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2 S.S. DRAGOMIR

1. INTRODUCTION

Let (H; (-, -)) be an inner product space over the real or complex numberiield
In the earlier paper [13], we have obtained the following simple reverse of Schwarz’s inequal-

ity
(1.1) 0 < [|z[* fal* = [(z, a)|*
< [l2[* lal® = [Re (z, a)]* < #*[|z]|*,
provided
(1.2) 2 —al <r <l

wherea, z € H andr > 0. The quantityc = 1 in front of 7 is best possible in the sense that it
cannot be replaced by a smaller one.
This result has then been employed to prove (see [13]) that

22 1 {Re [(F +7) (a:,y)]}2
(1.3) [ lyl” < 7 - Re (1)
_1r+af

1 ey el
provided, forz,y € H and~,I" € K with Re (I'y) > 0, either
(1.4) Re(l'y —z,2 —yy) > 0,
or, equivalently,

(1.5)

Ty

holds. In both inequalitiegl.3), 1 is the best possible constant.
The inequality[(I.8) implies the following additive version of reverse Schwarz’s inequality
1 |- 7|2 2

1
| -
<50l

(1.6) 0 < [ll*lyll* = Kz, m)|* <

Here the constarﬁt is also the best.
If the condition [(1.2) is satisfied, then one may deduce the following reverse of the triangle
inequality [13]

Re (z,a)

Vil = (il =2+ i)

If M >m >0, z,y € H and either[(1}4) or, equivalently, (1.5) holds fof, m instead of
I', v, then the following simpler reverse of the triangle inequality may be stated as well

@7 o< |lz] +llall —llz +all < V2r

VM - /m

1.8 0 < ||z|| + — |z +vy|| < ——=———VRe(z,y).
(18) < flzll =+l = e + pll < 5= V/Re 0]

Moving now onto Gruss type inequalities, we note that,if,, e € H, with |le] = 1 and
r1,72 € (0,1) are such that
(1.9) |z — el <71, and [ly —el| <7,
then one has the inequality [13]
(1.10) [(z,y) — (@, €) (e, )| < mara[lz]] |yl -
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SCHWARZ, TRIANGLE AND BESSELINEQUALITIES 3

The inequality [(1.10) is sharp in the sense that the constantl in front of r;7, cannot be
replaced by a smaller constant.

If we assumed that, fox,y,e € H with |le] = 1 and~,T',¢,® € K with Re (I'y),
Re (®¢) > 0, either the condition

(1.11) Re (T'e — x,x — ve), Re (Pe —y,y —y¢) >0
or, equivalently,
v+T

I—Te

o+
e

(1.12) 5

1
<2 |D-—
2| ¢|7

1
<-II—
2| v, H

holds, then we have the inequality

Q13 ) (@) )] < 5 J;_(F”_'Ji_é'@|<x,e><e,y>|.
e (I'y) Re

Here the constani is also the best possible.
In the case that botfx, e) , (e, y) # 0 (which is actually the interesting case), we have
(z.y) _1‘ _1. It —g

(z,€) (e, y) \/Re (T'y) Re (cp(;s)

Now, for an orthornormal family of vectors if, i.e., we recall thate;,e;) = 0if i,j € N,
i # 7 and||e;|| = 1 fori € N, the following inequality, called thBessel inequality

(1.14)

(1.15) S Kaen)? <z, xeH;

holds.

If (H;(-,-)) is aninfinite dimensional Hilbert space over the real or complex numbeiield
(€i);cy is @an orthornormal family iff, A = (\;),.y € ¢ (K) andr > 0 is with the property
that
(1.16) > P>

=1
then, forr € H with

(1.17)

00
r — E )\iei
i=1

one has the inequalities [13]

(Zf; Re [5\1» (x,e;) D ‘Z (x e,>|2

(1.18) lz])* < e < ;
Zi:1|>‘i| -r Zz 1|>" -r

S Zz 1 |)\ | Z |
Zz 1 ’)\ ‘ -
An additive version of interest i5 [13]

o0

(1.19) 0< [lz)” =) [z, en)]” < Ie
; Zz 1|)\’ _TQZ
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4 S.S. DRAGOMIR

