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ABSTRACT. In this paper, we study the existence of renormalized solutions for the nonlinear

parabolic problem:
∂b(u)

∂t
− div(a(x, t, u,∇u)) + div(φ(x, t, u)) = f ,where the right side

belongs toL1(Ω× (0, T )) andb(u) is unbounded function ofu, the term−div(a(x, t, u,∇u))is
a Leray–Lions operator and the functionφ is a nonlinear lower order and satisfy only the growth
condition.
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1. I NTRODUCTION

Let Ω be a bounded open set ofRN (N ≥ 2), T is a positive real number, andQT =
Ω× (0, T ). Let b is a strictly increasingC1-function, the dataf andb(u0) in L1(Q) andL1(Ω)

respectively,−div
(
a(x, t, u,∇u)

)
is a Leray-Lions operator defined onW 1,p

0 (Ω) (see assump-

tions (2.2)-(2.4) of Section 2). The functionφ(x, t, u) is a Carathéodory assumed to be con-
tinuous onu (see assumptions (2.5)-(2.7)). We considere the following nonlinear parabolic
problem:

(1.1)


∂b(u)

∂t
− div(a(x, t, u,∇u)) + div(φ(x, t, u)) = f in QT

u(x, t) = 0 on ∂Ω× (0, T )
b(u(x, 0)) = b(u0(x)) in Ω.

Under our assumptions, problem (1.1) does not admit, in general, a weak solution since the
termφ(x, t, u) may not belong(L1

loc(Q))N . In order to overcome this difficulty, we work with
the framework of of renormalized solutions (see definition (3.1)). The notion of renormalized
solutions was introduced by R.-J. DiPerna and P.-L. Lions [14] for the study of the Boltzmann
equation. It was then used by L. Boccardo and al (see [10]) when the right hand side is in
W−1,p′(Ω) and by J.-M. Rakotoson (see [19]) when the right hand side is inL1(Ω).

The existence and uniqueness of a renormalized solution has been proved by D. Blanchard
and F. Murat [6] in the case wherea(x, t, s, ξ) is independent ofs, and withφ = 0 and by D.
Blanchard, F. Murat and H. Redwane [5] with the large monotonicity ona.
For the degenerated parabolic equations the existence of weak solutions have been proved by L.
Aharouch and al [1] in the case wherea is strictly monotone,φ = 0 andf ∈ Lp′(0, T,W−1,p′(Ω, ω∗)).
See also the existence of renormalized solution proved by Y. Akdim and al [3] in the case where
a(x, t, s, ξ) is independent ofs andφ = 0.

In the case whereb(u) = u, the existence of renormalized solutions for (1.1) has been
established by R.-Di Nardo (see [12]). For the degenerated parabolic equation withb(u) =
u, div(φ(x, t, u)) = H(x, t, u,∇u) andf ∈ L1(Q), the existence of renormalized solution has
been proved by Y. Akdim and al (see [4]).

The case whereb(u) = b(x, u), div(φ(x, t, u)) = H(x, t, u,∇u) andf ∈ L1(Q), the exis-
tence of renormalized solutions has been established by H. Redwane (see [17]) in the classical
Sobolev space and by Y. Akdim and al (see [2]) in the degenerate Sobolev space.

It is our purpose, in this paper to generalize the result of ([3], [4], [12]) and we prove the
existence of a renormalized solution of (1.1).

The plan of the paper is as follows: In Section 2 we give some preliminaries and basic
assumptions. In Section 3 we give the definition of a renormalized solution of (1.1), and we
establish (Theorem 3.1) the existence of such a solution.

2. BASIC ASSUMPTIONS AND PRELIMINARIES

2.1. Preliminaries. Let Ω be a bounded open set ofRN (N ≥ 2), T is a positive real number,
andQT = Ω× (0, T ). We need the Sobolev embeddings result

Theorem 2.1.(Gagliardo-Nirenberg) Letv be a function inW 1,q
0 (Ω)∩Lρ(Ω) with q ≥ 1, ρ ≥ 1.

Then there exists a positive constanteC, depending onN, q andρ, such that

‖ v ‖Lγ(Ω)≤ C ‖ ∇v ‖θ
(L(Ω))N‖ v ‖1−θ

Lρ(Ω)

for everyθ andγ satisfying

0 ≤ θ ≤ 1, 1 ≤ γ ≤ +∞,
1

γ
= θ(

1

q
− 1

N
) +

1− θ

ρ
.
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RENORMALIZED SOLUTIONS FORNONLINEAR PARABOLIC EQUATION 3

An immediate consequence of the previous result:

Corollary 2.2. Let v ∈ Lq((0, T ), Lq(Ω)) ∩ L∞((0, T ), Lρ(Ω)), with q ≥ 1, ρ ≥ 1. Then
v ∈ Lσ(Ω) with σ = q(N+ρ

N
)and∫

QT

|v|σdxdt ≤ C ‖ v ‖
ρq
N

L∞(0,T,Lρ(Ω))

∫
QT

|∇v|qdxdt.

Lemma 2.3. (see[12]) Assume thatΩ is an open set ofRN of finite measure and1 < p < +∞.
Let u be a measurable function satisfyingTk(u) ∈ Lp((0, T ),W 1,p

0 (Ω)) ∩ L∞((0, T ), L2(Ω))
for everyk and such that:

supt∈(0,T )

∫
Ω

|∇Tk(u)|2 +

∫
QT

|∇Tk(u)|p ≤Mk, ∀ k > 0

where M is a positive constant. Then

‖|u|p−1‖
L

p(N+1)−N
N(p−1)

,∞
(QT )

≤ CM
( p

N
+1) N

N+p′ |QT |
1
p′

N
N+p′

‖|∇u|p−1‖
L

p(N+1)−N
(N+1)(p−1)

,∞
(QT )

≤ CM
(N+2)(p−1)
p(N+1)−N

whereC is a constant depend only onN andp.

