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2 N-ENG XU AND DING-GONG YANG

1. INTRODUCTION AND PRELIMINARIES
Let A,(p € N ={1,2,3,---}) be the class of functions(z) of the form

f(z)=2P+ Zap 2P

m=1

which are analytic in the unit disl{ = {z : |z| < 1}. Let

!/
G = {1 e 4 ReCE >y et}
for somep(0 < p < 1). Itis well known that each function in the clag§(p)(0 < p < 1) is
p-valently close-to-convex of orderin U. Denote byK the usual subclass of; consisting
of convex univalent functions ifY. Further letU K(C K') denote the class of functions called
uniformly convex (univalent) i/ and introduced by Goodmahi [4]. It was shown in Ronning
[10] and Ma and Mindd [8] that a functiofiz) € A; isin UK if and only if

Zf”(Z)} (%)
Re< 1+ >
{ f'(2) f'(2)
The uniformly convex and related functions have been studied by several authors (see, e.g.,
[4,5,/6,7/8/10,11,12,14,15,116,/117]).

If f(z) = > 0 samz™ andg(z) = > °_ b,2z™ are analytic inU, then the Hadamard

product or convolutiorf(z) * g(z) of f(z) andg(z) is defined by

(z € U).

o0

f(z)xg(2) = Z b 2™

m=0

Let
2P
m * f(2),

wheref(z) € A, andn is any integer greater theap. Then

nipt g ZET ()Y

Dl f(z) =

This symbolD™ =1 f(z) is called the Ruscheweyh derivative ffz) and was introduced by
Ruscheweyh [13] (whep = 1) and Goel and Sohi [3]. In this paper we introduce and investi-
gate the following new subclass df;:

Definition. A function f(z) € A, is said to be irC,(n, «, 5, A, p) if it satisfies

(1.1) (ReJ,(n, B, fF(2)))* + u > ®|Jy(n, B, f(2) = N (2 €U),
where
n+p—1 = n+p—1 = /
(1.2) B 8. 42) = (- 2T g E)
Pz
(1.3) O<a<l, >0, A>0, o’ (A—12—1<pu<(aN)?

Note thatz? € C,(n, o, 8, A\, p) andforn =1—-p,0 < a < 1,4 >0,A=1andu =0,
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Cp(l — D, a?ﬁalvO)
_ {f(z) €A, Re((l—ﬁ)f(z) +6f/(z))

2P pzp~1
f(z)

2P

>«

(1-5) zev).

For > 0 andp < 1, Ding, Ling and Bao in[[1] have considered the clgssgp) defined by

o) = {1 ea:re(1-0 1 579) > 5 cerf

z
Let f(z) andg(z) be analytic inU. Then we say that the functiofyz) is subordinate to
g(z), written f(z) < g(z), if there exists an analytic function(z) in U such thafw(z)| < |z|
and f(z) = g(w(z)) for z € U. If g(z) is univalent inU, that f(z) < g¢(z) is equivalent to
f(0) =g(0)andf(U) C g(U). We shall need the following Lemmas.

I
paP

Lemma 1.1. Let F(z) be analytic inU and h(z) be analytic and convex univalent i with
h(0) = F(0). If
(1.4) F(z)+ ézF’(z) =< h(z),
wherec # 0 and Rec > 0, then
F(z) < H(z) =cz© /z tTh(t)dt < h(z)
0

and H (z) is the best dominant df (1.4).

Lemma 1.2. Let f(z) = > °_, a,2™ be analytic inU andg(z) € K. If f(z) < g(z), then
lam| < 1(m € N).

Lemmg 1.1 is due to Miller and Mocanu [9] and Lemimg 1.2 can be found in Duren [2, p.195].
Throughout this paper we assume, unless otherwise statea, ihany integer greater than

—p(p € N) anda, 3, A, 11 satisfy [1.3).

2. SUBORDINATION RELATIONS
Theorem 2.1. A functionf(z) € A, isin Cy(n, «, 3, A, p) if and only if
‘]P(nvﬂa f(Z)) = h(Z),
whereJ,(n, 3, f(z)) is defined by (1]2),

= (125

20 /7 —20/m
@) @(C)=A0+2a(1(5_a2)<(1i_£> +(1%) —2) (¢ < 1),

5 — ad\

Ao = a(l —a?)

