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belongs tal.} (2 x (0, 7)) andb(u) is unbounded function of, the term—div(a(z, t, u, Vu))is
a Leray—Lions operator and the functigris a nonlinear lower order and satisfy only the growth
condition.
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2 A. ABERQII, J. BENNOUNAI, M. MEKKOURl AND H. REDWANE2

1. INTRODUCTION
Let Q be a bounded open set B (N > 2), T is a positive real number, ang,; =
Q x (0,7). Letb is a strictly increasing*-function, the datg andb(u,) in L'(Q) and L' (2)
respectively—div (a(x, t,u, Vu)) is a Leray-Lions operator defined &, ”(Q) (see assump-
tions (2.2){(2.4) of Section|2). The functiai(x,t, ) is a Carathéodory assumed to be con-

tinuous onu (see assumption$ (2.9)-(R.7)). We considere the following nonlinear parabolic
problem:

Ob(u)

—div(a(x,t,u, Vu)) + div(¢(z, t,u)) = f in Qr
(1.1) u(z,t) =0 on 092 x(0,7)
b(u(x,0)) = b(ug(x)) in .

Under our assumptions, problem (1.1) does not admit, in general, a weak solution since the
termg¢(z,t,u) may not belond L}, .(Q))". In order to overcome this difficulty, we work with
the framework of of renormalized solutions (see definition (3.1)). The notion of renormalized
solutions was introduced by R.-J. DiPerna and P.-L. Lions [14] for the study of the Boltzmann
equation. It was then used by L. Boccardo and al (sek [10]) when the right hand side is in
W=7 (Q) and by J.-M. Rakotoson (see [19]) when the right hand side is ().

The existence and uniqueness of a renormalized solution has been proved by D. Blanchard
and F. Murat([6] in the case whetgz, t, s, ) is independent of, and with¢ = 0 and by D.
Blanchard, F. Murat and H. Redwane [5] with the large monotonicity.on
For the degenerated parabolic equations the existence of weak solutions have been proved by L.
Aharouch and al]1] in the case whers strictly monotonep = 0 andf € L¥' (0, T, W17 (Q, w*)).
See also the existence of renormalized solution proved by Y. Akdim ahd al [3] in the case where
a(x,t, s, &) is independent of and¢ = 0.

In the case wheré(u) = u, the existence of renormalized solutions for [1.1) has been
established by R.-Di Nardo (sele [12]). For the degenerated parabolic equatiob( with-

u, div(¢(z,t,u)) = H(z,t,u, Vu) and f € L'(Q), the existence of renormalized solution has
been proved by Y. Akdim and al (see [4]).

The case wheré(u) = b(z,u), div(é(x,t,u)) = H(z,t,u, Vu) andf € L'(Q), the exis-
tence of renormalized solutions has been established by H. Redwanke (see [17]) in the classical
Sobolev space and by Y. Akdim and al (see [2]) in the degenerate Sobolev space.

It is our purpose, in this paper to generalize the resultlof ([3], [4], [12]) and we prove the
existence of a renormalized solution pf (1.1).

The plan of the paper is as follows: In Sectign 2 we give some preliminaries and basic
assumptions. In Sectigj 3 we give the definition of a renormalized solutign ¢f (1.1), and we
establish (Theorem 3.1) the existence of such a solution.

2. BASIC ASSUMPTIONS AND PRELIMINARIES

2.1. Preliminaries. Let() be a bounded open set®f' (N > 2), T is a positive real number,
andQr = Q x (0,7). We need the Sobolev embeddings result

Theorem 2.1.(Gagliardo-Nirenberg) Let be a function il (Q)NL* () withg > 1, p > 1.
Then there exists a positive consta6tedepending onV, ¢ andp, such that
v 1@< C | Vo @Il v 1o

for everyd and~ satisfying

1
0<f#<1, 1<7v<+o0, == — =)+ —.
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RENORMALIZED SOLUTIONS FORNONLINEAR PARABOLIC EQUATION 3

An immediate consequence of the previous result:

Corollary 2.2. Letv € L%((0,7), L%(2)) N L>((0,T), LP(2)), withq > 1, p > 1. Then
v € L7(Q) with o = ¢(2)and

Prq
/ v[7dzdt < C || v ||t o.1.1002)) /Q |Vo|dadt.
T

T

Lemma 2.3. (see[12]) Assume thaf2 is an open set dR? of finite measure antl < p < +oc.
Letu be a measurable function satisfyifig(u) € L?((0,T), Wy () N L=((0,T), L*(Q))
for everyk and such that:

supte(o,T)/|VTk(u)|2+/ VT (uw)P < ME, ¥V k>0
Q

T

where M is a positive constant. Then

< OMFHVFT |Qqp| 7 ¥o7

HulP M| poven-n
L Ne-1 "(Qr)

(N+2)(p—1)
VUl eveney < CM oD~
LONFDE-1""(Qr)

where(' is a constant depend only avi andp.

