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ABSTRACT. A closed arcwise-connected subsetA of Rn is calledk-convex if for each positive
numbera and for all elementsx andy in A there is a positive numberb such that if the norm
of x − y is less than or equal tob then the length of the shortest curvel(x, y) in A is less
thank times the norm ofx − y plusa. We show that a union of two non disjoint closed finite
convex subsets need not bek−convex. Letf(x) be a uniformly continuous functions on a finite
number of closed subsetsA1, ..., An of Rn such that the union ofAj , ..., An, j = 1, ..., n − 1is
k-convex. We show thatf is uniformly continuous on the union of the setsAi, i = 1, ..., n. We
give counter examples if this condition is not satisfied. As a corollary we show that iff(x) is
uniformly continuous on each of two closed convex setsA,B thenf(x) is uniformly continuous
on the union ofA andB.
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1. I NTRODUCTION

The main purpose of this article is to lay down certain sufficient conditions to ensure that a
uniformly continuous function on each member of a finite family of subsets inRn is uniformly
continuous on the union. As usual we define a functionf defined on a subsetA of a metric
space(X, d) to be uniformly continuous if for everyε > 0 there isδ > 0 such thatx, y ∈
A, d(x, y) < δ implies thatd(f(x), f(y)) < ε. Alternatively,f is not uniformly continuous if
there isε > 0, two sequencesxn, yn in A and a sequence of positive numbersan in R that
converges to 0 such that for alln it holds thatd(xn, yn) < an, andd(f(xn), f(yn)) > ε. It is
well-known (See[?], p78) that if a real-valued functionf is uniformly continuous on a subset
A of a metric spaceX then it can extended to a uniformly continuous function on the closure
of A in X. So we will assume that a uniformly continuous function is always defined on a
closed subsetA of a metric spaceX. We first give a counter example to show that a uniformly
continuous function on two subsets ofRn (with the usual topology ) need not be uniformly
continuous on the union of these subsets.

Example 1.1.We define two functionsf(x),−f(x):

f(x) =

{
1 + x if −1/2 ≤ x ≤ 0

1/(8x2) if x ≤ −1/2
,−f(x) =

{
−1− x if −1/2 ≤ x ≤ 0
−1/(8x2) if x ≤ −1/2

LetC be the closed right-half plane with the right half of the open unit disc removed. LetA1

be the set defined by the union of the graph off(x), the region above the graph off(x) and the
subsetC. Let A2 be the reflection in the x-axis of the subsetA1consisting of the union of the
graph of−f(x), the region below the graph of−f(x) and the subsetC. We notice that

(1.1) dist((0, 0), A1) = dist((0, 0), A2)) =‖ (−1/2, 1/2) ‖=
√

2/2.

Let F (x, y) = F (z) = Arg(z) = tan−1(y/x), whereArg(z) is the principal argument ofz
lying in the interval(−π, π). We notice that‖ ∇F (x, y) ‖=‖ (−y/(x2 + y2), x/(x2 + y2)) ‖=
1/(x2 + y2) ≤ 1/2. Letz1, z2 ∈ Ai, i = 1, 2. Then there is(x, y) on the segment joiningz1, z2
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such that| F (z1)− F (z2) |=‖ ∇F (x, y).(z1 − z2) ‖≤ (1/2) ‖ z1 − z2 ‖. Thus F is uniformly
continuous onAi, i = 1, 2. However,F (z) is not uniformly continuous onA1 ∪ A2. To see this
we take the sequence

zn = −n + (i /n) and the sequencez′n = −n− (i /n), n = 1, 2, .... Then| zn − z′n |→ 0 as
n →∞. But | F (zn)− F (z′n) |→ 2π. ThusF (z) is not uniformly continuous onA1 ∪ A2.

So the question arises: Under what conditions will a uniformly continuous functionf on two
subsetsA andB in Rn be uniformly continuous on the union? To answer this question we need
some definitions and lemmas.