, 0=+/(a\)? — u(l —a?), o= arccosa
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andb € (—1,1) is determined by(b) = 1.

Proof. It follows from (1.3) and[(2]1) that < (a®))? < 6% = (a))? — u(1 — a?) < (a\)? —

(1—a?)(a?(A—1)*—1) = (a®*X+1—a?)*and so

5 —a?\

1—a?
Let F(2) = Jy(n, 3, f(2)) = u+iv for f(z) € A,. Then [1.1) can be written a8 + ;1 >

o?((u— \)? +v?), that is,

X \° a? (aX)? —p X\ ) 2
2. — 2 = .
(2:3) <u+1—a2> 11—z’ 71— +(1—a2) (1—042)

In view of F'(0) = 1, we see that
FU) Cc Q={w=wu+iv:uandv satisfy(2.3),u > A\ }.

Note thath(0) = ¢(b) = 1. In order to prove our theorem, it suffices to show that the function
h(z) given by [2.1) map$’ conformally onto the hyperbolic regid.

The linear transformatiom; = $((1 — a®)w + &®X) mapsQ* = QN {w = u+w : v > 0}
onto

(22) 0< A = < I'IliIl{]_, /\0}

N , u? V3
QF = qwy =uy + vy : - T T3 > 1, ug > coso, v; >0
cos?c  sin“o

so thatw = A; corresponds tav;, = o = coso andw = )y to w; = 1. It is clear that
wy = w; + /w? — 1 maps; conformally onto

QFf ={wy: 0 < argwy <o, 1 < |wy| < +o0}

so thatw; = coso corresponds tav, = ¢ andw; = 1to w, = 1. Also the function
t= %(w;r/"+w;”/") maps(25 conformally onto the upper half plane (m > 0 so thatw, = ¢
corresponds t6 = —1 andw, = 1tot = 1. Thus the composite function= g(w) (say)
maps2* conformally onto Inft) > 0 so thatw € [\, +00) corresponds to € [—1,+oc0).
With the help of the symmetry principle, the function= g(w) maps{) conformally onto
G = {t : |arg(t + 1)] < 7}. Sincet = 2(%2)2 — 1 maps the unit disk(| < 1 onto G, we
deduce that

we gl LA L0 ((t+m)"“+(t+m)”/“_2>

a(l —a?)  2a(l —a?)

BT (G - @M* (i @/ i 2)

= »(C)
maps|¢| < 1 conformally ontof? so that{ = b € (—1, 1) corresponds ta = 1. Now we
easily know thatv = h(z) = gp(fjbbz) mapsU conformally onto(2. Therefore the proof of the
theorem is complete.
|

Corollary 2.2. Let f(z) € Cp(n, a, 8, A, 1) andh(z) be given by[(2]1). Then fare U,

arctan (a/\)+ﬁu + %, p < (a\)?,
z = (a\)?

99

(2.4) |arg Jp(n, B, f(2))] < {

AJMAA Vol. 10, No. 1, Art. 3, pp. 1-11, 2013 AJMAA


http://ajmaa.org

PROPERTIES OF CERTAIN MULTIVALENT FUNCTIONS 5

The result is sharp with the extremal functifif( ) defined byfs(z) € A, and

2 op(1=1/B) [<4®/B)=1p()dt, [ >0
n+p—1 — 52 fo ) )
@5) S O RN 0
Proof. From the proof of Theorefn 3.1 we see that
(2.6) Oh(U)={w=u+iv:u’>+p=0o((u—A)>+0*), u>X\}.

If u < (a))?, then); > 0. Consider the equations
W+ p=a’((u—N?+2%) and v = ku,
whereu, v andk are real withu > \; > 0. Elimination ofv yields
(?(K* +1) — 1) u® — 2a” u + (aX)® — p = 0.
Supposéa?))? — (a?(k* +1) — 1) ((aX)? — u) = 0, then

A)? 1
EI CO M
@ —p a7
If = (a))? then\; = 0. Therefore we conclude that
12 1 2
2.7)  min{0: |argh(z)] < 0 (= € U)} = 4 O @ Fae #< (@)
z 1= ()’

Now (2.7) follows immediately from Theorem 2.1.
For the functionfs(z) defined by[(2.p), it is easy to verify that

Jp(n, B, fa(z)) = h(z) and fs(z) € Cp(n, a, B, A, ).
Hence the bound i (2.7) is shanp.

