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1. INTRODUCTION

Let A be the class of all analytic functions of the form
(1.1) f) =2+ an2",
n=2

in the open unit diskD := {z € C : |z| < 1} and normalized by the conditiong0) = 0
and f’(0) = 1. The Koebe one-quarter theorem [8] ensures that the imade wider every
univalent functionf € A contains a disk of radius/4. Thus every univalent functiofi has an
inversef~! satisfyingf~!(f(z)) = 2, (z € D) and

FUHw) =w, (Jw] <ro(f),mo(f) = 1/4)

A function f € A is said to be bi-univalent i) if both f and f~! are univalent inD. Leto
denote the class of bi-univalent functions defined in the unit 8isk domainD C C is convex
if the line segment joining any two points iR lies entirely in D, while a domain isstarlike
with respect to a pointy, € D if the line segment joining any point dP to w lies inside
D. Afunction f € Ais starlike if f(D) is a starlike domain with respect to the origin, and
convex if f(D) is convex. Analytically,f € A is starlike if and only ifRe{zf'(z)/f(z)} > 0,
whereasf € A is convex if and only ifl + Re{zf"(z)/f ()} > 0. The classes consisting of
starlike and convex functions are denoted3# andCV respectively. The classe®/ («) and
CV(«) of starlike and convex functions of order 0 < o < 1, are respectively characterized
by Re{zf'(2)/f(2)} > aandl + Re{zf"(2)/f'(z)} > «. Various subclasses of starlike
and convex functions are often investigated. These functions are typically characterized by the
quantityz f'(z)/f(z) or1 4+ zf"(z)/f'(2) lying in a certain domain starlike with respectto 1 in
the right-half plane. Subordination is useful to unify these subclasses.

An analytic functionf is subordinate to an analytic functign written f(z) < ¢(z), pro-
vided there is an analytic function defined onD with w(0) = 0 and|w(z)| < 1 satisfying
f(2) = g(w(z)). Ma and Mindal[11] unified various subclasses of starlike and convex functions
for which either of the quantityf'(z)/f(z) or 1+zf"(z)/ f'(2) is subordinate to a more general
superordinate function. For this purpose, they considered an analytic fugctigth positive
real part in the unit diskD, ¢(0) = 1, ¢'(0) > 0, and¢ mapsD onto a region starlike with
respect to 1 and symmetric with respect to the real axis. The class of Ma-Minda starlike func-
tions consists of functiong € A satisfying the subordinationf’(z)/f(z) < ¢(z). Similarly,
the class of Ma-Minda convex functions consists of functigns A satisfying the subordina-
tion 1+ zf"(2)/f'(2) < ¢(z). A function f is bi-starlike of Ma-Minda type or bi-convex of
Ma-Minda type if bothf and f~! are respectively Ma-Minda starlike or convex. These classes
are denoted respectively 87 ,(¢) andCV,(¢).

Lewin [10] investigated the classof bi-univalent functions and obtained the bound for the
second coefficient. Several authors have subsequently studied similar problems in this direction
(seel[7,12]). Brannan and Taha [6] considered certain subclasses of bi-univalent functions, sim-
ilar to the familiar subclasses of univalent functions consisting of strongly starlike, starlike and
convex functions. They introduced bi-starlike functins and bi-convex functions and obtained
estimates on the initial coefficients. Recently, Srivastava €t al. [14] introduced and investigated
subclasses of bi-univalent functions and obtained bounds for the initial coefficients. Bounds for
the initial coefficients of several classes of functions were also investigated in [1, 2, 4, 5, 3, 13].

In this paper, estimates on the initial coefficients for bi-univalent Sakaguchi type functions
are obtained. This class was motivated by Rosihan M. Ali et al. [3].
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In the sequel, it is assumed thats an analytic function with positive real part in the unit
disk D, with ¢(0) = 1, ¢'(0) > 0 and¢(D) is symmetric with respect to the real axis. Such a
function has a series expansion of the form

(1.2) ¢(2) =1+ Biz+ Byz? + Bsz® +--- (B, > 0)
Definition 1.1. A function f(z) € A is said to be in the clad/ (p, i, ¢, t) if it satisfies
(1 —t)[puz®f"(2) + 2pp + p — p) 22 f"(2) + 2f'(2)]
(1:3) {puz2[f”(Z) "R 1 (o — Wl — i ()] + (= p - W) — F(E2)] } = (z)
and,
(1 = t)[puw’g" (w) + (2pu + p — pw?g" (w) + wy' (w)] w
(4 {puwz[g”(w) g (tw)] 1 (p — g (w) — g (tw)] + (L p+ ) gw) — gltw) } < ¢w)

[t <1,t#1,0<u<p< 1.
This classM (p, i, ¢,t) was defined by Srutha Keerthi and Chinthamani [16].