Finally, if ' = (I';),c» ¥ = (70);en € 2 (K) are such tha}~°, Re (I';7;) > 0 and forz € H,

either
WA 3
<= T, — v,
_2(; m)

- v, + 1
1.2 — -
120 H gt
(1.21) Re <Z Iie;—x,x — Z%ei> >0
i=1 =1

or, equivalently,
holds, then([13]

(EZRe[(Ti+7) @en])” 1 |52 (Tt 7) (@ed]”
21:1 Re( i%‘) 4 Zz 1Re( z%‘)

(1.22) |lz)|* <

Sl

IN

lzzl|r+’71 Z|$€
4 > Re(Ti,) — i

The constant is best possible in all inequalitigs (1]22).
The following additive version may be stated as well [13]

1 Zzool |F fyz

4 Z Re (I';9;)

(1.23) 0<|z|* - Z| T, e;) y z,e;)l
Here the constan}it is also best possible.

The present paper is a continuation 0f|[13]. Here we point out different reverses of the
Schwarz, triangle and Bessel inequalities that are also sharp. Applications for Griss type in-
equalities are provided. Some integral inequalities that are natural consequences of the above,
are stated as well.

2. NEW REVERSES OF SCHWARZ 'S INEQUALITY
The following simple result holds.

Theorem 2.1. Let (H; (-, -)) be an inner product space over the real or complex number field
K, z,a € Handr > 0. If

(2.1) z € B(a,r):={z¢€ H|||z—a| <r},
then we have the inequalities:
(2.2) 0 < [lzll [lall = Kz, a)] < 2| [la]] — [Re (z, a)]

1
< [lz]l flall = Re (2, a) < 57"2.

The constant is best possible i.2) in the sense that it cannot be replaced by a smaller
quantity.

Proof. The condition|[(Z.]) is clearly equivalent to

(2.3) Iz|” + |la|® < 2Re (x,a) + 2.
Using the elementary inequality
(2.4) 2|l lall < llz[* + llall*, a,x€H
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and [2.3), we deduce
(2.5) 2|z llall < 2Re (z,a) +r*,

giving the last inequality irf (2]2). The other inequalities are obvious.
To prove the sharpness of the const?,rﬂssume that

(2.6) 0 < [lz]l lall — Re{z,a) < cr’
foranyz,a € H andr > 0 satisfying [(2.1).
Assume thati,e € H, |la|]| = |le]] = 1 ande L a. If r = /g, ¢ > 0 and if we define

x = a+ \/ze, then|jz — a|| = \/z = r showing that the conditiof (3.1) is fulfilled.
On the other hand,

|| |la]| — Re (z,a) = 4/ Ha—l—\/_eH — Re(a+ ee,a)
=/ llall* +elel” = lla]?

1+e—-1.
Utilising (2.6), we conclude that
(2.7) V1+4e—1<ce foranye > 0.
Multiplying 2.7) by /T + ¢ + 1 > 0 and then dividing by: > 0, we get
(2.8) (x/er 1) ¢>1 forany e > 0.

Lettings — 0+ in (2.8), we deduce > }, and the theorem is proved.
The following result also holds.

Theorem 2.2. Let (H;(-,-)) be an inner product space ov& andz,y € H, 7,' € K
(I' # —v) so that either

or, equivalently,

v+ T
210 o= 5% < 51 = 1l
holds. Then we have the inequalities
(2.11) 0 < [=l[ lyll = K=z, 9)|

[ +%
]| [yl |_F+,y‘< )

'+~
< Izl lly —Re{ x,y}
]yl |F+7|< )

L L=
<< Iyl
4 T+~
The constant in the last inequality is best possible.