Corollary 2.3. Let f(z) € Cp(n, a, 5, A, 1), 8 > 0, andh(z) be given by[(2]1). Then

n+p—1 1 p_q
i (C) < %/ 57" h(pz)dp.

zP 0

(2.8)

Proof. Let us put

Dn+p—1f(z)
for f(z) € Cp(n,a, B, A, ) andg > 0. Then it follows from [(2.9) and Theorejm 2.1 that
B

F(z)+ EZF/(Z) = J,(n, B, f(2)) < h(z).

Therefore, an application of Lem@.l with= 4 > 0 yields

z 1
(2.10) F(z2) < %z—ﬁ/o 5 h(t)dt = %/0 p5 h(p2)dp < h(z),
which proves|[(2]8).
1

Corollary 2.4. Let f(z) € Cp(n,«, 5, A, ). Then forz € U, we have
(2.11) h(—|z]) < ReJy(n, B, f(2)) < h(|z]),

(2.12) ReJ,(n, 5, f(2)) > A1,
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1 p_ l)ner*1 z 1 P _
(2.13) % / pr 1h(—p|z|)dp§ReZ—pf<) < % / pi " h(plz)dp, 5>0,
0 0
and
Dn+p—1 1 »
(2.14) Rez—pf(z) > %/ p5 h(=p)dp, B >0,
0

whereJ,(n, 3, f(2)), h(z) and \; are as given in Theorem 2.1. These results are sharp.

Proof. From the proof of Theorefn .1 we know that the univalent functior) maps the closed
disk |z] < r(0 < r < 1) onto a closed region which is convex and symmetric with respect to
the real axis. Hence we have

(2.15) h(r) > Reh(z) > h(—r) > h(—1) = p(~1) = Ay (|2] < 7).

According to the definition of the subordination, it follows from Theofen 2.1, Cordllafy 2.3
and [2.15) that the inequalitigs (2}1[[)-(3.14) hold true. Further these results are sharp for the

function f5(z) defined by|[(2.5)s

3. PROPERTIES OF C)(n, o, 3, A, ).

If \o in (2.1) satisfies the restricted conditiap < 1, then we can prove the following:

Theorem 3.1.Let f(2) € Cp(n,a, B, A\, ). If Ay < p < Ag < 1,then ReJ,(n, 3, f(2)) > pin
|z| < r, where

b+ tan? 0 s «
(3.1) r=r(p,a,\, pn) = T b2 0’ 0 = 15 Arceos (5 (p(1—a?) + 042)\)) ,

andJ,(n, 3, f(2)), Ao, A1, 6,0 andb are as given in Theore@.l. The result is sharp.

Proof. Since), < 1 andg(b) = 1, it follows from (2.1) in Theorem 2|1 that < b < 1. In
view of 0 < \; < p < Ao(< 1), (2.3) and|(3.]1), we have

0< % (p(1—a®) +a’N) < % (Mo(1 —a®) +a’X) =1,

«

T
0<8<Earccos<5

(M(1—a?) + 042)\)) =

e
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Hence0 < b < r < 1. Leth(z) be given by[(2.]1). Then it follows from (3.1) ar{d (B.1) that

h=r) = S0(11)—_1;)

20 /m
) 5 1+iv/(r —b)/(1 —br)
= )\0+2a(1_a2) ((12\/(7"())/(1177"))

—20/m
1+iy/(r —b)/(1—br) B
+<1—i\/(r—b)/(1—br)> 2)

= XM+ 0 cos 40arctan r=b —1
T T a1 - a?) T 1—br

= Ao+

B ) o 9 9 B
= A0+04(1—a2) (5(p(1 o) + o) 1>—p,
which leads to
(3.2) ‘ilnf Reh(z) = h(—r) = p.
z|I<r

If f(z) € Cp(n,a, B, X\, p) then, by Theorern 2|1 and (8.2), we get
ReJy(n, B, f(2)) > p (2| <r).
Obviously the functiory;s(z) defined by|(25) shows that the result is sharp.
Theorem 3.2.C,,(n, o, 51, A, i) C Cp(n, e, By, A, 1) for 0 < [y < .

