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ABSTRACT. A closed arcwise-connected subgedf R" is calledk-convex if for each positive
numbera and for all elements andy in A there is a positive numbeérsuch that if the norm
of z — y is less than or equal tb then the length of the shortest curife,y) in A is less
thank times the norm ofc — y plusa. We show that a union of two non disjoint closed finite
convex subsets need not beconvex. Letf(z) be a uniformly continuous functions on a finite
number of closed subsets, ..., 4,, of R" such that the union ofl;, ..., 4,,j =1,....,n — lis
k-convex. We show thaf is uniformly continuous on the union of the setg i = 1, ...,n. We
give counter examples if this condition is not satisfied. As a corollary we show tliét jfis
uniformly continuous on each of two closed convex s&t® then f(«) is uniformly continuous
on the union ofd and B.
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1. INTRODUCTION

The main purpose of this article is to lay down certain sufficient conditions to ensure that a
uniformly continuous function on each member of a finite family of subsei#'irs uniformly
continuous on the union. As usual we define a functfordefined on a subset of a metric
space(X, d) to be uniformly continuous if for every > 0 there isé > 0 such thatz,y €
A, d(z,y) < ¢ implies thatd(f(x), f(y)) < e. Alternatively, f is not uniformly continuous if
there ise > 0, two sequences,,,y, in A and a sequence of positive numbeysin R that
converges to 0 such that for all it holds thatd(z,, y,) < a,, andd(f(z,), f(y,)) > €. Itis
well-known (Se€f], p78) that if a real-valued functiofi is uniformly continuous on a subset
A of a metric space& then it can extended to a uniformly continuous function on the closure
of Ain X. So we will assume that a uniformly continuous function is always defined on a
closed subsetl of a metric spaceX. We first give a counter example to show that a uniformly
continuous function on two subsets Bf (with the usual topology ) need not be uniformly
continuous on the union of these subsets.

Example 1.1. We define two function8(z), — f (z):
B l+z if —1/2<z<0 B —1—z if -1/2<2<0
fw) = { (@82 if ac<—1/2 @)= { 1822 if < —1/2

Boundary of A1 U A»

LetC be the closed right-half plane with the right half of the open unit disc removed4Let
be the set defined by the union of the graplf (@f), the region above the graph ¢fx) and the
subsetC. Let A, be the reflection in the x-axis of the subsétconsisting of the union of the
graph of— f(z), the region below the graph of f(x) and the subset'. We notice that

(1.1) dist((0,0), Ay) = dist((0,0), A3)) =|| (=1/2,1/2) ||= v2/2.

Let F(z,y) = F(z) = Arg(z) = tan~'(y/x), whereArg(z) is the principal argument of
lying in the interval(—, 7). We notice thall VF(z,y) ||=|| (—y/(z* + v*), z/(2* + v?)) ||=
1/(z* +y?) < 1/2. Letzy, 29 € A;,i = 1,2. Then there iz, y) on the segment joining;, 2,
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suchthat F(z1) — F(z2) |=| VF(x,y).(z21 — 22) ||I< (1/2) || 21 — 22 ||. Thus F is uniformly
continuous or¥;, i = 1, 2. However,F'(z) is not uniformly continuous oA, U A,. To see this
we take the sequence

z, = —n + (i /n) and the sequencé = —n — (i /n),n=1,2,.... Then| z, — z/, |— 0 as
n — oo. But| F(z,) — F(z) |— 2m. ThusF(z) is not uniformly continuous od; U As.

So the question arises: Under what conditions will a uniformly continuous fungtamtwo
subsetsd andB in R" be uniformly continuous on the union? To answer this question we need
some definitions and lemmas.

Letz,y € R™. We define as usual theegmen{z, y] to be the image of the functiofi :
[0,1] — R™ defined byf(t) = (1 — t)z + tz. Letxy,...,z, be distinct points ink". By an
(n—1)-chainz; — ... — x, joining z,to z,, we mean the sét;, xo| U [zs, 23] U...U [z, _1, ,].
Let A C R" be closed (and arc-wise connected). Then forall € A there is a curve/(z, y)
joining z, y in A with length being the smallest possible all curves joining in A . We denote
such a length by(x, y). Letn be a positive integer. We say thdtis n-convexf for all ¢ > 0
there iso > 0 such thatr,y € A, || x — y ||< 0 implies thatl(z,y) < n ||z —y | +e. In
such a case we assume that we can partition any eumve/) whose length ig(z, y) through
a partition{x, x5, z3, ..., x,, y} such that the resulting-chain has segments each of length
<|| x =y || +(¢/n). A convex set isl-convex. A U-shapedset is an example of a 2-convex
which is not 1-convex and a&-shapedet is an example of a 3-convex which is not 2-convex.
We call a subset finite-convexf it is m-convex for some positive integer. A set which is not
finitely convex isO-convex The complement setd!, A, of A;, Ay, respectively, in Example
[1.7 are finite convex sets whose unidnU A, is not finite convex, see Propositipn[1.6 below.