2.2. Assumption(H). Throughout this paper, we assume that the following assumptions hold
true:

(2.1) b:Q x R — Ris strictly increasing”!-function, such that’ > 3 > 0 andb(0) = 0.

and
(2.2) a(z,t,5,6)] < vih(z,t) + [£77"], with v > 0 andh(z, t) € L7 (Qr),
(2.3) a(z,t,s,&)& > al€|P, with a > 0,
(2.4) (a(z,t,s,&) —a(x,t,s,n)(§ —n) >0, with & # 7,
(2.5) o(z, 1, 5)] < c(z,t)]s]",
(2.6) dwt) € L@, T=""L
N +2
(2.7) V= N+p(p—1)
for almost every(z, t) € Qr, for everys € R and eveng, n € RV,
(2.8) fe LYQr),
(2.9) ug € L'(Q) such thab(ug) € L'(Q).

Throughout the papef,. denotes the truncation function at height 0:

Ty(r) = max(—k, min(k,r))
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3. MAIN RESULTS
In this section, we study the existence of renormalized solutions to proplejn (1.1).

Definition 3.1. A measurable function u is a renormalized solution to probjen (1.1), if

(3.1) b(u) € L>((0,T), L'(£2)).
(3.2) Ti(u) € LP((0,T), Wy P(Q)), foranyk > 0,
(3.3) lim a(x,t,u, Vu)Vudz dt = 0,

=0 Jin<ul<n+1}

and if for every functionS in W?2°(IR) which is piecewis&! and such that’ has a compact
support

(3.4) 8Bagt(u) — div (a(aj, t,u, Vu)S’(u)) + S"(w)a(z, t,u, Vu)Vu

+ div (gzﬁ(a:, t, u)S'(u)) — §"(w)p(x, t,u)Vu = fS'(u) in D),
and
(3.5) Bs(u)(t =0) = Bs(uog) in <,

whereBgs(z) = /OZ b (s)S (s)ds.

Equation(3.4)) is formally obtained through multiplication df (3.1) /(). However while
a(z,t,u, Vu) andg(z, t, u) does not in general make sensein{(1.1), all the ternf$.f) have a
meaning inD’(Qr). Indeed, if M is such thatuppS" C [—M, M], the following identifications
are made ir(3.4)):

o S'(u)a(z,t,u, Vu) identifies withS’(v)a(x, t, T (w), VI (u)) a.€ inQr.

o S"(u)a(z,t,u, Vu)Vu identifies withS” (u)a(z, t, Tar(u), VI (w)) VT (u) a.e. inQr.
o S'(u)é(x, t,u) identifies withS’ (u)é(x, £, Tar(u)) a.e. inQr-.

e S"(u)gp(x,t,u)Vu identifies withS” (u)p(x, t, Th(u)) VT (u)) a.e. inQr.

The above consideration shows that equa hold in D'(Q), aBgt(“) belongs toL'(Q) +

LY (0, T, W=17(Q)) and Bg(u) € LP(0, T, W,?(Q)) N L=(Q). It follows that Bg(u) belongs
to C°([0, T], L' (Q2)) so the initial condition(3.5) makes sense.

Theorem 3.1. Assume the assumption (H) hold, then problgm| (1.1) admits a renormalized
solutionu in the sense of Definitign 3.1.

Proof. The proof is divided into six steps.
Step 1: Approximate problem and a priori estimates.
For eache > 0, we define the following approximations

(3.6) be(r) =Ta(b(r)) +er. VreR,

(3.7) ac(z,t,s,&) = a(m,t,T%(s),g).a.e in Q VseR,VEeRY,
(3.8) ¢e(w,t,7) = ¢(x,1,To(r)) a.e.(z,t) € Qr, Vr R

(3.9) f. € LPI(QT) such thatf. — f strongly inL'(Qr)

and

(3.10) uge € D(9) such thab, (ug.) — b(up) strongly inL' (),
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Let us consider the approximate problem :
Ob ()

— div(ae(z, t, ue, Vue)) + div(o (x,t,u.)) = fe in Qr
(3.11) ot

ue(z,t) =0 on 0 x(0,7T)

be(ue(x,0)) = be(upe(x)) in .