2.2. Assumption(H). Throughout this paper, we assume that the following assumptions hold
true:

(2.1) b : Ω× R → R is strictly increasingC1-function, such thatb′ > β > 0 andb(0) = 0.

and

(2.2) |a(x, t, s, ξ)| ≤ ν[h(x, t) + |ξ|p−1], with ν > 0 andh(x, t) ∈ Lp′(QT ),

(2.3) a(x, t, s, ξ)ξ ≥ α|ξ|p, with α > 0,

(2.4) (a(x, t, s, ξ)− a(x, t, s, η)(ξ − η) > 0, with ξ 6= η,

(2.5) |φ(x, t, s)| ≤ c(x, t)|s|γ,

(2.6) c(x, t) ∈ (Lτ (QT ))N , τ =
N + p

p− 1
,

(2.7) γ =
N + 2

N + p
(p− 1)

for almost every(x, t) ∈ QT , for everys ∈ R and everyξ, η ∈ RN .

(2.8) f ∈ L1(QT ),

(2.9) u0 ∈ L1(Ω) such thatb(u0) ∈ L1(Ω).

Throughout the paper,Tk denotes the truncation function at heightk ≥ 0:

Tk(r) = max(−k,min(k, r))
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3. M AIN RESULTS

In this section, we study the existence of renormalized solutions to problem (1.1).

Definition 3.1. A measurable function u is a renormalized solution to problem (1.1), if

(3.1) b(u) ∈ L∞((0, T ), L1(Ω)).

(3.2) Tk(u) ∈ Lp((0, T ),W 1,p
0 (Ω)), for anyk > 0,

(3.3) lim
n→+∞

∫
{n≤|u|≤n+1}

a(x, t, u,∇u)∇u dx dt = 0,

and if for every functionS in W 2,∞(R) which is piecewiseC1 and such thatS ′ has a compact
support

(3.4)
∂BS(u)

∂t
− div

(
a(x, t, u,∇u)S ′(u)

)
+ S

′′
(u)a(x, t, u,∇u)∇u

+ div
(
φ(x, t, u)S ′(u)

)
− S ′′(u)φ(x, t, u)∇u = fS ′(u) in D

′
(Ω),

and

(3.5) BS(u)(t = 0) = BS(u0) in Ω,

whereBS(z) =

∫ z

0

b
′
(s)S

′
(s)ds.

Equation(3.4) is formally obtained through multiplication of (1.1) byS ′(u). However while
a(x, t, u,∇u) andφ(x, t, u) does not in general make sense in (1.1), all the terms in(3.4) have a
meaning inD′(QT ). Indeed, if M is such thatsuppS

′ ⊂ [−M,M ], the following identifications
are made in(3.4):
• S ′(u)a(x, t, u,∇u) identifies withS ′(u)a(x, t, TM(u),∇TM(u)) a.e inQT .
• S ′′(u)a(x, t, u,∇u)∇u identifies withS ′′(u)a(x, t, TM(u),∇TM(u))∇TM(u) a.e. inQT .
• S ′(u)φ(x, t, u) identifies withS ′(u)φ(x, t, TM(u)) a.e. inQT .
• S ′′(u)φ(x, t, u)∇u identifies withS ′′(u)φ(x, t, TM(u))∇TM(u)) a.e. inQT .
The above consideration shows that equation(3.4) hold inD′(Ω), ∂BS(u)

∂t
belongs toL1(Q) +

Lp′(0, T,W−1,p′(Ω)) andBS(u) ∈ Lp(0, T,W 1,p
0 (Ω)) ∩ L∞(Q). It follows thatBS(u) belongs

toC0([0, T ], L1(Ω)) so the initial condition(3.5) makes sense.

Theorem 3.1. Assume the assumption (H) hold, then problem (1.1) admits a renormalized
solutionu in the sense of Definition 3.1.

Proof. The proof is divided into six steps.
Step 1: Approximate problem and a priori estimates.

For eachε > 0, we define the following approximations

(3.6) bε(r) = T 1
ε
(b(r)) + εr. ∀ r ∈ R,

(3.7) aε(x, t, s, ξ) = a(x, t, T 1
ε
(s), ξ).a.e in Q ∀ s ∈ R, ∀ ξ ∈ RN ,

(3.8) φε(x, t, r) = φ(x, t, T 1
ε
(r)) a.e.(x, t) ∈ QT , ∀ r ∈ R.

(3.9) fε ∈ Lp
′

(QT ) such thatfε → f strongly inL1(QT )

and

(3.10) u0ε ∈ D(Ω) such thatbε(u0ε) → b(u0) strongly inL1(Ω),
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Let us consider the approximate problem :

(3.11)


∂bε(uε)

∂t
− div(aε(x, t, uε,∇uε)) + div(φε(x, t, uε)) = fε in QT

uε(x, t) = 0 on ∂Ω× (0, T )
bε(uε(x, 0)) = bε(u0ε(x)) in Ω.