Remark 1.1. Let A be 0-convex. Then is notm-convex for every positive integen. Thus
sinceA is not 2-convex there arg > 0, z1,y; € Asuchthal| z; —y; ||< 1/2,1(x1,y1) — 2. ||

1 — y1 ||> 2e5. SinceA is not 3-convex there arg > =, > 0 and two pointsey, y» € A such
that| z2 — yo ||< 1/3 andl(zg,y2) — 3. || 2 — y2 ||> €3 > 2. OtherwiseA is 3-convex.
In general for positive integer > 2 and sinceA is notn-convex there are,, > ¢, > €3 >

0, Z,, yn € A such that

(1.2) | zn—uynll<1/(n+1),
(1.3) UZn,yn) —(n+1). || @p—yn||>en-1>c0,n=2,...

The union of twanon disjoint closed 2—convex sets may not be finite-convex as the follow-
ing example shows.

Example 1.2.Let A;, A, andC be as in Example 1.1. Although it needs some computations,
each of the subset$,, A, is a closed 2-convex. Alsé, N Ay = C. LetB = A; U A,. ThenB
is notm—convex for every positive integet. To see this we take two sequences

T, = —n+i/12n%y, = —n —i /12n%,n = 1,2, .... We can verify the properfy 1.2.The
verification is trivial.

In the Examplé 1]2 the two subsets were closed and 2-convex. But the union may be not finite-
convex even if the two subsets are convex. In the following example we give two non closed
convex sets( not just 2-convex as in Exanjple 1.2 but with dropping the closure condition), with
connected non empty intersection whose union is not finite-convex.

Example 1.3.Let A be the upper half plane with the negativexis removed and I be the
lower-half plane with the negative real axis removed. THe® are convex non closed sets with
intersection being the positive real axis. The univa= A U B is not finite-convex. For we can
take the sequence, = —n+i /n,n = 1,2, ... and the sequenag, = —n —i /n,n =1,2, ....
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Then|| z, — y, ||[— 0 asn — oo. But for eachn every route between,, y,, in C' has length
[ >2y/(n*+1)/n? — oo . ThusC is not finite-convex.

We will see (Propositiop 117) that the union of two closed convex sets with non empty inter-
section is finite-convex.

Lemmal.1l.LetA, B C R" be closed subsets and lety € AU B. Let[z,y] C AU B. Then
there isz € [z, y] such that each of the subsdts, 2}, {z, y} is contained in either or B.

Proof. Without loss of generality we assumee A\B,y € B\A. If (z,y) N A = ¢ then
(z,y) C B and it follows thatz,y € B sinceB is closed. Since this is not the case it follows
that (x,y) N A # ¢. We choose the farthest poiatfrom = in A N [z,y]. Thenz # z #
y,z € AN B. Thus{z,z} C A, {z,y} C B as requiredn

Lemma 1.2. Let A, B, C be three closed subsets Bf such thatB U C' is k-convex. Lefz, y]

be a segmentidl U B U C of lengthe. Then there are at most+ 2% pairs of ends of segments
such that each pair is contained in one4f B, C' and such that the segment corresponding to
any of these pairs of ends has length at most

Proof. We can assume thate A\(BUC),y € (BUC)\A. OtherwiseA C BUC and we are
back to previous Lemma. Then theresisuch that{z, 2z} C A, {z,y} ¢ BUC. SinceBU C
is k—polygonally connected there akesegments irB U C' connecting: andy. By Lemmd 1.1L
each of these segments can be replaced by two ends that are contashed(h Thus we have
in total at mostl + 2% pairs of ends such that each pair is contained in oné &f, C'. g

Proposition 1.3. Let A and B be closed subsets iR" such thatA U B is k-convex. Let
x,y € AU B and lete be the distance betweeanandy. Then there are at mog% segments
joining x andy such that the ends of each segment ard ior in B and the length of each new
segmentisl < e.

Proof. Let us call a segment whose two ends are in one subbsét be "good". Letr; =

x, k1 = y. SinceA U B is k—convex there is a sequenge,, ...,y 1} C AU B. We taker;
and assume without loss of generality thate A. If o € A we stop. Otherwise, € B\ A.