Proof. The proof of the equivalence between the inequalifies (2.9) (2.10) follows by the
fact that in an inner product spades (7 — x,x — z) > 0 for x, z, Z € H is equivalent to

z+ 7
2

xr —

1
stw—au
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(see for example [9]).
Consider fora,y # 0, a = 42 -y andr = L |I' — 4| [|y|| . Thus from ), we get

'+~ '+~

0 < el |52 ol = |55 e
'+~ I'+7

< ol |52 - e [F52 o)
[+~ L+75

< llell| S5 2 ol - Re [ <57 ()]

1
<< T =Pyl

Dividing by 3 T + 7| > 0, we deduce the desired inequality (3.11).
To prove the sharpness of the const@rﬂssume that there existg a 0 such that:

L+7 - vl
(2.12) nxnnyu—-Re{—————<x,yﬁ <e Iyl
T+ T+

provided either{(2]9) of (2.10) holds.
Consider the real inner product spa®, (-, -)) with (X, ) = z1y1 + 2212, X = (21, 22),
y = (y1,y2) € R%. Lety = (1,1) andl’,v > 0 with T" > ~. Then, by|(2.1R), we deduce

/5 I'—~y
(2.13) V2 2+ 2% — (1 + 22) < 2¢- (F+fy)'

If 2, =T, x5 = ~, then
Iy —x,x—79y) =T —21) (r1 —7) + (' —x3) (z2 —y) =0,

showing that the conditiof (2.9) is valid. Replacimgandz, in (2.13), we deduce

(2.14) VAT 577 - (T4 ) < 28207

'+~

If in (.14) we choos& =1+¢,7=1—ewithe € (0,1), then we have

4e 2
2\/1+€2—2 < 267

giving
(2.15) V142 —1< 22

Finally, multiplying ) withv/1 + £2 + 1 > 0 and thus dividing by?, we deduce
(2.16) 1<2¢ (x/l +e2 4 1) forany e € (0,1).
Lettinge — 0+ in (2.16) we get > X, and the sharpness of the constant is proged.

For some recent results in connection to Schwarz’s inequality, seé [2], [14] and [16].
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3. REVERSES OF THE TRIANGLE |INEQUALITY
The following reverse of the triangle inequality in inner product spaces holds.

Proposition 3.1. Let(H; (-, -)) be an inner product space over the real or complex number field
K, z,a € Handr > 0. If ||z — a|| < r, then we have the inequality

(3.1) 0 < [lzll + flall = llz + ol <.
Proof. Since
(=l +llal)® = |z +al* < 2(|z] lla]| — Re(z,a)),

then by Theorern 2|1 we deduce
(3.2) ([l + llal)* = [l + al* < #2,
from where we obtain
(3.3) [l + lall < /72 + [lz + al|* <7+ [|lz +a],
giving the desired resulft (3.1j.

We may state the following result as well.

Proposition 3.2. Let (H; (-, -)) be an inner product space ov&randz,y € H, M > m > 0
such that either

(3.4) Re (My — x,z — my) > 0,
or, equivalently,

M4+ m 1
@5 o 2 < 0r—m .
holds. Then we have the inequality
@) 0.< Il + ol e+l < - G2 gy
Proof. By Theorenj 2. fof"’ = M, v = m, we have the inequality
1 (M —m)” m)?

. — < Z.

(37) eyl = Re G 9) < <oy Il

Then we may state that
([l + llyl)* = llz + ylI* = 2 (l=] 9]l = Re (z,3))

1 (M —m) m)
<3 Iyl

2 M+

from where we get
1 (M—m)2 2 2
. < — .~ 7

(38) qu+uyu_\/2 o I+ Dl =+l

(M —m)

< |lz+y|| + ——=lyl|,
o+ 9l + e I

giving the desired inequality (3.6j.

For some results related to triangle inequality in inner product spaces$, see [3], [18], [19] and
[20].
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4. SOME GRUSSTYPE INEQUALITIES
We may state the following result.