Proof. Let f(z) € Cy(n, o, 81, A, 1) andh(z) be given by[(2]1). Then, by Theordm 2.1 and
(2.10) in the proof of Corollary 2|3, we have

(3.3) Jp(n, By, f(2)) < h(2),  Jp(n,0, f(2)) < h(z).
Noting that0 < 52 < 1 andh(z) is convex univalent iri/, it follows from ) that

Jp(n, By, f(2)) = (1 — %) WJF% <(1 B ﬁl)Dnerzp f(2) + 8, (D”;PZP_J;(Z))/)
A T SR
_<1 ﬁ1>Jp( ’O’f( ))_I_ IJP( aﬁlaf( ))
< h(z).

Hence, using Theorem 2.1(z) € C,(n, a, B85, A, 1) and the proof is completed.
Theorem 3.3.C,(n+ 1, a, B, A\, 1) C Cp(n, o, B, A, ).

Proof. It is known [3] that

(3.4) 2D (2)) = (p+n) D™ f(2) = nD™PTf(2)
for f(z) € A,. Let
(3.5) 9(2) = Jp(n, 3, f(2)).
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Then [3.4) and (3]5) lead to
(3.6) pPg(z) = Bp +n) D" P f(2) + (p(1 = B) = Br) D™~ f(2).
Differentiating [3.6) and using (3.4) we obtain
B.7)  p(pg(2) + 29'(2))
= Blp+n)z(D"7f(2)) + (p(1 = B) = An)((p + n) D" P f(2) = nD™ 77" f(2))

It follows from (3.6) and[(3]7) that

p="((p+n)g(2) + 29'(2)) = Blp + n)2(D"f(2)) + p(1 = B)(p + n) D" f(2),
that is,

B zg'(2)
(3.8) Jo(n+1,8, f(2)) = g(2) +m~

If f(2) € Cp(n+1,a,8, X, 1), then from Theorerh 2|1 anf (3.8) we get

zg'(2)
9(2) + Ptn < h(z),

and an application of Lemnja 1.1 with= p + n > 0 yields
9(2) = Jp(n, B, f(2)) = h(z).
Hence, by Theorefn 2.¥(z) € C,(n, o, 3, A, 1). This completes the proog

Remark 3.1. For 5 > 1, it follows from Theorem§ 3|3 arjd 3.2 ajd (2.12) in Corol[ary 2.4 (with
n=1—pandg = 1) that

Cp<n7a767 )‘7/“L) C Cp<]~ _p7a767 )\Jlu) C Cp(l - D Q, 1,)\,,[1,) - Cp()‘l)

Thus each function in the clasgs,(n, «, 5, A, 1) with 3 > 1 is p-valently close-to-convex of
order\; in U.

Theorem 3.4.Let f(2) € Cp(n, o, B, \, 1), g(z) € A, and Ré?% > 2 (2 € U). Thenf(z) *
9(2) € Gyp(n, o, B, A, ).

Proof. . We easily have
D (fxg)(z) _ D™PNf(2)  g(2)

(D (f+g) () _ (D"PHf(R) | 9(2)
pzp—1 pzp—1 2p

and so
(3.9) Jp(n, B, f(2) x g(2)) = F(2) x P(z) (2 €U),

where f(z) € Cy(n,a, B, A\, 1), F(2) = Jp(n, B3, f(2)) and P(z) = gij). Since the function
P(z) has the integral representation

P(z) = /| dpu(z) (z € U),

oj=1 1 —xz

wherep(x) is a probability measure defined on the unit cirale= 1 andfm:1 du(x) =1,it
follows from (3.9) that

(3.10) 1, 8, F(2) % g(2)) = /| Pl (V)
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According to Theorer 2|1 the functidy(z) is subordinate to the convex univalent function
h(z) given by [2.1). Therefore, we deduce frdm (3.10) that

Jp(nvﬁmf(z) * g(Z)) —< h(Z),
which leads tof (z) * g(z) € Cp(n, o, 5, A, 1) by Theorenj 2]1y

If A\ in ) satisfies the restricted conditian > 1, then it follows from Theore4 and
(2.12) in Corollary 2.4 (withy = 1 — p and 8 = 0) that the following:

Corollary 3.5. Let f(z) € Cy(n, o, 8, A, ) andg(z) € Cp(1 — p,, 0, A\, ). If Ay > 1, where
A1 is given by[(2.R), therf(z) x g(z) € Cp(n, a, B, A, ).