As a consequence, proving existence of a weak solutionuε ∈ Lp((0, T ),W 1,p
0 (Ω)) is an easy

task (See [16]).
Step 2: The estimates derived in this step rely on standard techniques for problems of type

(3.11).
Let τ 1 ∈ (0, T ) andt fixed in (0, τ 1). Using in (3.11),Tk(uε)χ(0,t) as test function, we integrate
between(0, τ 1), and by the condition (3.8) we have∫

Ω

Bε
k(uε(t))dx+

∫
Qt

aε(x, t, uε,∇uε)∇Tk(uε) dx ds

(3.12) ≤
∫

Qt

c(x, t)|uε|γ|∇Tk(uε)| dx ds+

∫
Qt

fεTk(uε) dx ds+

∫
Ω

Bε
k(u0ε)dx,

whereBε
k(r) =

∫ r

0

Tk(s)b
′

ε(s)ds. Due to definition ofBε
k we have:

(3.13) 0 ≤
∫

Ω

Bε
k(u0ε)dx ≤ k

∫
Ω

|bε(u0ε)|dx ≤ k||b(u0)||L1(Ω) ∀k > 0

Using (3.12) and (2.3) we obtain:∫
Ω

Bε
k(uε(t))dx+ α

∫
Qt

|∇Tk(uε)|p dx ds

(3.14) ≤
∫

Qt

c(x, t)|uε|γ|∇Tk(uε)| ds dx+ k(||b(u0)||L1(Ω) + ||fε||L1(Q))

If we take the supremum fort ∈ (0, τ 1) and we defineM = sup(||fε||L1(Q)) + ||b(u0)||L1(Ω),
we deduce from that above inequality (3.12) and (3.13)

(3.15)
β

2

∫
Ω

|Tk(uε)|2 dx+ α

∫
Qt

|∇Tk(uε)|p dx ds ≤Mk +

∫
Qt

c(x, t)|uε|γ|∇Tk(uε)| dx ds.

By Gagliardo-Niremberg and Young inequalities we have:∫
Qt

c(x, t)|uε|γ|∇Tk(uε)| dx ds ≤ C
γ

N + 2
||c(x, t)||Lτ (Qτ1 )supt∈(0,τ1)

∫
Ω

|Tk(uε)|2 dx

(3.16) + C
N + 2 + γ

N + 2
||c(x, t)||Lτ (Qτ1 )

( ∫
Qτ1

|∇Tk(uε)|p dx ds
)( 1

p
+ Nγ

(N+2)p
) N+2

N+2−γ
.

Sinceγ = (N+2)
N+p

(p− 1) and by using (3.15) and (3.16), we obtain

β

2

∫
Ω

|Tk(uε)||2 dx+ α

∫
Qt

|∇Tk(uε)|p dx ds

≤Mk + C
γ

N + 2
||c(x, t)||Lτ (Qτ1 )supt∈(0,τ1)

∫
Ω

|Tk(uε)|2 dx

+C
N + 2 + γ

N + 2
||c(x, t)||Lτ (Qτ1 )

∫
Qτ1

|∇Tk(uε)|p dx ds
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Which is equivalent to(β
2
− C

γ

N + 2
||c(x, t)||Lτ (Qτ1 )

)
supt∈(0,τ1)

∫
Ω

|Tk(uε)|2 dx+ α

∫
Qτ1

|∇Tk(uε)|p dx ds

−CN + 2 + γ

N + 2
||c(x, t)||Lτ (Qτ1 )

∫
Qτ1

|∇Tk(uε)|p dx ds ≤Mk

If we chooseτ 1 such that

(3.17)
(β

2
− C

γ

N + 2
||c(x, t)||Lτ (Qτ1 )

)
≥ 0,

and

(3.18)
(
α− C

N + 2 + γ

N + 2
||c(x, t)||Lτ (Qτ1 )

)
≥ 0,

then, let us denote by C the minimum between (3.17) and (3.18), we obtain

(3.19) supt∈(0,τ1)

∫
Ω

|Tk(uε)|2 dx+

∫
Qτ1

|∇Tk(uε)|p dx dt ≤ CMk

Then, by (3.19) and lemma 3.1, we conclude thatTk(uε) is bounded inLp(0, T,W 1,p
0 (Ω)) in-

dependently ofε and for anyk ≥ 0, so there exists a subsequence still denoted byuε such
that

(3.20) Tk(uε) ⇀ σk in Lp(0, T,W 1,p
0 (Ω))

We turn now to prove the almost every convergence ofuε andbε(uε). Let gk ∈ C2(R) such that
gk(s) = s for |s| ≤ k

2
andgk(s) = k for |s| ≥ k. Pointwise multiplication of the approximate

equation (3.11) byg′k(bε(uε)) leads to

(3.21)
∂gk(bε(uε))

∂t
− div

(
aε(x, t, uε,∇uε)g

′
k(bε(uε))

)
+aε(x, t, uε,∇uε)g

′′
k(bε(uε))b

′
ε(uε)∇uε + div

(
φε(x, t, uε)g

′
k(bε(uε)

)
−g′′k(bε(uε))b

′
ε(uε)φε(x, t, uε)∇uε = fεg

′
k(bε(uε)) in D′(Ω)

Now each term in (3.21) is taking into account because of (2.2), (3.7)andTk(uε) is bounded in
Lp(0, T, w1,p

0 (Ω)), we deduce that:

−div
(
aε(x, t, uε,∇uε)g

′

k(bε(uε))
)

+ aε(x, t, uε,∇uε)g
′′

k (bε(uε))b
′

ε(uε)∇uε + fεg
′

k(bε(uε))

is bounded inL1(QT ) + Lp
′
(0, T,W−1,p

′
(Ω)) independently ofε. Due to definition ofb and

bε, we have{|bε(uε)| ≤ k} ⊂ {|uε| ≤ k∗} wherek∗ is a constant independent ofε. As a first
consequence we have:

Dgk(bε(uε)) = g
′

k(bε(uε))b
′

ε(Tk∗(uε))DTk∗(uε) a.e inQ

as soon ask∗ < 1
ε
. Secondly the following estimate hold true:

||g′k(bε(uε))b
′

ε(Tk∗(uε))||L∞(Q) ≤ ||g′k||L∞(Q)(max
|r|≤k∗

(b′(r) + 1)).