If the open segmerntz;, z2) N A = ¢ then(zy,25) C B. SinceB is closedz; € B. In this
case we stop. On the other handif;,z2) N A # ¢ we pick the farthest element # x;
on the segmentry, z5) from xy; it exists sincgzy, z5] N A is non empty and compact. Then
z1 € AN B.If z; = x5 we stop. Otherwise we haye;, xs] = [x1, 21] U [21, 25] such that
{z1,21} C A, {z1,22} C B and the length of each new segmentis.Thus we have tackled
the segmenitz,, 2] by replacing it by one or two "good" segments.

Next we notice thatz,, z3] C A U B of lengthe and we tackle the segmept,, 3] as we
have tackled the segmelnt;, -] by writing if necessaryzs, z3] = [x9, 22| U |22, 23], Such that
the ends of each new segment are in ond of B and the length of each new segment is does
not exceedt. We proceed to tackle the remaining finite number of segments in the same way
and replace them by "good" segmerxs.

Lemma 1.4. Let Ay, ...A, be n closed subsets &f",n > 2. LetB;, = U!_A;,j = 1,...,n.
Let By, ...B,_; bek—convex. Lefz,y] C B; = U, A; and lete =|| x — y ||. Then there is a
finite numberK of pairs of segment ends I8, joining z, y such that each segment has length
not exceeding and each pair of ends is contained in oAg

Proof. We use induction om. The assertion is true for = 2 without the assumption of
k—convexity. The assertion is true for= 3. So assume the assertion to be trueferl. Then
[z,y] C A;U B,. By Lemmd 1.1 there is such that each dfz, z}, {2, y} is contained in4; or
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Bs. If, for example {y, z} C B, then sinceB; is k—convex there argé segments irB, joining
y andz. By induction hypothesis each of these segments can be replaced by a finite number of
segments whose end points are contained in a sitigl€hus the assertion follows.

Proposition 1.5. Let 4,, ... A,, be n closed subsets &if*, n > 2. LetB; = Uj_;A;,i = 1,...,n.
Let By, ...B,_1 bek—convex. Letr,y € By, || = — y ||= € > 0. Then there is a finite number
p (depending only the set$;) of pointszy, ...z, in By withzy = 2,2, = y, || z; — x4 [|<
e,i = 2,...,p — 1 and such that each of the subséts, x;.1},i = 1,...,p — 1 is contained in
oneA;,i=1,...,n.

Proof. Since B; is k—convex there aré segments joiningec,y in B;. Using the previous
Lemma we can replace each segment by a finite number of "good"” pairs. The assertion fol-
lows.

Remark 1.2. We call the numbep corresponding to the closed sets in the previous Proposition
theindexof these sets.

Proposition 1.6. Let f be a uniformly continuous real function on each of the closed subsets
Ay, Ay Of R™ Let B, = UJ_ Aj, 0 = 1,...,n. AssumeéBy, ... B, be k—convex. Therf is
uniformly continuous on the uniali, = Uj_, A;. In particular if f(z) is uniformly continuous

on two closed subsets whose union is finite convex ftiehis uniformly continuous on the
union of these subsets.

Proof. Let p be the index of the setd,,i = 1, ...,n. Lete > 0 be given. Then there are > 0
such that for allz,y € A;,|| = —y ||< §; implies that| f(x) — f(y) |< ¢/p,i = 1,...,n.Let
0 be the minimum of thé;,< = 1, ...,n. Then there are pointsz,, ..., z,,, such that each pair
{xi, z;11} iscontained inonel;, i = 1,...,p. Thus| f(z)— f(y) [< Y0 | flx:)— f(zip) |<
p.€/p = €. The assertion followss

Remark 1.3. We notice that the two sets in Example|1.1, namé&]ly A}, are finite convex while
their union is not. Otherwise the functigi{z) defined there would be uniformly continuous
and this was not the case.

Finally we prove the following.

Proposition 1.7. Let A, B be two convex closed setsit such thatD = AN B # ¢ and let
C = AU B. ThenC is finite-convex. Thus if(z) is uniformly continuous ol and B then
f(z) is uniformly continuous o’ = AU B.

Proof. By Proposition 1.J7 it suffices to show th@tis finite convex. Assume that is not finite-
convex. Then there are two sequenegsy,, n = 1,2, ...of points inC' such that| x,,—y,, ||— 0
and a positive number> 0 such that for each = 1, 2, ... a smallest route betweer, y,, has
lengthl,, > ¢. We can take the,, to be boundary points id and they,, to be boundary points
in B and outsideD. For eachh = 1, 2, ...the chosen route between, y,,, aside fromz,,, y,, , IS
outsideD. SinceA, B, C, D are closed, there issuch thatz,,, ,, — z. Thenz € D. It follows
there is a non trivial "hole" iD and this contradicts the fact th&Xis convex. The last part of
the proposition statement is a direct consequence of Propdsition1.6 .
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