As a consequence, proving existence of a weak solutiog L?((0,T), W, *(Q2)) is an easy
task (Seel[16]).

Step 2: The estimates derived in this step rely on standard techniques for problems of type
@.11).
Letr, € (0,7) andt fixed in (0, 71). Using in [3.11) 7% (uc) x o, @s test function, we integrate
between(0, 1), and by the conditiorj (3/8) we have

/B;(ue(t))d:c—i-/ ac(x,t, ue, Vu ) VT (ue) dx ds
0

t

(3.12) < / o )|V Te(u) dzds + | f.Tk(u) dzds + / B (ug ),

Qt Q

whereB;(r) = / Ti(s)b,(s)ds. Due to definition ofB; we have:
0

(3.13) 0< / B (ug )dx < k/ Ibo(ul)|dz < KI[b(uo) ||y Yk > 0
Q Q
Using (3.12) and (2]3) we obtain:
/ Bi(uc(t))dr +a [ |VTi(u)|P dxds
Q o
(3.14) S/ c(@, t)|uc["[VTi(ue)| ds dz + k([[b(uo)|[ L1 () + |[fell21@)

If we take the supremum farc (0,7,) and we define\/ = sup(||f||z1q)) + [|b(wo)|| L1 (),
we deduce from that above inequality (3.12) dnd (3.13)

(3.15) g/ |Tk(u€)|2dx—|—oz/ VT4 (u) P de ds < Mk:+/ (. )|V T ()| dx ds.
Q Qt

t

By Gagliardo-Niremberg and Young inequalities we have:

| et 0l 9T w0 dods < €57l lar @ supreiony [ [Tufud da
t N +2 1 o

N+2+7y GG+ s M
G16)  +C e ey (/ VT )P ds
Sincey = (%ﬁ) (p — 1) and by using|(3.15) and (3.116), we obtain

é/\Tk(ue)HZd:c—i—a VT4 (u,) P da ds
2 Ja Q

< Mk + CNZ_ 2||c($, Ol (@) 8UPte(0,m) /Q Ty (ue)|? dx
N+2+
+OT27||C(JZ,25)HLT(QTI)/ |VTk(uE)|p dx ds

T1
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Which is equivalent to

p gl
<§ ~ Oyl t)IILf(Qn))S“pte(Om) o | T(ue)Pde +a [ [VTi(ue)|” dz ds

71

N+2+~y
_CN—HHC(CL’, t)||LT(Q71) /T1 |VTk(uE)’p dx ds S ME

If we chooser; such that

p gl

_ P . >
(3.17) (5 - s llet@ Ollr@.p) = 0.
and
N+2+4+7y

(3.1 (0 - e @ Dl ) 20
then, let us denote by C the minimum between (3.17) gnd|(3.18), we obtain
(319) SUPte(0,m1) / |Tk(ue)|2 dx + / |VTk(ue)‘p dr dt < CMk

Q Qry

Then, by ((3.19) and lemma 3.1, we conclude thgt.) is bounded inL?(0, T, W, *(Q)) in-
dependently ot and for anyk > 0, so there exists a subsequence still denoted . bsuch
that

(3.20) Ti(ud) = o in LP(0,T, WyP(Q))

We turn now to prove the almost every convergence.a@ndb.(u.). Let g, € C*(R) such that
gi(s) = s for |s| < % andgy(s) = k for |s| > k. Pointwise multiplication of the approximate

equation|(3.111) by, (b.(u.)) leads to

w — div (ag(m, L, Ue, VUe)gllc(be(uE))>

(st e, V) g (be () V() Ve + dio (2, , 1) g} (b))

— 95 (be(ue)) (1) (2, 1, ue) Ve = feg (be(uc)) in D'(€2)

Now each term in[(3.21) is taking into account becausé of (2.2}, (3.7)gand) is bounded in
LP(0, T, wy"(2)), we deduce that:

—div (ae(:z:, e, vuﬁ)g;(be(ue))) +ad(@, b ue, V) gy (be(w))bo(u) Ve + fogh(be(ue))

(3.21)

is bounded inL'(Qr) + LP,(O, T, W1 (€2)) independently of. Due to definition ofb and
b., we have{|b.(u.)| < k} C {Ju] < k*} wherek* is a constant independent a@f As a first
consequence we have:

Dgp.(be(ue)) = g;(be(ue))b;(Tk* (ue)) DTy (u.) a.ein@
as soon ag* < % Secondly the following estimate hold true:

19 (be(ue))be (T (1))l (@) < Ikl (@ (max ((r) +1)).

|r|<k*
As a consequence, we obtain:
(3.22) gi(be(ue)) is bounded inL? (0, T, W, ().
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Sincesupp(g;,) and supp(gy) are both included in [-k,K] by[ (3]8) it follows that for all <
we have

| oc(,t, ue)plgfc(be(ue))p/ dr dt| < / c(z, t)p, T (ue) |p’7|g;€(be(ue))‘p’ dx dt
Qr T ‘

I =

B / e, 1) | T (ue) [ |gi (b (ue) | dee dt
{luc|<k*}

Furthermore, by kHlder and éagliardo-Niremberg inequality, it results

/ (st [T () [P gl (b (w) P dr i
{lue|<k*}

<l @ et Ol - g sumcom (| T twdPde)¥ + [ VTl ded] <

wherec,- is a constant independently efvhich will vary from line to line.
In the same by{ (3]8) we have:

(3.23) | ¢ (2, t, u)” (g (be(u)b.(ue) Vue )P da dt|

/ / () b (u ) ez, )| T (u) [ [Vue | da dt.
T

Furthermore, by KFlder and Gagliardo-Niremberg inequality,we obtain ot kl

/ (95 (be(we) VL (we)” e, )| T (ue) [ Vuel?” de dt

T

:/ (gg(bs(us))p,b/e(uﬁ)p,|C($»t)|p,|Tk(Ue)|p,|VTk(u€)|p/ dx dt

T

< lgillzooy x sup [V'(r)] [ e, &) | Te (ue) [P |V Ti(ue) [P d dt < cpe
Qr

|r|<k*
We conclude by[(3.21) that
(3.24) %;(“E)) is bounded irL!(Q) + L (0, T, W% ().

Arguing again as in [8], estimates (3]22) apd (8.24) imply that, for a subsequence, still indexed
by e,

(3.25) U — u a.e.Qr,

whereu is a measurable function defined Q.
Let us prove that)(u) belongs to L>°((0,7"), L*(€2)). We takeT}(b.(u.)) as test function in

(812), by (3B) we have
(3.26) / B (u.)d + / a(, 1, V) VT (b () d dt
Q T
< / |e(a, T (ue) [V T (be(ue)) | da dt + K ([[fellr @) + 11b(uo)l 1)
b(r)
with By (r) = / Tr(s)ds. On the other hand, we have
0

(3.27) / ac(x,t, ue, Ve ) VT (be(ue)) dz ds

T

AJMAA Vol. 10, No. 1, Art. 15, pp. 1-15, 2013 AJMAA
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8 A. ABERQII, J. BENNOUNAI, M. MEKKOURl AND H. REDWANE2

= / ac(x, t,ue, Vue) VT (be(ue))b (ue) Vue dx ds > 0.
{1be (ue) <k}
Sinceb'(s) > 3, then for0 < ¢ <  and for almost € (0,7), we have

(3.28) | lela DIy () PV TG, (0)] deds

T

p(]ir\’rl)
<$ﬁ<»HuwmmT&%g/HMM|mewWﬂwmmé)<%.
Using (3.13),[(3.28) and (3.£6) ip (3]27), we have

| Bitw®) < k(1o + )l

Passing to limit-inf ag — 0, we obtain that:

/ Bu(u(t)) dz < ey + k<||fe||L1(QT)) + ||b(u0)||L1(Q)> for almostt € (0, 7).
Q

Due to definition ofB;,, we have

k /Q bz, t)|dz < /Q Bk(u)(t)da:+gk2mes(9)

3
< k(HfHLl(Q) + Hb(UU)HLl ) + ¢, + 2k mes(Q).
then we concludé(u) € L>((0,T), L*(2)).