Theorem 4.1. Let (H; (-,-)) be an inner product space over the real or complex number field
Kandz,y,e € H with |le|| = 1. If 1,75 > 0 and

(4.1) lz—ell <, [ly—el <7,
then we have the inequalities
1
(4.2) [(2.9) = {wse) (e )] < grrav/lzll + [, o)l - Vvl + [y, e)]

< gl flyll-
The constan§ is best possible in the sense that it cannot be replaced by a smaller constant.

Proof. Apply Schwarz’s inequality for the vectots— (z, e) e, y — (y, e) e to get (see alsa [9])
that:

(4.3) (2,9 = (w,e) (e ) < (I2]” = [z, ) (Iwl* = (. e)) -
Using Theorem 2]1 fox = ¢, we have
(4.4) 0 < [l* = (. e}’

= (el = [z, ) (]l + [z, e)])

< 573 el + 1, e)l) < o2 el

and, in a similar way
(4.5) 0 < Jlyll* = [y, &)’

1
< 575 Iyl + 1y e)) < 3 llyll-
Utilising (4.3) — [4.5), we may state that

1

(4.6) (@, 9) = (z,¢) (e, p)|* < 7717 (=l + I, e)l) Uyl + Ky, e)])

< rirg )yl
giving the desired inequality (4.2).

To prove the sharpness of the constariet assume that = y in ), to get
1
(4.7) l=[|* = [{z, e)|* < 571 (2l + [z, e))
provided||z — e|| < ry. If 2 # 0, then dividing [(4.7) with|z|| + |(z, )| > 0 we get
1

(4.8) ol = Iz, e}l < 571

provided||z — e|| < 1, |le|| = 1. However, [4.B) is in fac{ (2]2) foz = ¢, for which we have
shown that is the best possible constant.

The following result also holds.

Theorem 4.2. With the assumptions of Theorgm|4.1, we have the inequality

@9 N~ ) el < maf Il 2 e
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Proof. Note that, from Theorefn 2.2, we have
1
(4.10) Izl llall < [{z, @) + 57
provided||z — al| < 7.
Taking the square in (4.10) and arranging the terms, we obtain:

1
@11) 0 < falP Jol? - ltz. o) < (377 + L)

provided||z — al| < r.
Using the assumption of the theorem, we then have

1
@12) 0% flalf = ey} < (373 + Kl )
and

1
@13 0% bl = ) <7 (378-+ el )

Utilising (4.3), (4.12) and (4.13), we deduce the desired inequality (§.9).

The following result may be stated as well.

Theorem 4.3.Let(H; (-, -)) be an inner product space ov& andz, y,e € H with |e|| = 1.
Suppose also that A, b, B € K (K = C,R) so thatA # —a, B # —b. If either

(4.14) Re (Ae —z, 2 —ae) > 0, Re(Be —y,y —be) >0,

or, equivalently,

a+ A b+ B

(4.15)

r — (&

1
€ S_lB_b|7
2

1
<Z|A- -

holds, then we have the inequality

(416) |<£B,y> - <$, 6> <€ay>|

_ |A —al|B—b|
VIA+al|B+b
|A —al|B—b|

. x| ly|l-
Ve e ARG

The constant is best possible irf (4.16).
Proof. From Theorem 2]2, we may state that

<

|\/!|wH +[(z, ) - vyl + [y, e}l

<

DO —

(4.17) 0 < [lalf” = [z, e)[*
= (el = ) el + Lz, )
1 |A—af
<15 el + L.
and
(@18 0 < ol = ) < - 225 (ol + e

Making use of[(4.8) and (4.17), (4]18), we deduce the first inequalify in|(4.16).
The best constant follows by the use of Theofem 2.2, and we omit the details.
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Finally, we may state the following theorem as well.

Theorem 4.4. With the assumptions of Theorem|4.3, we have the inequality

(419) |<$,y> - <l’,€> <€7y>’
<y =l ]
SRRV Rk R I TR

Proof. Using Theorem 2|1, we may state that

1 |A—af

1 |B—0)

+1(y, ).