As a consequence, we obtain:

(3.22) gk(bε(uε)) is bounded inLp(0, T,W 1,p
0 (Ω)).
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Sincesupp(g′k) andsupp(g′′k) are both included in [-k,k] by (3.8) it follows that for allε < 1
k

we have

|
∫

QT

φε(x, t, uε)
p′g′k(bε(uε))

p′ dx dt| ≤
∫

QT

c(x, t)p′|T 1
ε
(uε)|p

′γ|g′k(bε(uε))|p
′
dx dt

=

∫
{|uε|≤k∗}

c(x, t)p′|Tk∗(uε)|p
′γ|g′k(bε(uε))|p

′
dx dt

Furthermore, by Ḧolder and Gagliardo-Niremberg inequality, it results∫
{|uε|≤k∗}

c(x, t)p′|Tk∗(uε)|p
′γ|g′k(bε(uε))|p

′
dx dt

≤ ‖g′k‖L∞(R)||c(x, t)||p
′

Lτ (QT )[supt∈(0,T )(

∫
Ω

|Tk∗(uε)|2 dx)
p
N +

∫
QT

|∇Tk∗(uε)|p dx dt] ≤ ck∗

whereck∗ is a constant independently ofε which will vary from line to line.
In the same by (3.8) we have:

(3.23) |
∫

QT

φε(x, t, uε)
p′(g′′k(bε(uε)b

′
ε(uε)∇uε)

p′ dx dt|

≤
∫ ∫

QT

(g′′k(bε(uε))
p′b′ε(uε)

p′|c(x, t)|p′|T 1
ε
(uε)|p

′|∇uε|p
′
dx dt.

Furthermore, by Ḧolder and Gagliardo-Niremberg inequality,we obtain forε < 1
k∗

:∫
QT

(g′′k(bε(uε))
p′b′ε(uε)

p′|c(x, t)|p′|T 1
ε
(uε)|p

′|∇uε|p
′
dx dt

=

∫
QT

(g′′k(bε(uε))
p′b′ε(uε)

p′|c(x, t)|p′|Tk(uε)|p
′|∇Tk(uε)|p

′
dx dt

≤ ‖g′′k‖L∞(R) × sup
|r|≤k∗

|b′(r)|
∫

QT

|c(x, t)|p′|Tk∗(uε)|p
′|∇Tk(uε)|p

′
dx dt ≤ ck∗

We conclude by (3.21) that

(3.24)
∂gk(bε(uε))

∂t
is bounded inL1(Q) + Lp′(0, T,W−1,p′(Ω)).

Arguing again as in [8], estimates (3.22) and (3.24) imply that, for a subsequence, still indexed
by ε,

(3.25) uε → u a.e.QT ,

whereu is a measurable function defined onQT .
Let us prove thatb(u) belongs to L∞((0, T ), L1(Ω)). We takeTk(bε(uε)) as test function in

(3.11), by (3.8) we have

(3.26)
∫

Ω

Bε
k(uε)dx+

∫
QT

aε(x, t, u,∇uε)∇Tk(bε(uε)) dx dt

≤
∫

QT

|c(x, t)||T 1
ε
(uε)|γ|∇Tk(bε(uε))| dx dt+ k (||fε||L1(QT )) + ||b(u0)||L1(Ω)).

with Bk(r) =

∫ b(r)

0

Tk(s)ds. On the other hand, we have

(3.27)
∫

QT

aε(x, t, uε,∇uε)∇Tk(bε(uε)) dx ds
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=

∫
{|bε(uε)|≤k}

aε(x, t, uε,∇uε)∇T ′k(bε(uε))b
′
ε(uε)∇uε dx ds ≥ 0.

Sinceb′(s) ≥ β, then for0 < ε < 1
k

and for almostt ∈ (0, T ), we have

(3.28)
∫

QT

|c(x, t)||T 1
ε
(uε)|γ|∇Tk(bε(uε))| dx dt

≤ max
|s|≤ k

β

(b′(s))||c(x, t)||Lτ (QT )

(
sup

t∈(0,T )

(

∫
Ω

|T k
β
(uε)|2 dx)

p−1
N+p × ||∇T k

β
(uε)||

p(N+1)
N+p

Lp(QT )

)
≤ ck.

Using (3.13), (3.28) and (3.26) in (3.27), we have∫
Ω

Bε
k(uε(t)) ≤ ck + k

(
||f ||L1(QT ) + ||b(u0)||L1(Ω)

)
Passing to limit-inf asε→ 0, we obtain that:∫

Ω

Bk(u(t)) dx ≤ ck + k
(
||fε||L1(QT )) + ||b(u0)||L1(Ω)

)
for almostt ∈ (0, T ).

Due to definition ofBk, we have

k

∫
Ω

|b(u(x, t))|dx ≤
∫

Ω

Bk(u)(t)dx+
3

2
k2mes(Ω)

≤ k(||f ||L1(Ω) + ||b(u0)||L1(Ω)) + ck +
3

2
k2mes(Ω).

then we concludeb(u) ∈ L∞((0, T ), L1(Ω)).

Lemma 3.2. The subsequence ofuε defined in Step 1 satisfies

lim
n→+∞

lim sup
ε→0

∫
{n≤|uε|≤n+1}

a(x, t, uε,∇uε)∇uε dx dt = 0.