Lemma 3.2. The subsequence of defined in Step 1 satisfies

n—+oo <0

lim lim sup/ a(x,t, ue, Vue ) Vu, dx dt = 0.
{n<jue|<n+1}

Proof. Using v, (u.) = T,11(ue) — T(ue) as a test function iff (3.11), and By (B.8) we get

T
(3.29) /0 < abea(?),wn(ue) > dt + / ac(z,t, ue, Vu ) Vi, (u.) dz dt

t

S/d%mﬂwwwwwmwﬁ+ fotbo(ug) der dt
Q € Qr

hence

/Q Bo(ud)(T)dz + / ac(@.t, ue, Vu )V (u,)

t

S/ c(x,t)|T1(uE)|7|V1/1n(ue)|dmdt—i—/Bn(uo)edx—i— fe,(ue) dx dt,
Qr ‘ Q

whereB, (r) = / b.(s)w,,(s)ds. Sincey,, > 0 andB,(u.)(T) > 0, then for every <
0

ac(x, t,ue, Vu )V, (u.) = a(x, t, ue, Vu )V, (u.) a.e. inQ
As a consequence

(3.30) / a(x,t,ue,Vug)V@Dn(ue)dxdt§/ c(w,t)|T%(ue)|7|V1/)n(u€)|dxdt

T T

n+1 !
we have

+/ By, (uge)dz + fe,, (ue) dx dt.
Q Qr

AJMAA Vol. 10, No. 1, Art. 15, pp. 1-15, 2013 AIJMAA
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Proceeding as in[([6]. [8]) it can be deduced fr¢m (B.30) that
(3.31) U (ue) = ¥, (u) weakly in LP(0,T, Wy™(R)).
We haveVi,, (uc) = X n<iu.<ni1) Ve @.€ INQr, by Young inequality an.3), we obtain

1V ()P da dt < / Feb, (ug) de dt + / Bo(uoe) dt
p QT Qr Q
(3.32) + 2 / c(@, )| Tosr (u)|” da dt.
D J{n<lu<n+1}

Using the weakly convergence of (u.), the pointwise convergence aof and the strongly
convergence iri.! of f¢andB,, (uq.), it follows that

S Ve P dedt < | fib,(u) de dt + / By (uo) d
p Qr Qr Q

QP

, / (@, )Ty (w)[* d .
p {n<|u|<n+1}

The last inequality, together with the assumptidns|(2[8)] (2.9), showstfta} is bounded in
LP(0,7T, Wol’p(Q)) independently ofi. Thanks to the pointwise convergencey/gf(«) to 0 and
weakly in L?(0, T, W, *(Q)) asn — +o0, we deduce that

(3.33)

lim fu, dedt =0,

n—-+o0o Qr
and
lim (c(z, ) |u]"? dx dt = 0.

n—+00 n<|u|<n+1

Moreover
uQ
| B (ug)| < c/ YV, (s)ds -0 ae as n— 4oo,
0
and|B,,(uo)| < |b(ug)| a.e. inf2, sinceb(ug) € L'(Q), by Lebesgue’s convergence theorem we
obtain
lim By, (ug) dz = 0.

n—-+o0o Q

Therefore
nl—l>TOO o |V, (u)|P dzdt = 0,
then
(3.34) ¥, (1) — 0 strongly inLP(0, T, Wy " (Q)).
Finally, passing to the limit ir (3.30) as— +o00, we get
(3.35)
|
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Step 4: In this step we introduce a time regularization of tt&.(u) for & > 0 in order
to perform the monotonicity method. This kind regularization has been introduced at the first
time by R. Landes in[15]. Let” be a sequence of function i&r° () N W, (Q) such that
|06 || Loy < K for all ¢ > 0 anduvg converges td,(u) a.e. in{2 andi”%l\mm converges
to 0. Fork > 0 andy > 0, let us consider the unique soluti¢hy,(u)), € L>(Q) N LP(0,T :
W, P(2)) of the monotone problem:
O(Ty(u .
OB (13 w), — Tulu)) = 0in D'(@),
(T (w))u(t = 0) = v in Q.
Remark that7}(u)), — Ti(u) a.e. inQr, weakly=« in L>(Q) and strongly inL?((0, T'), W§ (2))
as pu— +oo
Tl (@) < maz(l|(Te()llz=(@y: [V li~@) < k. ¥ 5> 0¥ k>0
Lemma 3.3.(see H. Redwar{d8]) Letk > 0 be fixed. Let be an increasing'>(R)—function
such thatS(r) = r for |r| < k, andsuppS’ is compact. Then

lim inf lim /T /t < abe(ue),sl(ue)(Tk(ue) — (Tk(u)),) >= 0.

p——+o0 e—0 ot
where< .,. > denotes the duality pairing betweéh(Q) + W1 (Q) and L>(Q) N W'?(Q).

Step 5 We prove the following lemma which is the critical point in the development of the
monotonicity method.