This inequality implies that
A—af 1 |A-qf
|[A+al 16 |A+al

1
l2ll” <[4z, e)* + 5 (. e)]

giving
(4.20) 0 < Jlz] = |1 >|2<1 |A —a _|< >|+1 |A —al?
- = IO =g T | TR A |
Similarly, we have
T 1 |B—bP
4.21 0 < |lyl* - t< s g |
(4.21) <Nl = o)l < 5 Ty (169l + 55y

By making use of[(4]3) andl (4.R0), (4]21), we deduce the desired ineqlality (#.19).

For some recent results on Griss type inequalities in inner product spaces, see [4], [6] and
[21].

5. REVERSES OF BESSEL'S INEQUALITY

Let (H;(-,-)) be a real or complex infinite dimensional Hilbert space &ndl._, an or-
thornormal family inH, i.e., we recall thate;,e;) = 0if 7,5 € N, ¢ # j and|le;|| = 1 for
1€ N,

Itis well known that, ifx € H, then the serie3_>°, |(z, e;)|? is convergent and the following
inequality, calledBessel’'s inequality,

(5.1) > e < =),
=1
holds.
If

o0
Z la;|” < oo} :

7 (K) := {a = (a;);eny CK
=1
whereK = C or K = R, is the Hilbert space of all real or complex sequences that are
2—summable and\ = (\;),.y € ¢*(K), then the serie$" ", \e; is convergent inf and

1
if y:=3 2 Ne; € H then|ly|| = (322, |>\¢|2)2 .
We may state the following result.

AJMAA Vol. 1, No. 1, Art. 1, pp. 1-18, 2004 AJMAA
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Theorem 5.1. Let (H; (-, -)) be an infinite dimensional Hilbert space over the real or complex
number fieldK, (e;),.y is an orthornormal family ind, A = (\;),.y € ¢* (K), A # 0 and
r > 0.1f z € H is such that

(5.2) <r,

00
Tr — E )\iei
i=1

then we have the inequality

(53) 0< o - (Zux,e»ﬁ) <5 —"—

The constant is best possible i.3) in the sense that it cannot be replaced by a smaller
constant.

Proof. Leta := }_°, \;e; € H. Then by Theorerh 2|1, we have

1
T — < —r?
Ja :

Y

o
E i€
i=1

i Ai (T, e5)
i=1

giving
1
o0 2 1
A4 12 < =2
(5.4) & (;w) <ot :
since
1
(0.) oo 2
=1 i=1

Using the Cauchy-Bunyakovsky-Schwarz inequality, we may state that

(Ene) ()

=1

i 5\1’ (fl’, €i>
i=1

(5.5)

i 5\1 <l’, €i>
i=1

and thus, by[(5]4) andl (5.5), we may state that

o] <Z|w> s§r2+(2w|2> <Z|<x,ei>\2> ,

i=1 i=1

N
N =

from where we get the desired inequality[in {5.3).
The best constant, follows by Theorgm|2.1 on choosing,, = {e} , with [l¢[ = 1 and we
omit the detailsa

AJMAA Vol. 1, No. 1, Art. 1, pp. 1-18, 2004 AJMAA
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=
\Y

Remark 5.1. Under the assumptions ofTheor.S 1, and if we multipff b+ (377, (2, ez>|2)
0, we deduce fronq (5]3), that

(5.6) 0< flal* = 3 el
L r? (Nl + (232 1|<x,lei>|2>2)
’ (S )
]

<———
00 2\ 2
(Zi:l |)‘z‘ )2

where for the last inequality, we have used Bessel’s inequality

o !
<Z|<x,ei>|2> <|lz|, z€H.
=1

The following result also holds.

Theorem 5.2. Assume thatH; (-,-)) and (e;),y are as in Theorerp 51. IF = (I),.y,
Y = (Vi)ien €  (K), withT' #£ —v, andz € H are with the property that, either

x—iri;%'ez

i=1

1

1 2
or, equivalently,

(5.8) Re <i lie; —x, 0 — i’yiei> >0
i=1 i=1

holds, then we have the inequality

> : 1 ey 1T = ’
(5.9) 0 < ||z - (Z |<x,ez->|2> <7 Z;j' ' I
i—1 (Zi:l 1T + i )2

The constanﬁ is best possible in the sense that it cannot be replaced by a smaller constant.