Let x, y ∈ Rn. We define as usual thesegment[x, y] to be the image of the functionf :
[0, 1] → Rn defined byf(t) = (1 − t)x + tz. Let x1, ..., xn be distinct points inRn. By an
(n−1)-chainx1 → ... → xn joining x1to xn we mean the set[x1, x2]∪ [x2, x3]∪ ...∪ [xn−1, xn].
Let A ⊆ Rn be closed (and arc-wise connected). Then for allx, y ∈ A,there is a curveγ(x, y)
joining x, y in A with length being the smallest possible all curves joiningx, y in A . We denote
such a length byl(x, y). Let n be a positive integer. We say thatA is n-convexif for all ε > 0
there isδ > 0 such thatx, y ∈ A, ‖ x − y ‖≤ δ implies thatl(x, y) ≤ n ‖ x − y ‖ +ε. In
such a case we assume that we can partition any curveγ(x, y) whose length isl(x, y) through
a partition{x, x2, x3, ..., xn, y} such that the resultingn-chain has segments each of lengtha
≤‖ x − y ‖ +(ε/n). A convex set is1-convex. A U-shapedset is an example of a 2-convex
which is not 1-convex and anS-shapedset is an example of a 3-convex which is not 2-convex.
We call a subset afinite-convexif it is m-convex for some positive integerm. A set which is not
finitely convex is0-convex. The complement setsA′

1, A
′
2 of A1, A2, respectively, in Example

1.1 are finite convex sets whose unionA1 ∪ A2 is not finite convex, see Proposition 1.6 below.

Remark 1.1. Let A be 0-convex. ThenA is notm-convex for every positive integerm. Thus
sinceA is not 2-convex there areε2 > 0, x1, y1 ∈ A such that‖ x1−y1 ‖≤ 1/2, l(x1, y1)−2. ‖
x1 − y1 ‖> 2ε2. SinceA is not 3-convex there areε3 > ε2 > 0 and two pointsx2, y2 ∈ A such
that ‖ x2 − y2 ‖< 1/3 and l(x2, y2) − 3. ‖ x2 − y2 ‖> ε3 > ε2. OtherwiseA is 3-convex.
In general for positive integern > 2 and sinceA is notn-convex there areεn > εn−1 > ε2 >
0, xn, yn ∈ A such that

‖ xn − yn ‖< 1/(n + 1),(1.2)

l(xn, yn)− (n + 1). ‖ xn − yn ‖> εn−1 > ε0, n = 2, ....(1.3)

The union of twonon disjoint closed2−convex sets may not be finite-convex as the follow-
ing example shows.

Example 1.2. Let A1, A2, andC be as in Example 1.1. Although it needs some computations,
each of the subsetsA1, A2 is a closed 2-convex. AlsoA1 ∩A2 = C. LetB = A1 ∪A2. ThenB
is notm−convex for every positive integerm. To see this we take two sequences

xn = −n + i /12n2, yn = −n − i /12n2, n = 1, 2, .... We can verify the property 1.2.The
verification is trivial.

In the Example 1.2 the two subsets were closed and 2-convex. But the union may be not finite-
convex even if the two subsets are convex. In the following example we give two non closed
convex sets( not just 2-convex as in Example 1.2 but with dropping the closure condition), with
connected non empty intersection whose union is not finite-convex.

Example 1.3.LetA be the upper half plane with the negativex-axis removed and letB be the
lower-half plane with the negative real axis removed. ThenA, B are convex non closed sets with
intersection being the positive real axis. The unionC = A ∪B is not finite-convex. For we can
take the sequencexn = −n + i /n, n = 1, 2, ... and the sequenceyn = −n− i /n, n = 1, 2, ....
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Then‖ xn − yn ‖→ 0 asn → ∞. But for eachn every route betweenxn, yn in C has length
l ≥ 2

√
(n4 + 1)/n2 →∞ . ThusC is not finite-convex.