Lemma 3.4. The subsequence of satisfies for any: > 0

T T
limsupHo/ / /a(m,t,ue,VTk(ue))VTk(ue) g/ / /akVTk(u).
o Jo Ja o Jo Ja

Proof. Let S,, be a sequence of increasiag°-function such that
Sp(r) =rfor|r| <n, supp(S,) C [—(n+1),(n+1)] and||S;||L=® < 1foranyn > 1.

We use the sequen¢gj,(u)),, of approximation off}(«), and plug the test function
Sy (ue) (T (ue) — (Ti(u)),) forn > 0andu > 0. For fixedk > 0, let W = Tj.(uc) — (Th(u)),
we obtain upon integration ovéd, t) and then ove(0,7") :

T t abg<u5) T t
/ / < =, Sy (u) Wi > dsdt+/ / /ae(:z:,t,uﬂVue)S;L(ue)VW; dxdsdt
o Jo ot o Jo Jo
Tt
(3.36) +/0 /o /Qae(:zc,t,ue,VuE)SZ(uE)VmVW;dxdsdt

T t
_/ / / ¢6(x,t,UE)S;L(UE)VW; dx ds dt
0 0 Q

T T
—/ / /Sx(ue)qﬁe(m,t,ug)VuEVW;dxdsdt:/ / /fGS,’I(uE)W;dxdsdt.
o Jo Ja o Jo Ja

Now we pass to the limit i (3.36) as— 0, u — +oo and them — +-oo for k real number
fixed. In order to perform this task we prove below the following results for any fixed)

Tt obe(ue)
(3.37) lim inf lim/ / < ; Wi > dsdt >0 foranyn > k,
o Jo

p—-+00 €0 0
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Tt
(3.38) lim lim/ / /QngE(:E,t,ue)S;l(uE)VW;dxdsdt:0 foranyn > 1,

p——+o00 e—0 0

Tt
(3.39) lim lim/ / / ¢c(x,t,u ) Vu VW, dr ds dt = 0 foranyn > 1,
0o Ja

p—+o0e=0 [q

T ot
(3.40) lim limsuplim sup/ / / ac(z,t, ue, VuE)SZ(ue)VuEVW; dx dsdt =0,
0 Q

n—-+400 pu——+oo e—0

. . / 6 —
(3.41) MEIEOOLLI%/ //fES u )Wy drdsdt = 0.

Proof of (3.37: The functions, belongsC*>(R) and is increasing. we have> k, S, (r) = r
for |r| < k while suppS;, is compact. In view of the definition di¢ and Iemm.3 applies
with 5 = 5, for fixedn > k. As a consequencg (3137) holds true.

Proof of (3.38 - Let us recall the main properties @f ;. For fixedu > 0 : W] converges to

Ti(u) — (Tx(u)), weakly in L?(0, T, W, *(Q)) ase — 0. Remark that

(3.42) Wil L@y < 2k foranye > 0, u >0,

then we e deduce that

(3.43) Wy = Ti(u) = (Th(u),  a.einQr andL>(Qr)

weakly-« whene — 0. one hadkuppS,, C [—(n + 1), —n] U [n,n + 1] for any fixedn > 1 and

0<€<n_+1

G, t,ue) Sy (ue) VWi = ¢ (2,1, Tnyr(ue)) S, (uc) VIV, a.e. inQr
sincesuppS’ C [—(n + 1),n + 1], on the other hand
6ol t, T (u0))Sh(ue) — d(@,t, Top1 () Sh(u)  a.e. inQr
and
|6 (2, t, Try1(ue)) S, (ue)| < ez, t)(n+ 1) forn >1
by ) and strongly convergence®f(u.), in LP(O T, W,"(€)) we obtain ).

Proof of (3.39: For any fixed» > 1 and0 < e < 2.

¢€(x,t,u6)SZ(u6)Vu€WfL = ¢ (z,t, Tt (ue))SH (ue) VT (u) WS a.e. ilQr

W
as in the previous step it is possible to pass to the limit fer 0 since by|[(3.4R) and (3.43)

6 (2,1, Top1 (1) SI(u) WS — B, 1, Toir () SH(w)W,,  a.e. inQr.
Since|g(z,t, Typ1(w))Sh(w)W,| < 2k|c(z,t)|(n+1)7 a.e. inQr and(Tj(u)), converges to 0
in LP(0,T; W,*(€2)), we obtain|(3.39).