Forp = 01in M(p, 1, ¢,t) we get the clasd/(p, ¢,t) which was studied by Srutha Keerthi
[15].

Definition 1.2. A function f(z) € A is in the class\/(p, ¢, 1), if it satisfies

(1= o= "(2) + 2/(2)
(1.5) {pZ[f’(z) T L= P ) — J)] } =9

and,

{ (1 —1)[pw?q" (w) + wg'(w)]
pwlg'(w) —tg'(tw)] + (1 = p)[g(w) — g(tw)]

It <1,t#1,0<p< 1.

If p=0andp = 1in M(p,¢,t), we get the classeS*(¢,t) andT(¢,t) respectively, which

were studied by Goyal and Pranay Goswemi [9].

Definition 1.3. A function f € A is said to be in the clas®¥/ (), ¢, t) if it satisfies

(1= ON2L(2) + (1 20)220"(2) + 21'(2)]
a.7) { N2 () — 22 (E2)] + 2/z) — ' (E2)] } <o)

(1.6)

} < ¢(w)

and,

(1 — Hw2g"(w) + (1 + 20)w2g" (w) + wg'(w)]
(1.5) { Nu?g'(w) — Pulg (tw)] + wlg (w) — tg (fw)]
i <Lt£1,0<A< L.

b <o)

For A = 0, we get the clas$'(¢, t) which was studied by Goyal and Pranay Goswarni [9].

2. COEFFICIENT ESTIMATES

For functions in the class/ (p, i, ¢, t), the following results are obtained.

Theorem 2.1.1f f € M(p, u, ¢, 1), then
(2.1)
las] < B1VB:
T VA =IBH(+2p = 2p +6pu) (2 + 1) — (L+p — p+ 2pp)2 (1 + )] — (B2 — B1)(1 — 1) (1 + p — po+ 2pp)?]

and

ZHI200 420 = 20+ 6pp) (2 + 1) = (14 p— p 4+ 2pp) > (L+ )|+ |[(1+ p — e+ 2pp)* (1 + )]
+|B2 = Bi|(2 + t)|1 + 2p — 2 + 6pp

2.2 5| <
@2 asf < (2+8)(L+ )1+ 2p — 2u + 6pu|[(2+ 1) (1 + 2p — 2u + 6pp) — (1 +1)(1 + p — p + 2pp)?|
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[t <1, t#1,0< u<p<l.

Proof. Let f € M(p, u,¢,t) andg = f~1. Then there are analytic functionsv : D — D,
with «(0) = v(0) = 0, satisfying

(1= 0)lpuz® ""(2) + pp+ p — W2°f"(2) + 21 (2)] = pu(z
@3 {P.UZQ[JC”(Z)—tgf/'(tz)]+(P—u)2[f’(z)—tf’(tz)]+(1—p+u)[f(z)_f(tz)]} = d(u(2))
and,

(1= )[ppw’g" (w) + (2pp + p — " (w) + wy' (w)] — ¢(v(w
24 {puw%g%w)—t?g"(twn+<p wly (w) — tg (tw)] + (L — p+ @) [g(w) — g@w)]}—d’(( )

Define the functiong; andp, by

 1+u(z)

ST
or, equivalently,

1+ v(z)

=140 boz? 4+ ...
1_1}(2) + 012 + 022”7 +

:1+012+0222+"' andpg(z):

(2.5) u(>:%=§(+<_§)+)
and
(2.6) v(z):%:%(blz+<b2_b§)22+...)

Thenp; andp, are analytic inD with p;(0) = 1 = p,(0). Sinceu,v : D — D, the functiong,
andp, have positive real part i, and|b;| < 2 d|c2\ < 2. In view of (2.3 -) (2.4),[(2p) and