We will see (Proposition 1.7) that the union of two closed convex sets with non empty inter-
section is finite-convex.

Lemma 1.1. LetA, B ⊂ Rn be closed subsets and letx, y ∈ A ∪B. Let [x, y] ⊂ A ∪B. Then
there isz ∈ [x, y] such that each of the subsets{x, z}, {z, y} is contained in eitherA or B.

Proof. Without loss of generality we assumex ∈ A\B, y ∈ B\A. If (x, y) ∩ A = φ then
(x, y) ⊂ B and it follows thatx, y ∈ B sinceB is closed. Since this is not the case it follows
that (x, y) ∩ A 6= φ. We choose the farthest pointz from x in A ∩ [x, y]. Thenx 6= z 6=
y, z ∈ A ∩B. Thus{x, z} ⊂ A, {z, y} ⊂ B as required.

Lemma 1.2. LetA, B, C be three closed subsets ofRn such thatB ∪ C is k-convex. Let[x, y]
be a segment inA∪B ∪C of lengthε. Then there are at most1 + 2k pairs of ends of segments
such that each pair is contained in one ofA, B, C and such that the segment corresponding to
any of these pairs of ends has length at mostε.

Proof. We can assume thatx ∈ A\(B∪C), y ∈ (B∪C)\A. OtherwiseA ⊂ B∪C and we are
back to previous Lemma. Then there isz such that{x, z} ⊂ A, {z, y} ⊂ B ∪ C. SinceB ∪ C
is k−polygonally connected there arek segments inB ∪C connectingz andy. By Lemma 1.1
each of these segments can be replaced by two ends that are contained inB or C. Thus we have
in total at most1 + 2k pairs of ends such that each pair is contained in one ofA, B, C.

Proposition 1.3. Let A and B be closed subsets inRn such thatA ∪ B is k-convex. Let
x, y ∈ A ∪ B and letε be the distance betweenx andy. Then there are at most2k segments
joining x andy such that the ends of each segment are inA or in B and the length of each new
segment isl ≤ ε.

Proof. Let us call a segment whose two ends are in one subsetAi to be "good". Letx1 =
x, xk+1 = y. SinceA∪B is k−convex there is a sequence{x1, ..., xk+1} ⊂ A∪B. We takex1

and assume without loss of generality thatx1 ∈ A. If x2 ∈ A we stop. Otherwisex2 ∈ B\A.
If the open segment(x1, x2) ∩ A = φ then(x1, x2) ⊂ B. SinceB is closedx1 ∈ B. In this
case we stop. On the other hand if(x1, x2) ∩ A 6= φ we pick the farthest elementz1 6= x1

on the segment(x1, x2) from x1; it exists since[x1, x2] ∩ A is non empty and compact. Then
z1 ∈ A ∩ B. If z1 = x2 we stop. Otherwise we have[x1, x2] = [x1, z1] ∪ [z1, x2] such that
{x1, z1} ⊂ A, {z1, x2} ⊂ B and the length of each new segment is≤ ε.Thus we have tackled
the segment[x1, x2] by replacing it by one or two "good" segments.

Next we notice that[x2, x3] ⊂ A ∪ B of lengthε and we tackle the segment[x2, x3] as we
have tackled the segment[x1, x2] by writing if necessary[x2, x3] = [x2, z2] ∪ [z2, x3], such that
the ends of each new segment are in one ofA or B and the length of each new segment is does
not exceedε. We proceed to tackle the remaining finite number of segments in the same way
and replace them by "good" segments.

Lemma 1.4. Let A1, ...An be n closed subsets ofRm, n ≥ 2. Let Bi = ∪n
j=iAi, j = 1, ..., n.

Let B2, ...Bn−1 bek−convex. Let[x, y] ⊂ B1 = ∪n
i=1Ai and letε =‖ x − y ‖. Then there is a

finite numberK of pairs of segment ends inB1 joining x, y such that each segment has length
not exceedingε and each pair of ends is contained in oneAi.