Proof. Usingψn(uε) ≡ Tn+1(uε)− Tn(uε) as a test function in (3.11), and by (3.8) we get

(3.29)
∫ T

0

<
∂bε(uε)

∂t
, ψn(uε) > dt+

∫
Qt

aε(x, t, uε,∇uε)∇ψn(uε) dx dt

≤
∫

Ω

c(x, t)|T 1
ε
(uε)|γ|∇ψn(uε)| dx dt+

∫
QT

fεψn(uε) dx dt

hence ∫
Ω

Bn(uε)(T )dx+

∫
Qt

aε(x, t, uε,∇uε)∇ψn(uε)

≤
∫

QT

c(x, t)|T 1
ε
(uε)|γ|∇ψn(uε)| dx dt+

∫
Ω

Bn(u0)εdx+

∫
QT

fεψn(uε) dx dt,

whereBn(r) =

∫ r

0

b′ε(s)ψn(s)ds. Sinceψn ≥ 0 andBn(uε)(T ) ≥ 0, then for everyε < 1
n+1

,

we have
aε(x, t, uε,∇uε)∇ψn(uε) = a(x, t, uε,∇uε)∇ψn(uε) a.e. inQ

As a consequence

(3.30)
∫

QT

a(x, t, uε,∇uε)∇ψn(uε) dx dt ≤
∫

QT

c(x, t)|T 1
ε
(uε)|γ|∇ψn(uε)| dx dt

+

∫
Ω

Bn(u0ε)dx+

∫
QT

fεψn(uε) dx dt.
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Proceeding as in ([6], [8]) it can be deduced from (3.30) that

(3.31) ψn(uε) ⇀ ψn(u) weakly in Lp(0, T,W 1,p
0 (Ω)).

We have∇ψn(uε) = χ{n≤|uε|≤n+1}∇uε a.e inQT , by Young inequality and (2.3), we obtain

α

p′

∫
QT

|∇ψn(uε)|p dx dt ≤
∫

QT

f εψn(uε) dx dt+

∫
Ω

Bn(u0ε) dx

(3.32) +
α
−p′

p

p′

∫
{n≤|uε|≤n+1}

c(x, t)|Tn+1(uε)|γ dx dt.

Using the weakly convergence ofψn(uε), the pointwise convergence ofuε and the strongly
convergence inL1 of f ε andBn(u0ε), it follows that

α

p′

∫
QT

|∇ψn(u)|p dx dt ≤
∫

QT

fψn(u) dx dt+

∫
Ω

Bn(u0) dx

(3.33) +
α
−p′

p

p′

∫
{n≤|u|≤n+1}

c(x, t)|Tn+1(u)|γ dx dt.

The last inequality, together with the assumptions (2.8), (2.9), shows thatψn(u) is bounded in
Lp(0, T,W 1,p

0 (Ω)) independently ofn. Thanks to the pointwise convergence ofψn(u) to 0 and
weakly inLp(0, T,W 1,p

0 (Ω)) asn→ +∞, we deduce that

lim
n→+∞

∫
QT

fψn dx dt = 0,

and

lim
n→+∞

∫
n≤|u|≤n+1

(c(x, t))p′|u|γp′ dx dt = 0.

Moreover

|Bn(u0)| ≤ c

∫ u0

0

ψn(s)ds→ 0 a.e as n→ +∞,

and|Bn(u0)| ≤ |b(u0)| a.e. inΩ, sinceb(u0) ∈ L1(Ω), by Lebesgue’s convergence theorem we
obtain

lim
n→+∞

∫
Ω

Bn(u0) dx = 0.

Therefore

lim
n→+∞

∫
QT

|∇ψn(u)|p dx dt = 0,

then

(3.34) ψn(u) → 0 strongly inLp(0, T,W 1,p
0 (Ω)).

Finally, passing to the limit in (3.30) asn→ +∞, we get

(3.35)
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Step 4: In this step we introduce a time regularization of theTk(u) for k > 0 in order
to perform the monotonicity method. This kind regularization has been introduced at the first
time by R. Landes in [15]. Letvµ

0 be a sequence of function inL∞(Ω) ∩ W 1,p
0 (Ω) such that

‖vµ
0‖L∞(Ω) ≤ k for all µ > 0 andvµ

0 converges toTk(u0) a.e. inΩ and 1
µ
‖vµ

0‖Lp(Ω) converges
to 0. Fork ≥ 0 andµ > 0, let us consider the unique solution(Tk(u))µ ∈ L∞(Q) ∩ Lp(0, T :

W 1,p
0 (Ω)) of the monotone problem:

∂(Tk(u))µ

∂t
+ µ((Tk(u))µ − Tk(u)) = 0 in D′(Ω),

(Tk(u))µ(t = 0) = νµ
0 in Ω.

Remark that(Tk(u))µ → Tk(u) a.e. inQT , weakly-∗ inL∞(Q) and strongly inLp((0, T ),W p
0 (Ω))

as µ→ +∞
||(Tk(u))µ||L∞(Q) ≤ max(||(Tk(u))||L∞(Q), ||νµ

0 ||L∞(Ω)) ≤ k, ∀ µ > 0 ,∀ k > 0

Lemma 3.3. (see H. Redwane[18]) Letk ≥ 0 be fixed. LetS be an increasingC∞(R)−function
such thatS(r) = r for |r| ≤ k, andsuppS ′ is compact. Then

lim inf
µ→+∞

lim
ε→0

∫ T

0

∫ t

0

<
∂bε(uε)

∂t
, S ′(uε)(Tk(uε)− (Tk(u))µ) >≥ 0.

where< ., . > denotes the duality pairing betweenL1(Ω) +W−1,p′(Ω) andL∞(Ω)∩W 1,p(Ω).