(5.7)

Proof. SinceTl’, v € ¢ (K), then we have tha} (I" & v) € ¢ (K), showing that the series

i=1 =1

T+
2

L' =, ’
2

are convergent. In addition, the serle§° I';e;, >~ v,e; and) 2, 1*” e; are also conver-
gent in the Hilbert spac#.

The equivalence of the conditiorjs (5.7) ahd|(5.8) follows by the fact that, in an inner prod-
uct space we have, far,z,Z € H, Re(Z —z,x —z) > 0 is equivalent to||z — 22| <
211Z — 2|, and we omit the details.

Now, we observe that the inequali.9) follows from Theo@ 5.10n cho%iﬁg@,

ieNandr=13 (32, i —v]%)°
The fact that; is the best possible constantn (5.9) follows from Thedrern 2.2, and we omit
the details
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Remark 5.2. With the assumptions of Theorém b.2, we have

(5.10) 0< flalf* =) [z, el
i=1

(221 T + 7i|2)
< % . Zfil I — |

(2, 0+ 7 f%)
For some recent results related to Bessel inequality) seé [1], [5], [15],.and [17].

6. SOME GRUSSTYPE INEQUALITIES FOR ORTHONORMAL FAMILIES
The following result holds.

Theorem 6.1. Let (H; (-, -)) be an infinite dimensional Hilbert space over the real or complex
number fieldK and (e;),.y an orthornormal family inf. If A = (A\),c. # = ();en €
(K), X\, u#0,r,75 >0andz,y € H are such that

[e.e] o)
r — E Ai€; - E HiCi
i=1 i=1

then we have the inequality

9]
JI y E X, 62 6,,
=1

I [uxu (2 e )] [l + (2 s ea)
2 (2 M) (2 )
2 1y |

(22 M) (5 )

Proof. Apply Schwarz’s inequality for the vectors— > 00, (z,e;) e, vy — > ooy (y, €) €;, tO
get

(61) S T, S T,

(6.2)

=
[ I
SIS

2
(6.3)

< Z T, €) €,y — Z Y, €:) z>

2

<
i=1 =1
Since
.CE—Z<.T,€1> €)Y Z<y>€z> ei> = <l’7y> _Z<x el) <elay>
i=1 i=1 =1
and )
=Y (we)el| =z> = Kz,
=1 =1
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then, by [(6.B) and (516) applied ferandy, we deduce the desired inequality (6.&).
Finally we may state the following theorem.

Theorem 6.2. Assume thatH; (-,-)) and (e;),. are as in Theore 6.1. IF = (I;),y,

F'=T)ien:? = ()ien» @ = (Pi);ey €  (K),WithT # —v, ® # —¢, andz,y € H are
such that, either

(6.4)

1
\»}
Ay
AN
DN | —
VR
g D
§ ~
N~
(NI

or, equivalently,

(6.5) Re <§: lie; —x,x — i”yiei> > 0,
i=1 i=1

(6.6) R€<§: Dje; _yay_i¢i€i>
i=1 =1

holds, then we have the inequality

“ (Z'@ )2@“*)5

[l + (S W ed )] [l + (S o eal?) ]

(52 10+ 6,) (2 1T+ %)
(19— 6)* (0 T = )
(Zﬁﬁ®+¢fﬁ(ZﬁJD+vf)
The proof follows by[(6.8) and by (5.]10) applied toandy. We omit the details.