Proof. We use induction onn. The assertion is true forn = 2 without the assumption of
k−convexity. The assertion is true forn = 3. So assume the assertion to be true forn−1. Then
[x, y] ⊂ A1∪B2. By Lemma 1.1 there isz such that each of{x, z}, {z, y} is contained inA1 or
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B2. If, for example,{y, z} ⊂ B2 then sinceB2 is k−convex there arek segments inB2 joining
y andz. By induction hypothesis each of these segments can be replaced by a finite number of
segments whose end points are contained in a singleAi. Thus the assertion follows.

Proposition 1.5. LetA1, ...An be n closed subsets ofRm, n ≥ 2. LetBi = ∪n
j=iAj, i = 1, ..., n.

Let B1, ...Bn−1 bek−convex. Letx, y ∈ B1, ‖ x − y ‖= ε > 0. Then there is a finite number
p (depending only the setsAi) of pointsx1, ...xp in B1 with x1 = x, xp = y, ‖ xi − xi+1 ‖≤
ε, i = 2, ..., p − 1 and such that each of the subsets{xi, xi+1}, i = 1, ..., p − 1 is contained in
oneAi, i = 1, ..., n.

Proof. SinceB1 is k−convex there arek segments joiningx, y in B1. Using the previous
Lemma we can replace each segment by a finite number of "good" pairs. The assertion fol-
lows.

Remark 1.2. We call the numberp corresponding to the closed sets in the previous Proposition
the indexof these sets.

Proposition 1.6. Let f be a uniformly continuous real function on each of the closed subsets
A1, ..., An of Rm Let Bi = ∪n

j=iAj, i = 1, ..., n. AssumeB1, ...Bn−1 bek−convex. Thenf is
uniformly continuous on the unionB1 = ∪n

j=1Aj. In particular if f(x) is uniformly continuous
on two closed subsets whose union is finite convex thenf(x) is uniformly continuous on the
union of these subsets.

Proof. Let p be the index of the setsAi, i = 1, ..., n. Let ε > 0 be given. Then there areδi > 0
such that for allx, y ∈ Ai, ‖ x − y ‖< δi implies that| f(x) − f(y) |< ε/p, i = 1, ..., n.Let
δ be the minimum of theδi, i = 1, ..., n. Then there arep pointsx1, ..., xp, such that each pair
{xi, xi+1} is contained in oneAi, i = 1, ..., p. Thus| f(x)−f(y) |≤

∑p
i=1 | f(xi)−f(xi+1) |<

p.ε/p = ε. The assertion follows.

Remark 1.3. We notice that the two sets in Example 1.1, namelyA′
1, A

′
2 are finite convex while

their union is not. Otherwise the functionf(z) defined there would be uniformly continuous
and this was not the case.

Finally we prove the following.

Proposition 1.7. Let A, B be two convex closed sets inRn such thatD = A ∩ B 6= φ and let
C = A ∪ B. ThenC is finite-convex. Thus iff(x) is uniformly continuous onA andB then
f(x) is uniformly continuous onC = A ∪B.

Proof. By Proposition 1.7 it suffices to show thatC is finite convex. Assume thatC is not finite-
convex. Then there are two sequencesxn, yn, n = 1, 2, ...of points inC such that‖ xn−yn ‖→ 0
and a positive numberc > 0 such that for eachn = 1, 2, ... a smallest route betweenxn, yn has
lengthln ≥ c. We can take thexn to be boundary points inA and theyn to be boundary points
in B and outsideD. For eachn = 1, 2, ...the chosen route betweenxn, yn, aside fromxn, yn , is
outsideD. SinceA, B, C,D are closed, there isz such thatxn, yn → z. Thenz ∈ D. It follows
there is a non trivial "hole" inD and this contradicts the fact thatD is convex. The last part of
the proposition statement is a direct consequence of Proposition 1.6 .
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