Step 5: We prove the following lemma which is the critical point in the development of the
monotonicity method.

Lemma 3.4. The subsequence ofuε satisfies for anyk ≥ 0

limsupε→0

∫ T

0

∫ t

0

∫
Ω

a(x, t, uε,∇Tk(uε))∇Tk(uε) ≤
∫ T

0

∫ t

0

∫
Ω

σk∇Tk(u).

Proof. Let Sn be a sequence of increasingC∞-function such that

Sn(r) = r for |r| ≤ n, supp(S ′n) ⊂ [−(n+ 1), (n+ 1)] and‖S ′′n‖L∞(R) ≤ 1 for anyn ≥ 1.

We use the sequence(Tk(u))µ of approximation ofTk(u), and plug the test function
S ′n(uε)(Tk(uε)− (Tk(u))µ) for n > 0 andµ > 0. For fixedk ≥ 0, letW ε

µ = Tk(uε)− (Tk(u))µ

we obtain upon integration over(0, t) and then over(0, T ) :∫ T

0

∫ t

0

<
∂bε(uε)

∂t
, S ′n(uε)W

ε
µ > ds dt+

∫ T

0

∫ t

0

∫
Ω

aε(x, t, uε,∇uε)S
′
n(uε)∇W ε

µ dx ds dt

(3.36) +

∫ T

0

∫ t

0

∫
Ω

aε(x, t, uε,∇uε)S
′′
n(uε)∇uε∇W ε

µ dx ds dt

−
∫ T

0

∫ t

0

∫
Ω

φε(x, t, uε)S
′
n(uε)∇W ε

µ dx ds dt

−
∫ T

0

∫ t

0

∫
Ω

S ′′n(uε)φε(x, t, uε)∇uε∇W ε
µ dx ds dt =

∫ T

0

∫ t

0

∫
Ω

fεS
′
n(uε)W

ε
µ dx ds dt.

Now we pass to the limit in (3.36) asε → 0, µ → +∞ and thenn → +∞ for k real number
fixed. In order to perform this task we prove below the following results for any fixedk ≥ 0

(3.37) lim inf
µ→+∞

lim
ε→0

∫ T

0

∫ t

0

<
∂bε(uε)

∂t
,W ε

µ > ds dt ≥ 0 for anyn ≥ k,
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(3.38) lim
µ→+∞

lim
ε→0

∫ T

0

∫ t

0

∫
Ω

φε(x, t, uε)S
′
n(uε)∇W ε

µ dx ds dt = 0 for anyn ≥ 1,

(3.39) lim
µ→+∞

lim
ε→0

∫ T

0

∫ t

0

∫
Ω

φε(x, t, uε)∇uε∇W ε
µ dx ds dt = 0 for anyn ≥ 1,

(3.40) lim
n→+∞

lim sup
µ→+∞

lim sup
ε→0

∫ T

0

∫ t

0

∫
Ω

aε(x, t, uε,∇uε)S
′′
n(uε)∇uε∇W ε

µ dx ds dt = 0,

(3.41) lim
µ→+∞

lim
ε→0

∫ T

0

∫ t

0

∫
Ω

fεS
′
n(uε)W

ε
µ dx ds dt = 0.

Proof of (3.37): The functionSn belongsC∞(R) and is increasing. we haven ≥ k, Sn(r) = r
for |r| ≤ k while suppS ′n is compact. In view of the definition ofW ε

µ and lemma 3.3 applies
with S = Sn for fixedn ≥ k. As a consequence (3.37) holds true.
Proof of (3.38): Let us recall the main properties ofW ε

µ. For fixedµ > 0 : W ε
µ converges to

Tk(u)− (Tk(u))µ weakly inLp(0, T,W 1,p
0 (Ω)) asε→ 0. Remark that

(3.42) ||W ε
µ||L∞(QT ) ≤ 2k for anyε > 0, µ > 0,

then we e deduce that

(3.43) W ε
µ ⇀ Tk(u)− (Tk(u))µ a.e inQT andL∞(QT )

weakly-∗ whenε→ 0. one hadsuppS ′′n ⊂ [−(n+ 1),−n] ∪ [n, n+ 1] for any fixedn ≥ 1 and
0 < ε < 1

n+1
.

φε(x, t, uε)S
′
n(uε)∇W ε

µ = φε(x, t, Tn+1(uε))S
′
n(uε)∇W ε

µ a.e. inQT

sincesuppS ′ ⊂ [−(n+ 1), n+ 1], on the other hand

φε(x, t, Tn+1(uε))S
′
n(uε) → φ(x, t, Tn+1(u))S

′
n(u) a.e. inQT

and
|φε(x, t, Tn+1(uε))S

′
n(uε)| ≤ c(x, t)(n+ 1)γ for n ≥ 1

by (3.43) and strongly convergence ofTk(uε)µ in Lp(0, T,W 1,p
0 (Ω)) we obtain (3.38).

Proof of (3.39): For any fixedn ≥ 1 and0 < ε < 1
n+1

.

φε(x, t, uε)S
′′
n(uε)∇uεW

ε
µ = φε(x, t, Tn+1(uε))S

′′
n(uε)∇Tn+1(uε)W

ε
µ a.e. inQT

as in the previous step it is possible to pass to the limit forε→ 0 since by (3.42) and (3.43)

φε(x, t, Tn+1(uε))S
′′
n(uε)W

ε
µ → φ(x, t, Tn+1(u))S

′′
n(u)Wµ a.e. inQT .

