβ−n/q1−n/q22−kα‖f1‖K̇
α1,p1
q1

‖f2‖K̇
α2,p2
q2

,

and we obtain

(|x0|+ R)α

|Q|1+ε/n

∫
Q

|Ĩβ(fa
1 , f b

2)(x)− c|dx ≤ C‖f1‖K̇
α1,p1
q1

‖f2‖K̇
α2,p2
q2

.

The estimate ofIII. Let c = Ĩβ(fa
1 , f c

2)(x0). Forx ∈ Q,

|Ĩβ(fa
1 , f c

2)(x)− c| ≤ CR

∫
|fa

1 (y1)|dy1

∫
|f c

2(y2)|
|x0 − y2|2n−β+1

dy2.

Since2n− β + 1 > n− n/q2 − α2, it follows from (3.4) and (3.5) that

|Ĩβ(fa
1 , f c

2)(x)− c| ≤ CR2k(−α1+n−n/q1)‖f1χ̃k‖K̇
α1,p1
q1

2k(−α2−n−n/q2+β−1)‖f2χ̃k‖K̇
α2,p2
q2

≤ CR2k(−α+β−n/q1−n/q2−1)‖f1‖K̇
α1,p1
q1

‖f2‖K̇
α2,p2
q2

,

and we obtain

(|x0|+ R)α

|Q|1+ε/n

∫
Q

|Ĩβ(fa
1 , f c

2)(x)− c|dx ≤ C
( R

2k

)1−ε

‖f1‖K̇
α1,p1
q1

‖f2‖K̇
α2,p2
q2

≤ C‖f1‖K̇
α1,p1
q1

‖f2‖K̇
α2,p2
q2

.

The estimate ofIV . Let

c = −
∫∫

|(y1,y2)|≥1

f b
1(y1)f

b
2(y2)

|(y1, y2)|2n−β
dy1dy2.

By the same argument as in the proof of Lemma 3.5, we have fory1, y2 ∈ 2Q,

∫
Q

dx

|(x− y1, x− y2)|2n−β
≤


CR−n+β if n < β < 2n,

C log 8R
|y1−y2| if β = n,

C
|y1−y2|n−β if 0 < β < n.
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The casen < β < 2n. Since
∫

2Q
|f b

i |dx ≤ CRn(1−1/qi)‖fiχ̃k‖qi
, we have∫

Q

|Ĩβ(f b
1 , f

b
2)(x)− c|dx ≤ CR−n+βRn(1−1/q1)‖f1χ̃k‖q1R

n(1−1/q2)‖f2χ̃k‖q2

≤ C2kαRn+β−n/q1−n/q2‖f1‖K̇
α1,p1
q1

‖f2‖K̇
α2,p2
q2

.

The case0 < β < n. Sincen/q1 < β it follows from Hörder’s inequality that∫
Q

|Ĩβ(f b
1 , f

b
2)(x)− c|dx ≤ CRβ−n/q1‖f b

1‖q1‖f b
2‖1

≤ C2kαRn+β−n/q1−n/q2‖f1‖K̇
α1,p1
q1

‖f2‖K̇
α2,p2
q2

.

The caseβ = n is similar.
The estimate ofV is same as that ofIII.
The estimate ofV I. Let c = Ĩβ(f c

1 , f
c
2)(x0). Forx ∈ Q,

|Ĩβ(fa
1 , f c

2)(x)− c| ≤ CR

∫∫
|f c

1(y1)||f c
1(y1)|

|(x0 − y1, x0 − y2)|2n−β+1
dy1dy2

=CR

( ∫∫
|y1|≥2k+1

|y2|≥2k+1

+

∫∫
|y1|≥2k+1

|y2|≤2k−3

+

∫∫
|y1|≤2k−3

|y2|≥2k+1

+

∫∫
|y1|≤2k−3

|y2|≤2k−3

)
= : CR(V I1 + V I2 + V I3 + V I4).