(2.9), clearly

{ (L= )[puz’f""(2) + 2pp + p — wW2°f"(2) + 2 (2)] } — ¢ (pl(Z) - 1)
pu2?[f"(z) = 2" (t2)] + (p = w)zlf"(2) =t (t2)] + (1 = p + p)[f (2) = f(t2)] pi(z) +1
and,
27 { (1= Olppw’y" (w) + 2pp+ p — Pwg” (w) + wy'(w)] }:¢(p1(w)—1>
' ppaw?lg” (w) — 2" (tw)] + (p — pwlg’ (w) — tg'(tw)] + (1 = p+ p)[g(w) — g(tw)] pi(w) +1
Using (2.5) and[(2]6) together with (1.2), it is evident that
p(z) =1\ _ 1 1 _ C_% 1 2\ .2
(28) (b <p—1(z) n 1) =1 -+ 2B1012 -+ (231 (CQ 9 —+ 4BQC1 z
and
pw -1y _; 1 E R IR
(2.9) ) (pQ(w) " 1) =1+ 2B1b1w + (2B1 (b2 5 )t 4ng1 w

Since,f € M(p, i, ¢, t) has the Maclaurin series given By (1.1), a computation shows that its
inverseg = f~! has the expansion

(2.10) g(w) = fH(w) = w — agw?® + (202 — asz)w® + . ..
Since,

{ (L= 8)[ppz®"(2) + Cpp + p — 1)2° " (2) + 2f'(2)] }
puz?[f"(z) = 2" (t2)] + (p — w)z[f'(2) — tf'(tz)] + (1 — p+ p)[f(2) — f(tz)]
=1+4ax(1 —t)1+p—p+2pp)z+2°(1—t)]az(2+)(1 +2p — 2u + 6pp) —a” (1 +t)(1 4+ p — p + 2pp)] + - - -

and,

{ (1= t)[ppw’g" (w) + 2pp+ p — pw?g”
prw?[g" (w) — t2g" (tw)] + (p — pwlg’ (w) — tg'(tw)]
=1—-axw(l —t)(1+p—p+2pp)

+w?(1—t) {[a3[2(1 4+ 2p — 2u + 6pp) (2 +t) — (L + p — o+ 2pp)* (1 + t)] — as(L +2p — 2u + 6pp) (2 + )]} + -+

(w) + wg' (w)] }
+ (1= p+ p)g(w) — g(tw))
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It follows from (2.7), [2.8) and (2]9) that

1
(2.11) az(1 = t)(1+p — p+ 2pp) = S By
2

(2.12) az(2+t)(1 —t)(1 +2p —2u+6pp) —ad(1+t)(1 —t)(1 +p— p+2pp)* = %Bl <02 - 021) Jr%Bgc%
| <1,t#1,0<pu<p<l.

Bib
(2.13) —ay(L =) (14 p— put 2pp) = =~
and
(2.14)

1 b1\ 1
a5 (1—t) [2(14-2p—2u+6pp) (24+1) — (1+t) (1+p—p+2pp)* ] —as (1—t) (2+t) (14+2p—2u+6pp) = = Bi (bz - 51) +132b?

2
From (2.11) and (2.13), it follows that

(215) C1 = —bl

Now (Z:12), [2-IB) [(Z-14) an{ (Z1L5) yield

2 B%(b2+62)
C T A O{BIA + 20— 20+ 6pm) 2+ 6) — (L4 p— s+ 20)2(L+ )] — (B2 — B)(1— O)(L+ p— pu + 200)%}

and

Bi{c222+t)(1+2p — 2u+6pu) — (L+ ) (1 + p— p+ 2pu)?] + b2 (1 + ) (1 + p — pn + 2pp)*}
+c3(Ba — B1)(2 +)(1 4 2p — 21 + 6pp)
A1 =) 2+ )1 +2p—2u+6pp)[(2+6)(1+ 20— 2+ 6pp) — (1 +1)(1+ p — p + 2pp)?]
which in view of the well known inequalitiel$;| < 2 and|¢;| < 2 for functions with positive
real part, gives us the desired estimate|@ji and |a;| as asserted i) (2.2) and (R.3) respec-
tively. n

asz =

Corollary 2.2. If f € M(p, ¢,t), then the function has the coefficient inequalitieg@a$ <
BivB1
and
V(=) [B2[(1420)(2+1) — (1+1) (1+p) 2] — (B2 — B1) (1—1) (14p)?|
las| < G 120420)(24)— (140)2 (L40) | +] (1) (L4-0) [+ Ba— Ba | (241)] 1420
31 = (2+8) (1+)[1+2p[](2+8) (1+2p) — (1+t) (1+p)?| '

By putting;. = 0 in (2.1) and[(2.R), the above estimates can be derived.

Corollary 2.3. If f € T(¢,t), then the function gets the coefficient inequalities@a$ <
B1vB1 and]a | < Bit|Ba—Bi]
V (1=)| B} (2—t)—4(1—t)(B2—B)| o= a-0e-n

By puttingp = 1 in the above Corollary (2]2), these estimates can be obtained.