Since|φ(x, t, Tn+1(u))S
′′
n(u)Wµ| ≤ 2k|c(x, t)|(n+ 1)γ a.e. inQT and(Tk(u))µ converges to 0

in Lp(0, T ;W 1,p
0 (Ω)), we obtain (3.39).

Proof of (3.40): In view of the definition ofSn we havesuppS ′ ⊂ [−(n+ 1),−n] ∪ [n, n+ 1]
for anyn ≥ 1, as a consequence∣∣∣ ∫ T

0

∫ t

0

∫
Ω

aε(x, t, uε,∇uε)S
′′
n(uε)W

ε
µ dx ds dt

∣∣∣
≤ T‖S ′′n(uε)‖L∞(R)‖W ε

µ‖L∞(QT )

∫
n≤|uε|≤n+1

a(x, t, uε,∇uε)∇uε dx ds dt
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for anyn ≥ 1, any0 < ε < 1
n+1

anyµ > 0. By (3.35) it is possible to establish (3.40).
Proof of (3.41): By (3.9), the pointwise convergence ofuε andW ε

µ and its boundness it is
possible to pass the limit forε→ 0 for anyµ > 0 and anyn ≥ 1

lim
ε→0

∫ T

0

∫ t

0

∫
Ω

fεS
′
n(u)(Tk(u)− (Tk(u))µ) dx ds dt =

∫ T

0

∫ t

0

∫
Ω

fS ′n(u)(Tk(u)− (Tk(u))µ).

Now for fixed n ≥ 1, using that||(Tk(u))µ||L∞(Q) ≤ max(||(Tk(u))||L∞(Q), ||νµ
0 ||L∞(Ω)) ≤

k, ∀µ > 0, ∀k > 0 (see[15]), it possible to pass to the limit asµ tends to+∞ in the above
inequality.
Now we turn back to the proof of lemma 3.4. Due to (3.37)-(3.41) we can to pass to the limit-
sup whenµ tends to+∞ and to the limit asn tends to+∞ in (3.36). using the definition ofW ε

µ

we deduce that for anyk ≥ 0

lim
n→+∞

lim sup
µ→+∞

lim sup
ε→0

∫ T

0

∫ t

0

∫
Ω

S ′n(uε)aε(x, t, uε,∇uε)(∇Tk(uε)−∇(Tk(u)µ) dx ds dt ≤ 0.

SinceS ′n(uε)aε(x, t, uε,∇uε)∇Tk(uε) = a(x, t, uε,∇uε)∇Tk(uε) for k ≤ 1
ε

andk ≤ n, using
the properties ofS ′n the above inequality implies that fork ≤ n:

(3.44) lim sup
ε→0

∫ T

0

∫ t

0

∫
Ω

aε(x, t, uε,∇uε)(∇Tk(uε)) dx ds dt

≤ lim
n→+∞

lim sup
µ→+∞

lim sup
ε→0

∫ T

0

∫ t

0

∫
Ω

S ′n(uε)aε(x, t, uε,∇uε)∇(Tk(u)µ dx ds dt

On the other hand, forε < 1
n+1

S ′n(uε)aε(x, t, uε,∇uε) = S ′n(uε)a(x, t, Tn+1(uε),∇Tn+1(uε)) a.e. inQT .

Furthermore we have

(3.45) aε(x, t, uε,∇uε) ⇀ σk weakly in(Lp′(QT ))N

it follows that for a fixedn ≥ 1

S ′n(uε)aε(x, t, uε,∇uε) → S ′n(uε)σn+1 weakly in Lp′(QT )

whenε tends to0. Finally, using the strong convergence of(Tk(u)µ) toTk(u) inLp(0, T,W 1,p
0 (Ω))

asµ tends to+∞, we get

(3.46) lim
µ→+∞

lim
ε→0

∫ T

0

∫ t

0

∫
Ω

S ′n(uε)aε(x, t, uε,∇uε)∇(Tk(uε)µ dx ds dt

=

∫ T

0

∫ t

0

∫
Ω

S ′n(uε)σn+1∇Tk(u) dx ds dt

as soon ask ≤ n. Now for k ≤ n we have

a(x, t, Tn+1(uε),∇Tn+1(uε))χ{|uε|≤k} = a(x, t, Tk(uε),∇Tk(uε))χ{|uε|≤k} a.e. inQT

which implies that, by (3.25), (3.45), and by passing to the limit whenε tends to0,

(3.47) σn+1χ|u|≤k = σkχ{|u|≤k} a.e. inQT − {|u| = k} for k ≤ n

Finally, by (3.47) and (3.45) we have fork ≤ n : σn+1∇Tk(u) = σk∇Tk(u) a.e. inQT .
Recalling (3.44), (3.46) the proof of the lemma is complete.

Step 6:In this step we prove that the weak limitσk of a(x, t, Tk(uε),∇Tk(uε)) can be identified
with a(x, t, Tk(u),∇Tk(u)). In order to prove this result we recall the following lemma:
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Lemma 3.5. the subsequence ofuε defined in Step 1 satisfies for anyk ≥ 0
(3.48)

lim
ε→0

∫ T

0

∫ t

0

∫
Ω

(
a(x, t, Tk(uε),∇Tk(uε))−a(x, t, Tk(uε),∇Tk(u))

)(
∇Tk(uε)−∇Tk(u)

)
= 0

Proof. Using (2.3) we have
(3.49)

lim
ε→0

∫ T

0

∫ t

0

∫
Ω

(
a(x, t, Tk(uε),∇Tk(uε))−a(x, t, Tk(uε),∇Tk(u))

)(
∇Tk(uε)−∇Tk(u)

)
≥ 0.