Proof of (3.40): In view of the definition ofS,, we havesuppS’ C [—-(n + 1), —n] U [n,n + 1]
foranyn > 1, as a consequence

‘/ / /aE T, t, ue, Vue) S, (ue) W da ds dt

< T3 el Wi =) [ (.t ue, Vo)V de ds dt

n<|ue|<n+1
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foranyn > 1, any0 < e < -5 anyp > 0. By (3.39) it is possible to establi h (3]40). N
Proof of @: By ), the pointwise convergence of and I¥; and its boundness it is
possible to pass the limit fer— 0 for anyy > 0 and anyn > 1

i [ [ [ s - aarasar= [ [ [ 5000 - @,

e—0

k, Yu > 0, Yk > 0 (see[1D]), it possible to pass to the limit agends to+oc in the above
inequality.

Now we turn back to the proof of lemma B.4. Due[to (3.37)-(3.41) we can to pass to the limit-
sup wheru tends to+-co and to the limit as tends to+oo in @). using the definition df/;

we deduce that for ang > 0

Now for fixedn > 1, using that||(T(u)).||z=@) < max(||(Tk(w))||=w@), |[Volle@) <

Tt
lim limsup lim sup / / / Sy (ue)ac(x, t, ue, Vue ) (VT (ue) — V(T (uw),) deds dt < 0.
o Jo Jo

n—+00 100 e—0

SinceS,, (ue)ac(z, t, ue, Vue) VT (ue) = a(w,t,ue, Vue) VI (ue) for k < £ andk < n, using
the properties of/, the above inequality implies that fér< n:

Tt
(3.44) limsup/ / /ae(x,t,uE,Vue)(VTk(ue))dxds dt
o Jo Ja

e—0

Tt
< lim limsuplimsup/ / /S;l(ug)ag(x,t,ug,Vue)V(Tk(u)udxdsdt
o Jo Jo

no+o0 ystoo €0
On the other hand, for <
S (ue)ac(x, t,ue, Vue) = S (u)a(x, t, Tryr(ue), VT (u)) a.e. inQr.
Furthermore we have
(3.45) ac(z,t, ue, Vue) — op - weakly in(LP (Qr))™
it follows that for a fixedn > 1
S (ue)ae(z, t,ue, V) — St (u)oney  weakly in L (Qr)

whene tends t). Finally, using the strong convergence®f(u),,) to Ty, (u) in LP(0, T, W, ()
asy tends to+oo, we get

Tt
(3.46) lim hm/ / /S;l(ué)ae(x,t,ué,VuE)V(Tk(ue)uda:dsdt
o Jo Jo

p——+o00 e—0

T
= / / / S (ue)on1 VT (u) dz ds dt
o Jo Ja

as soon a& < n. Now for £ < n we have

a(@,t, Toy1(ue), Vi1 (o)) X qu, <ky = a(@, 8, Tie(ue), VI ()) X (ju.<ky €. INQr
which implies that, by[(3.35) (3.45), and by passing to the limit whtends ta0,
(347) O-n"rlX\u\Sk = 016X{|u|§k} a.e. inQT — {|U| = k’} f0r k S n

Finally, by (3.47) and|(3.45) we have fér < n : 0,1 VTi(u) = 0,VT(u) a.e. inQr.
Recalling [3.44),[(3.46) the proof of the lemma is complate.

Step 6:1In this step we prove that the weak limait of a(x, ¢, Ty, (u.), VT (u.)) can be identified
with a(z,t, T (u), VI, (u)). In order to prove this result we recall the following lemma:
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Lemma 3.5. the subsequence of defined in Step 1 satisfies for akhy> 0
(3.48)

nm/T/Ot/Q (ala. 1. Tu(we), VTi(ue)) ~ ae, . T, VTe(w) ) (VTi(ue) = VTi(w) ) = 0

e—0 0

Proof. Using [2.3) we have
(3.49)

lim/T /Olt/Q (a(m,t,Tk(ue),VTk(ue))—a(x,t,Tk(ue),VTk(u))> (VTk(uE)—VTk(u)> > 0.

e—0 0

Furthermore, by (2]2)] (3.25) we have
a(x,t, Tp(ue), VIg(u))) — a(x,t, Tp(u), VIr(u))) a.e.inQr,
and
ja(e, t, Ti(u), VTi(ud)| < vib(z,t) + |VTu(u) '] ae. inQr,
uniformly with respect te. As a consequence
(3.50) a(z,t, T(u), V() — a(z, t, Ty(u), VIi(w))) strongly in(L” (Qr))N.
Finally, using [(3.2b),[(3.45) and (3/50) make it possible to pass tbith& — sup ase tends to
01in (3.49) and we havé (3.48).