Corollary 2.4. If f € S*(¢,t), then the function obtains the following coefficient inequalities

< Bi1vB: < Bl+|32—31|_
as|ay| < V/(1=)[B3=(1—t)(B2—B1)| and|as| < =555

When we take = 0, the Corollary 2.3 yield these estimates.
Theorem 2.5.1f f € M (A, ¢,t), then

(2.16) las| < Biv By

VA =0)[BB(1+2N)(2+1t) —4(1+)(1 + N)2] —4(By — By)(1 —t)(1 + \)?|
and
(217) |as| < Bi[|3(1+2X) (2 +t) — 2(1 + AN)2(1 4+ t)] + 2(1 + N)2(1 + )] + 3| By — B1|(2 + t)]1 + 2]

32+ 01— 01+ 2M][B2+ 1) (1 +2)) — 4(1 + £)(1 + A)?|
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Proof. Let f € M(\, ¢,t) andg = f~!. Then there are analytic functionsv : D — D with
u(0) = v(0) = 0, satisfying
{ (1= )AL (2) + (1 +20)22f"(2) + 21 ()]
Al22f"(2) — 222 " (t2)] + 2[f' () — 1" (t2)]
and,
{ (1 —)[Awg” (w) + (1 4+ 2X)w?¢" (w) + wg' (w)] }
Alw?g"(w) = Pw?g" (tw)] + wlg'(w) — tg'(tw)]
In view of (2.8), [2.6) and (2.18), clearly
{(1 — AL (2) + (1 +20)22f"(2) + 2f(2)] } _ <p1(z) - 1)
A2 f"(z) — 222 f"(t2)] + 2[f'(2) — tf'(t2)] pi(z) +1
and,
{ (1 —t)Pw’g” (w) + (1 + 2 )w?g" (w) + wg'(w)] } _ (pl(w) - 1)
Aw?g"(w) — tPw?g" (tw)] + wlg' (w) — tg'(tw)] pi(w) +1
Using (2.5) and[(2]6) together with (1.2), we det[2.8) (2.9).
Since f € M(\, ¢,t) has the Maclaurin series given 1.1), a computation shows that its
inverseg = f~! has the expression gs (2, 10).
Since
{ (1= AL f"(2) + (1+20)22f"(2) + 2 (2)] }
Al22f"(z) — 222 " (t2)] + 2[f'(z) — tf"(t2)]
=14 2a(1+ N (1 —t)z+ (1 —t)[3az(1 +20)(2 + t) — 4a3(1 + A\)*(1 +t)]z* + - - -
and
{ (1 =) w’g” (w) + (1 + 2 )w?g" (w) + wg'(w)] }
Aw?g"(w) — Pw?g" (tw)] + wlg'(w) — tg'(tw)]
=1—-2a(1+N)(1—-tw
+ (1 = ){=3az(1 +2\) (2 + ) + 2a5[3(1 + 2A) (2 + t) — 2(1 + AN)*(1 + )] Jw® + - - -

it follows from (2.8), [2.9) and (2.18) that

} — o(ul(2))

(2.18) = ¢(v(w))

(2.19) 2as(1+ N1 — 1) = %Blcl
2
(2.20) u—wp%u+zng+w—4@u+wfu+¢n:%BlGy—%>+iBﬁ%
(221) — 20,2(1 + )\)(1 - t) = %Blbl
2 2 1 b% 1 2
(2.22) (1 —t){=3az(1+2X\)(2+1) +2a3[3(1 +2))(2+t) = 2(1 + N} (1 + )]} = 3B (bg - 2) + 4 Babi

[t <1,t#1,0< A< 1
from %nd 1), it follow 5).
Now (2.20), [(2.2]1),[(2.22) andl (2]15) yield

_ Bi (b2 + c2)
A= t){B2B(1+2)0)(2+1t) —4(1+ N2(1+ )] —4(1 —t)(1 + N\)2(Bs — By)}

a3

and
BL{cof3(1+20)(24+1) — 2(1+1)(1 + N)?] + 2b2(1 + £)(1 + N)2} + 2275831 (1 + 2)) (2 + ¢)
31+20)A =2+ 6)BA+2N)(2+1¢) —4((1+ N)2(1+t)]

az =
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which in view of the well known inequalitie®;| < 2 and|c;| < 2 for functions with pos-
itive real part, gives us the required estimate|@}) and|a;| as asserted in (2.16) and (2.17)
respectivelys

Remark 2.1. For A = 0, the function obtains coefficient estimates as in Corollary 2.3.
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