Furthermore, by (2.2), (3.25) we have

a(x, t, Tk(uε),∇Tk(u))) → a(x, t, Tk(u),∇Tk(u))) a.e. inQT ,

and
|a(x, t, Tk(uε),∇Tk(uε)))| ≤ ν[h(x, t) + |∇Tk(uε)|p−1] a.e. inQT ,

uniformly with respect toε. As a consequence

(3.50) a(x, t, Tk(uε),∇Tk(u))) → a(x, t, Tk(u),∇Tk(u))) strongly in(Lp′(QT ))N .

Finally, using (3.25), (3.45) and (3.50) make it possible to pass to thelimit− sup asε tends to
0 in (3.49) and we have (3.48).

Lemma 3.6. For fixedk ≥ 0, we have

(3.51) σk = a(x, t, Tk(u),∇Tk(u))) a.e. inQT ,

and asε tends to0

(3.52) a(x, t, Tk(uε),∇Tk(uε))∇Tk(uε) ⇀ a(x, t, Tk(u),∇Tk(u)))∇Tk(u)

weakly inL1(QT ).

Proof. We observe that for for anyk > 0, any0 < ε < 1
k

and anyξ ∈ RN :

aε(x, t, Tk(uε), ξ) = a(x, t, Tk(uε), ξ) = a 1
k
(x, t, Tk(uε), ξ) a.e. inQT .

Since

(3.53) Tk(uε) ⇀ Tk(u) weakly inLp((0, T ),W p
0 (Ω)),

and by (3.48) we obtain
(3.54)

lim
ε→0

∫ T

0

∫ t

0

∫
Ω

a 1
k
(x, t, Tk(uε),∇Tk(uε))∇Tk(uε) dx ds dt =

∫ T

0

∫ t

0

∫
Ω

σk∇Tk(u) dx ds dt.

Since, for fixedk > 0, the functiona 1
k
(x, t, s, ξ) is continuous and bounded with respect tos,

the usual Minty’s argument applies in view of (3.53), (3.45) and (3.54). It follows that (3.51)
holds true. In order to prove (3.54), by (2.3), (3.48) and proceeding as in [5, 8] it’s easy to show
(3.52).

Taking the limit asε tends to0 in (3.35) and using (3.52) show that u satisfies (3.3). Our aim
is to prove thatu satisfies (3.4) and (3.5). Now we want to prove that u satisfies the equation
(3.4).
Let S be a function inW 2,∞(R) such thatsuppS ′ ⊂ [−k, k] wherek is a real positive number.
Pointwise multiplication of the approximate equation (3.11) byS ′(uε) leads to

(3.55)
∂Bε

S(uε)

∂t
− div

(
aε(x, t, uε,∇uε)S

′(uε)
)

+ S ′′(uε)a(x, t, uε,∇uε)∇uε
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+ div
(
φε(x, t, uε)S

′(uε)
)
− S ′′(uε)φε(x, t, uε)∇uε = f εS ′(uε) in D′(Ω).

In what follows we pass to the limit asε tends toO in each term of (3.55).
Sinceuε converges tou a.e. inQT implies thatBε

S(uε) converge toBS(u) a.e. inQT

and L∞(QT ) weak-∗, Then
∂Bε

S

∂t
converges to

∂BS

∂t
in D′(Ω). We observe that the term

aε(x, t, uε,∇uε)S
′(uε) can be identified witha(x, t, Tk(uε),∇Tk(uε))S

′(uε) for ε ≤ 1
k
, so using

the pointwise convergence ofuε → u in QT , the weakly convergence ofTk(uε) ⇀ Tk(u) in
Lp((0, T ),W p

0 (Ω)), we get

aε(x, t, uε,∇uε)S
′(uε) ⇀ a(x, t, Tk(uε),∇Tk(u))S

′(u) in Lp′(QT ),

and

S ′′(uε)aε(x, t, uε,∇uε)∇uε ⇀ S ′′(u)a(x, t, Tk(uε),∇Tk(u))∇Tk(u) in L1(QT ).

Furthermore, sinceφε(x, t, uε)S
′(uε) = φε(x, t, Tk(uε))S

′(uε) a.e. inQT . By (3.8) we obtain
|φε(x, t, Tk(uε))S

′(uε)| ≤ |c(x, t)|kγ, it follows that

φε(x, t, Tk(uε))S
′(uε) → φε(x, t, Tk(u))S

′(u) strongly inLp′(QT ).

In a similar way, it results

S ′′(uε)φε(x, t, uε)∇uε = S ′′(Tk(uε))φε(x, t, Tk(uε))∇Tk(uε) a.e. inQT .

Using the weakly convergence ofTk(uε) in Lp((0, T );W p
0 (Ω)) it is possible to prove that

S ′′(uε)φε(x, t, uε)∇uε → S ′′(u)φ(x, t, u)∇u in L1(QT ).

Finally by (3.9) we deduce thatfεS
′(uε) converges tofS ′(u) in L1(QT ).

It remains to prove thatBS(u) satisfies the initial conditionBS(t = 0) = BS(u0) in Ω.
To this end, firstly remark thatS being bounded,Bε

S(uε) is bounded inL∞(Q). Secondly
the above considerations of the behavior of the terms of this equation show that∂Bε

S(uε)

∂t
is

bounded inL1(QT ) + Lp′(0, T ;W−1,p′(Ω)). As a consequence, an Aubin’s type lemma (See
e.g [20]) implies thatBε

S(uε) lies in a compact set ofC0([0, T ], L1(Ω)). On the other hand, the
smoothness of ofS implies thatBS(t = 0) = BS(u0) in Ω.
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