Lemma 3.6. For fixedk > 0, we have

(3.51) or = a(z,t, Ty (u), VIr(u))) a.e.inQr,
and ase tends ta)
(3.52) a(z,t, Tr(ue), VI (ue)) VT (ue) — a(z, t, Ti(u), VIi(u))) VT (u)

weakly inL'(Q7).
Proof. We observe that for for any > 0, any0 < € < % and any¢ € RV:
ac(x,t, Tp(ue), &) = alz, t, T (ue), &) = a%(x,t,Tk(ue),é) a.e. inQr.

Since

(3.53) Ti(ue) = Ti(u) weakly inLP((0,T), W (Q)),
and by [(3.4B) we obtain

(3.54)

lin%/ // ai(x,t, T (ue), VIi(ue)) VT (ue) de ds dt = ///akVTk u) dx dsdt.

Since, for fixedt > 0, the functlona%(a:,t, s,€) is continuous and bounded with respectto

the usual Minty’s argument applies in view ¢f (3.53), (3.45) dnd (3.54). It follows fthat|(3.51)
holds true. In order to prove (364), By (2.3), (3.48) and proceeding a5slinh [5, 8] it's easy to show

(3.52).1

Taking the limit as tends ta) in (3.35) and using (3.52) show that u satisfles](3.3). Our aim
is to prove that: satisfies[(3}4) and (3.5). Now we want to prove that u satisfies the equation

@B.4).

Let S be a function in’%>(R) such thatsuppS’ C [k, k] wherek is a real positive number.

Pointwise multiplication of the approximate equatipn (B.11)b. ) leads to

OB (u,)
ot

??‘

(3.55) — div <a€(ac, t, Ue, VuE)S/(ue)) + 5" (ue)a(z, t, ue, Vue) Ve
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+ div <gz§€(a:,t, uE)S'(uE)> — S"(u ). (x,t,u)Vue = S5 (u) in D'(Q).

In what follows we pass to the limit asends toO in each term of{(3.55).
Sinceu, converges ta: a.e. inQr implies thatBg(u.) converge toBg(u) a.e. inQr

B Bg .
and L>(Qr) weak=, Then aats converges to% in D'(2). We observe that the term
ac(z,t, ue, Vue)S'(uc) can be identified withu(z, t, T, (uc), VT, (uc)) S’ (uc) for e < +, so using
the pointwise convergence of — w in Qr, the weakly convergence @f,(u.) — Ty(u) in
Lr((0,T), W5(€2)), we get
ac(z,t, ue, Vu) S (ue) — ala, t, Te(ue), VT (1))S (w) in L7 (Qr),
and
S" (ue)ae(x,t, ue, Vu ) Vue — S" (w)a(z, t, Tp(ue), V(1)) VIk(u) in L'(Qr).

Furthermore, since, (z,t,u.)S (u.) = ¢ (x,t, Ti(ue))S (ue) a.e. inQr. By (3.8) we obtain
|6 (z,t, T (ue))S (ue)| < |e(z, t)|k7, it follows that

b, t, Ti(ue) S (ue) — ¢ (x,t, Tr(u))S (u)  strongly inL¥ (Qr).
In a similar way, it results
S"(u)p (z,t, u)Vue = S" (T (ue))po(x, t, Ti(ue) ) VTk(ue)  a.e. inQr.
Using the weakly convergence ©f (u.) in LP((0,T); W (€2)) it is possible to prove that
S"(ue)o (z,t, u ) Vue — S"(u)p(z,t,u)Vu in L'(Qr).
Finally by (3.9) we deduce thgt S’ (u.) converges tgfS’(u) in L'(Qr).
It remains to prove thaBg(u) satisfies the initial conditiolBs(t = 0) = Bg(ug) in 2.
To this end, firstly remark tha$ being boundedB5(u.) is bounded inL>(Q). Secondly
the above considerations of the behavior of the terms of this equation shoﬁ%ﬁé@ is
bounded inL*(Qr) + L” (0, 7; W~ (Q)). As a consequence, an Aubin’s type lemma (See

e.g [20]) implies thatBS (u.) lies in a compact set af®([0, 77, L'(€2)). On the other hand, the
smoothness of af implies thatBs(t = 0) = Bg(ug) in 2. 1
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