Y
o

(6.7)

1
2

X

<

EIEE

l\DIH

7. INTEGRAL INEQUALITIES

Let (2,3, 1) be a measure space consisting of &5et ac—algebra of parts and a count-
ably additive and positive measure Brwith values inRU{co} . Letp > 0 be au—measurable
function onQ with [, p(s)du(s) = 1. Denote byL? (2, K) the Hilbert space of all real or
complex valued functions defined éhand2 — p—integrable orf2, i.e.,

(7.0 [ o156 auts) <o
Q
It is obvious that the following inner product
(7.2) ()= [ p(5)F (9761 (5),
Q
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generates the norm

11, = ([ o)1 ©F <s>)é

of L/% (©,K), and all the above results may be stated for integrals.
It is important to observe that, if

(7.3) Re [f (s)m} >0 for p—ae.se,

then, obviously,

(7.9) Re (f.ah, =T | [ ()7 ()77 ()

- /Qp<s> Re [/ ()9 )] di(s) > 0.

The reverse is evidently not true in general.
Moreover, if the space is real, i.& = R, then a sufficient condition fof (7.4) to hold is:
(7.5) f(s)>0, g(s) >0 for p—a.e.sed

We provide now, by the use of certain results obtained in Selckion 2, some integral inequalities
that may be used in practical applications.

Proposition 7.1. Let f, g € Lf, (©,K) andr > 0 with the property that

(7.6) lf(s)—g(s)| <r for p—ae.se.
Then we have the inequalities

[NIES

(7.7) 0 < [ Lol P duts) [ oo d <s>}

[NIES

< [ Lol @rant) [ o |g<s>|2du<s>]

| ome 736 duts

< [ Lo@lr@rant [ o Ig(S)Izdu(S)]
- / p(s)Re[f ()7 (3)] du (s)

< —r?

N | —

The constant is best possible iff (7.7).
The proof follows by Theorein 2.1, and we omit the details.
Proposition 7.2. Let f, g € L? (2,K) andv,T' € K so thatl' # —, and

(7.8) Re [(Fg (s) = f(s)) (Ws) - 7@)] >0, for p—ae. se.
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Then we have the inequalities

(7.9) 0 < [ Lol P ants) [ oo d <s>}

<|[o@lr P [ ot |g(s)|2dﬂ(s>];

~[Re [ [ £ @ 5G|

<|[o@lr©F e [ o) |g(5)|2du(s)r

r+% —
_Re [|r+v| Qp<s>f<s>g<s>du<s>}

1 r—q
— 4 |T+4|

The constanﬁ is best possible.

p(s)]g(s)*du(s).

Remark 7.1. If the space is real and we assume, 6r> m > 0, that
(7.10) mg(s) < f(s) < Mg(s) for pu—a.e.seQ,
then by [7.9) we deduce the inequality:

(7.11) 0 < [ L@ @R duts) [ 1o ()P <s>}
/Q p(5) £ ()7 (5)dp (s)

< 1S [P auts)

The constan§ is best possible.
The following reverse of the triangle inequality for integrals holds.

Proposition 7.3. Assume that the functionfsg € L2 (,K) satisfy [7.1p). Then we have the
inequality

7120 < ([ (015 G iserpand )Izdu(S))er( o6 rg<s>|2du<s>)m

([ p@1r@+a P <s>)m

< 2 ﬁ(/ﬂp<8>|g<s>|2du<s>)m.

The proof follows by Proposition 3.2.
By making use of Theorefm 4.3, we may also state
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Proposition 7.4. Let f, g, h € L2(Q,K) be so thatf,, p(s) |k (s)|*du (s) = 1. Suppose also
thata, A,b, B € Kwith A # —a, B # —b and

Re [(4h(s) = f (5)) (F&) —ah(5))| = o,
Re [(Bh(s) = g (s)) (9(5) = h (s) )|

v
-

for u — a.e. s € Q). Then we have the inequality

/p@f@M@MMﬁ—/p@f@%@ﬂﬂﬂ/p@%@mwmwﬁ
Q Q 9]

1 |A—al|B-)

4 \/]A+a| |B + b

><\/(/Qp(s>|f(s)|2d,i<s))”2+
X\/(/QP(S) |9(s)|2dﬂ(5))1/2+

/p@g@h@ww»
Q

The constang is best possible.

Remark 7.2. All the other inequalities in Sectiof$ 3 6 may be used in a similar manner to
obtain the corresponding integral inequalities. We omit the details.
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