Remark 3.2. Note thatC),(n, o, 3, A, 1) € Cp(1 —p, «, 0, A, ). We known from Corollary 3]5
thatC,(n, a, 8, A, p) is closed with respect to Hadamard product provided %

Let S*(3) denote the class of starlike univalent functions of oflér U consisting of func-
tionsg(z) € A, satisfying

Re%>% (z € U).

Itis well known that ifg(z) € S*(3) then Ré@ > 1 forz € U. Thus Theore4 with = 1
andn > —1 yields the following:

Corollary 3.6. Let f(z) € Ci(n,a,3,\, pn),n € NU{0},andg(z) € S*(3). Thenf(z) =
g(Z) € Cl(naa767)\>lu)'

Theorem 3.7.Let f(z) = 22 + > °_ | apm 2T € Cp(n, o, B, A, ). Then
(3.11)

vl < ST T T (i“”k ) (G )) m,

m=1 \k=0

whered, o andb are as given in Theorem 2.1. The result is sharp.

Proof. . Since

(T4+t)PQA =)+ (1 —-t)(1+1)")

e 2m
=1+z_1(kz_o<—1>k(z)(2n;5k))ﬂm (p 0,11 < 1),
the functiony(¢) given by [2.1) has the expansion

o=t > (QZmH)’f ) (T )) (el < ).

m=1 k=0
From this we have

110
where
o 2y — o(1 =10 S _1\k 20/m —20/m m—1
B = ¢)(1- ) a(l_ag);l(’;( v (% )(Qm_k>) b
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Also it follows from the proof of Theoremn 2.1 th&t = //(0) > 0.
If f(z) =29 + >0 | apimz”T™ € Cp(n, a, B, A, 1), then we have from Theorem 2.1 that

Jp(n, 8, f(2)) = (L= B) A+ (p+n)apaz+---) + 5 (1 + %(p+ D +n)appz + - )

=14 (14—%) (p+n)ap1z+ -+ < h(z),
that is,
1

s
5!

1
E(l—i—;) (p+n)apz+--- <

Now an application of Lemma 1.2 gives

h(z) —1) € K.

pB
(p+B)p+n)

|ap+1’ <

which proves|[(3.1]1).
The result is sharp since the equality[in (3.11) is attained for the fungtjon defined by
(2.5). The proof of the theorem is completad.

Theorem 3.8.Let f(z) € A, satisfy

(3.12) [Jp(n, 3, f(2) —al <d (2 €),
where
a— A, )\1<a§)\+§,
d:d(aaav)‘au):{ %+a2_/\2_&2(a_)\>2, aZ)\—f‘é\[—%

and J,(n, 8, f(z)) and \; are as given in Theorem 2.1. Th¢(r) € C,(n, o, 5, A, 1) and the
boundd in (3.12) is sharp for each(a > A;).

Proof. . Leth(z) be given by[(2.]l) and denote the minimum distance from the paift > ;)
to the points on the hyperbot#:(U) given by [2.6). Then

d* = min g(u), g(u) = (uv—a)*+ %(?ﬁ +p) — (u— N2

u>\
If A < a <X+ 24, then

2
a2

(3.13) g (u) = " (u—a*(a=X) >0 (u>N\).

Note that\; € Or(U). It follows from (3.13) that

d=+/g(\) = \/(Al —a)2+$()\§+ﬂ)—(/\1—/\)2 =a—= A

If @ > X+ 2%, then the functiory(u)(u > );) attains its minimum value at = a?(a — \)

and so
d=/g(a*(a—N\) = \/% +a2 =N —a2(a— N2
«

Consequently, iff(z) € A, satisfies[(3.1]2) then the domain of the valuesgf, 3, f(z))
for = € U is contained in(U), which implies that/,(n, 8, f(z)) < h(z). Hencef(z) €
Cp(n, o, 3, A, 1) by Theorenj 2]1. Furthermore, the bouhih (3.13) is sharp for the function

fs(z) defined by[(2.5)a
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