It suffices to evaluateV I1, V I2 andV I4.
The estimate ofV I1 is same as that of̃Iβ(f c

1 , f
c
2) in the case of (i) or (ii). We have

V I1 ≤ C2k(−α+β−n/q1−n/q2−1)‖f1‖K̇
α1,p1
q1

‖f2‖K̇
α2,p2
q2

.

Next we evaluateV I2. By (3.3) and (3.4) we have

V I2 ≤ C

∫
|y1|≥2k+1

|f1(y1)|
|y1|2n−β+1

dy1

∫
|y2|≤2k−3

|f2(y2)|dy2

≤ C2k(−α1−n−n/q1+β−1)‖f1‖K̇
α1,p1
q1

2k(−α2+n−n/q2)‖f2‖K̇
α2,p2
q2

≤ C2k(−α+β−n/q1−n/q2−1)‖f1‖K̇
α1,p1
q1

‖f2‖K̇
α2,p2
q2

.

Finally we evaluateV I4. By (3.4) we have

V I4 ≤ C2k(−2n+β−1)

∫
|y1|≤2k−3

|f1(y1)|dy1

∫
|y2|≤2k−3

|f2(y2)|dy2

≤ C2k(−2n+β−1) · 2k(−α1+n−n/q1)‖f1‖K̇
α1,p1
q1

2k(−α2+n−n/q2)‖f2‖K̇
α2,p2
q2

≤ C2k(−α+β−n/q1−n/q2−1)‖f1‖K̇
α1,p1
q1

‖f2‖K̇
α2,p2
q2

. �

4. COUNTEREXAMPLE

In this section we shall show that the condition (2.6) in Thereom 2.11 is optimal by giving
a counterexample. We shall show that ifα1 + α2 ≤ β − n/q1 − n/q2 − 1 or α1 + α2 ≥
n + β − n/q1 − n/q2, then Theorem 2.11 is not true for somep1 andp2. Let Takep1 andp2

such that1/p1 + 1/p2 < 1. Then we can take two positive sequences such that{ck}∞k=−∞ ∈ `p1

and{dk}∞k=−∞ ∈ `p2 , but
∑0

k=−∞ ckdk =
∑∞

k=0 ckdk = ∞.
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Counterexample 4.1.Let

f1(x) =
∞∑

k=10

ck2
−k(α1+n/q1)χBk

(x), f2(x) =
∞∑

k=10

dk2
−k(α2+n/q2)χBk

(x),

g1(x) =
−10∑

k=−∞

ck2
−k(α1+n/q1)χBk

(x), g2(x) =
−10∑

k=−∞

dk2
−k(α2+n/q2)χBk

(x),

whereBk = {x = (x1, . . . , xn) ∈ Rn; 2k−1 < xi < 2k for all i}, and letB = {x =
(x1, . . . , xn) ∈ Rn; −2 < xi < −1 for all i}. Then

f1, g1 ∈ Kα1,p1
q1

(Rn) and f2, g2 ∈ Kα2,p2
q2

(Rn);(4.1)

Ĩβ(f1, f2)(x) = −∞ when x ∈ B if α1 + α2 ≤ β − n/q1 − n/q2 − 1;(4.2)

Ĩβ(g1, g2) /∈ L1
loc(Rn) if α1 + α2 ≥ n + β − n/q1 − n/q2.(4.3)

Proof. The proof of (4.1) is straightforward. We prove (4.2). If−2 < xi < −1,

Ĩβ(f1, f2)(x) ≤ −C
∞∑

k=10

ck2
−k(α1+n/q1)dk2

−k(α2+n/q2)22kn

2k(2n−β+1)

≤ −C
∞∑

k=10

ckdk = −∞.

Finally we prove (4.3). Letk ≤ −10. If x ∈ Bk then

Ĩβ(g1, g2)(x) = Iβ(g1, g2)(x) ≥ C
ck2

−k(α1+n/q1)dk2
−k(α2+n/q2)22kn

2k(2n−β)
≥ Cckdk2

−kn.

We have ∫
|x|≤

√
n2−10

Ĩβ(f1, f2)(x)dx ≥ C
−10∑

k=−∞

ckdk = ∞.

�
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